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PREFACE TO VO^ II 


II K aiil)ji*cls composing tlii'i \ oiuine mc Al^vlra^ Cunia 
5VcOo//>, Mtrhrirjii\\ Hydrnstutii atui Pru unuitit Hut 
tlu* I'.irlicul ir s art cnumcr.ite<l in ihr tabic of rdiiiciits which 
rtuilt a lU iail in tins place uiiiirccssary. VVe ilicrcfurt have 
htilc more than a tew tlctaciiccl ot>:>trviitioiH to oflVr by wMy of 
preface. 

After r>a<*lion'<, the niranpc incnl in Algebra in not exai ily 
^i^lilnr to that usually foutui in more extensive' treatises. Some 
reasons are given for .i parTu vilar ilcvi uion {p, si.) And it is 
from cuiisidi r.ililc exju ncnct in icacliiiig lli.it we were iiuliiccil 
to prefer the Girder in w hit h the MAcral rules or parts follow one 
another. Learner* however* gciu rally coii.sicler the management 
of radical cpiantnu s the iiiosl ciif^icult ta^k in Algebra: a 
master iherelure may sometimes perc cue the necessity of bring- 
ing a student furssard t<i a piriicular extent in (Quadratic L(|ua- 
tions before be tiiurs upon Surds. 

TbedKTerenl series to winch Art. 170 — 170 arc an inirod 
tion, may h<-’ rcxkoncd .imong the speculative parts of M-i'i.* - 
malic^. The principal ihcorcin in the A ritliinclic of Infirntf s 
howxvcr, is <ic<hircd from the DifTcrentiai Metbrni, (Art. 177); 
the application of this formuhi has been of considerable use m 
tire subHxpient part of the volume. 

1q treating of the Conic Sections the fundamental property 
or tile cr^ualion of each curve is derived from the solid : after 
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ward| they arc considered in piano ; and as the expressions for 
the ellipse and hyperbola differ in nothing but the signs 4- and 

the same demonstration frc<)ucntly answers for bothsec- 
lions by only changing those signs; for which reason the enun- 
ciations of some properties of the hyperbola arc thought 
sufficient. 

t 

Thai parlor Mtelianics which relates to the Centre of dCra- 
viiy is given at some length on account of its extensive use. In 
An. . 39 O 1 3yl, different methods of computing the thick- 
ness of walls or revetments are compared. The results, as 
might be expected fiom different hyp*)lheses, var\' con!»iderably. 
But as all the computations arc founded tipon iinccruin data, no 
corriction of principle is attempted : and the only alicratiija is 
that of giving a more convenient form to M. Be lidor’s solution, 
wliich, ns It nearly agrees with the practice of Vauban, seems 
the least liable to exception. All the orirs however, res|KCting 
the strength of walls, and also that of /iwlrr, must necessarily 
be imperfect. On the latter subject, see an account of the very 
extensive and laborious ex^Kriments of M. dc Butlon in Mem, 
ylcaJ. des ScUnces, 1740. 

The speculative mechanician therefore will seldom* find an 
exact agreenunt between his conclusion^ and the rcMilts from 
rx|ierimtnt ; particularly in what relates to the woiking c»f ma- 
thincr>', Ixcuusc no theory of Friction has vet been discovenrd 
by which its ifficts can be c.dculakd ; for that reason the sub- 
ji cl is net considered in the following pagvs, if ve except tljc 
txamric. An. 5fir. 

# 

As a work of ihi> kind must tinax’oidably consist of abridge* 
ments, cu: Niderablc carr was bestowed in selecting what appeared 
the most useful lo students wlio have not an oppoitiiiiity of pern* 
sing the separate and more diffu^ treaitses on the different sub- 
jects* Some new solutions are introduced : and several altera- 
tions and addiiidhsy indrpcndeiu of numerous corrections, will 
^ fuuud in tilts Edition : but the malbcmatical reader caimol 
la|im mtieh new matter in any fumu 
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To conclude* — ^Thc experience of several years proves |hal it 
will not be necessary lo extend the Course be%*ond this Volunae 
for the use of the College. Those Oflicert or Cadets who may 
gain a thorough knowleilge of the principal matters contained in 
both volumes during their silts 9 aful arc inclined to continue 
the study of mathematics after quitting the Institution, will coii« 
suit books ^professedly written on the higlier branchcsi and pur- 
sue their researches w ithout the assistance of a master* 
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Art. i« A LGEBRAUaMleiiccwhiclttmt|^diepyo{ifrtiea 
JlX of nunit^tt in gelHMl, by mupi o& tte nnmeral 
figures and other syiubots i it k therefore calW^ Vtdversul Arittu 
mvtic: ami someiioi^ Aikifih, w the Analytic Art* . 

* * Jr . 

!r. Ill the c^ratloQi^ coituoMi Arithttiette we employ the 
niimerai l^rea only) '1^ in AlgehiA H i* ttsual to repreaent 
qoantitle* of e^ry ktnd, botfi wtkncmfk, by letteiw 

of the Alphafret ; and tn^ |hi* it* pt^Ka* exceUence^ 

became rea|niilb|^ }$ o^itidjn widl ^le leltefa of ^mbol*. 
wboK vahi^|i(eto||di^BtoiiA in w^kone manner mwfi^^Me 
wfaich,jd«nflto 0itti qua#iBm« 

A Tbeiiid|lidl«M(^‘f#1i^^ 0> &, e, ^/Ac, «e 


emfeymeif p«t lA 


0/ ** % Ac. ue 

iiM fetal Htlen, 

pR given 

Witt 
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■y pluSf Mhit is called iht’afirmatise or 

. potilive ingn* 

■ 

“ minus, signifies the lira.' 

X {into) signifies mnltipHoatioilii ' 

•4- division . ; 

=: ofual to, the a^lf^ogualitji 

« ; ' - ' 'j* ' • ^ 

Thus a •fi is read d plM sod denotes thd sum of a and.^. 
Let a =.8 , 1 =:'3,-.and’ri: 11; 7 .... . 

then a ^ d''=;,c/(d pitt8^h.'C(|U^.& 11} Of 8'^3 ^ 11, 

a-^i isTtidamioas 6, ai^ shews that the quantity repre* 
seated by b it to be Subtracted from that 4blhoted by a. 

If 0 = 8, 4 = 3, arid d* = 5? ' 

thena — 4^:: d.(ammus,4isqaaItod) or 8>4 3=3. 

' ' . 'r** 

« X 4 (0 into 4) dmdtea the pqdoct bf a and 4. 

If a = 8, 4 = 3} and c St 24: 
then a x 4 r: c#or8 X 8 r^24. |Ierc a and 4 are the 
factors of tha product a4. ' ' 

But ttmph|i fwtors) aso, 4, Of &c. are naually placed without 
any msit or sign between them, to denote their product; some- 
times however, a full stop is used : 

Thus a X bf or a4, or a.4, ng^tify the prodnct.of 4 and <t. 
And 4a4c the conlinued^pr^dact of the factors a, 0,1, c. 
Iftf = 2, 4 93, andc = i } ^Mi4a4c =4X2X3X3=180. 

a. 4. 4 shews that o is to be dividd by'4. < But the usual form 
of setting down the quotioit is that of a vul^r 'fraction ; 

^usT, which denotes the ^ient>f a'dividil by, 4 

' * -s' ■ ' ' ' ■ ' ■ 

(3t. Athb^h 



fisriMltlONI AH» KOTAtlOn. 

» * 

Also die quotient a • «« «,> 

ji 

Lcta =: 4,i = A,andfs4i<l^o^$,ort n t* 

Ana ^ ^" ZTc ^ 4 Zrg ^ "*• 


5. An Equation UklMW^Iqr « (equal <o)i 

Thus * =! 0 -f an equation/ 
to the sum of « and 5i> 

i i 

6. The chanctei'ti!i denotes the difertHett^ two quantities 

when it is not known whieh ia>ibe grjndest* t 

Thus, atnb denotes thlf^KiS^oe a(4$i^if 


7. Proportions^^ seiddwn as k A^tbmetic (pu^Ailtiim.) 
Thus aihi'icr^etefeadj/isnisto&ytoiaetod. 


8. > denotes ^eoterr $ti 
Thnsa> dskniftes ^k^nwE'MteatiMjnd; 
ande < «, that < if k*i d)ail h. 

* p. Abaro^inednwtiowlr/eiilPqiianthicjh denotes that 
thejr are to be t4fen eol)eqti«e|^ I- this is etf bd a vintulum : a 
psKotbesUorbftidasiaaptrilinkiaedl^^ • * 

i 

Thiia'sFA X* 

i«+dl» ($*4) 

(oH^dl {eJidhtili dbp^lhe satltetlungi 
nuMpivdiat theifoia^iril * ^ hy the 

‘'difereaeoo^.' 

\ l^*^Hh<ideMtcsthal«— d 4* ^i* tohe 

mbt/Mted^onro f k. 
















AICSRBA. 


6 

ft 

9i» A frtnMttd/ccmsisMvf twotcrms; t trinomial of tltrrr 
a fuairinomial of four> 

a -h ^ is iNnomiaf : 

, a •“ i.-t* 0, a trioonnat : 

S(t — 9af -I- c — '4</> a qua«l' inonuj. 

33. A Residuat tjuanlity is a 'iinomial !■ ivmj^ u 

terms n«gati\'c - 

24. Comp< •( ' , xriiifs arc prod * <• » l>) i 
cation of t\\'‘ 'n ni * ti rtiis calk'd its Jni.t 

1 ’i <i campositc qiiai n. i* • 

1 . 1 , 

And Mil !•> » lommon iiMiUinlc ut >. />. 

25. Citm <tuar,a/ies Jr< lho.'< uhosevaliu. (> 

26 . Unknown quaiittncs a e those who'^e \ ah < ' a* <’ uk.' ),\ 
or required. 

N.B. By quantities, in thr>se Dif • . > i . 

such magnitudes as can be u •'> >< utrU b; 

97. Ssamplet illustrating the Metho! of < . n i.. 

numbrm ur quanuties slgebiaiull^* 

, < JbeMsS ess I 

^ 4ss4 dssd. 

\ 'flieate*''— Cak 4. too 130^.80 ss 60. 

-.**5 X {a—b) *= ' 16 X » X J = 

7(5 -'<1 (3a as #f X c s 4^ 

Sa*~3kta:3t X io»>8.^ ilo — 8s»202. 

X (e—i9 X l+1*'^i + ?= l<4e' 

A* 

’ 55 -W 'if 2 s»V!? xo+l X fsn04>v|.- 1 . 

« 

(<»*ir X («'+>ii^ae (25 —IQ* X9sr5x9=»3: 
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<r + 4 as(VS— 1<0^ X 4 + 4 = S X 5, + 4 » lA ' 
'cri — {a^h — c' «^£/) sc * 0«:sS?U. , 

— (A* 4- </ — f)^sC(>-^SOs=:0* 

X {- + 4 + e)sV X ‘0 

(T;F+" . ft"=rry>=:(8lx3)7 = ^i43fe3(9)^. 

0 4.;, . —t) — {.7 + 4 + r)ss:!> X I— lOas— I. 

X .' — v'-* XV-{»~V20. 

> 4 ^ 

»a* J, ^ri"’ 

, • . i ; ; ^ nr J ! 

.’0 — 1. 4i» 4t V- i 

£K)j^^-*v ‘ ' - li .4 y, 


ADDIV/JS. 


• ionof Algebraic quantities \$ pcrformcil by 
af' alike • - stinilar into one »um, ami scU 
. i- ci’ir: vvith ihi ifTilik ' <iu.*inlitic.S, all 


• ) ju. .r. ua arc ahke^ 'and have Uke BigiiSi add 

u< tu ( >gcther» ami prefix tbe Mai to the letter or 

ter- Cl. t .u\ji.v. .eh temu ■ ' ^r 

; ' 

'' *i>, ^ [...{/ c of the aATiriiiatire quantitiei Qa, 5a» *1a, a, and 

t,a 

la 

a 

•im iSa 

Uert it i$ e\i4ieAt,B»bateverbetbeTalyeof 0 ,tlrat the rum 7a + 

IS » where 18 if the imh of the ctxfficieuts* 
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% I . If t ' I (> negative co«efficieats together exceed the affirmative 
oaeSf ttic Mira will be negative : 


Thu'^y the sum of — » 

— 4ai^ 4 * 

' — nab m 

ab ab 

ii •^XAab 4* 


32* When the poaitive ami negative co^efficienta are equal* 
the sum becomes r: Ow 

Thus^ let (he ([uantities be 2jr a •^Zx, and 5f ^ Sa— a .* 

2a 5% 4- A 
X — 4a 4- a 
5 jc — a 2a 

sum S* 8* 4“ 

For 8 a— . s^ssO; acd Qa 2 a ss 0. 


33. Sometimes tlic terms may be collected mentally without 
setting them down one under another. 

Thus, suppose the ^uantiucf to be added or abridged are Z^om 4* 7* 
Z^ax^^O, and is— «|/ajr; then the order ofictiing down thefummay be 
thu% V'a* 4 - 7 + 18 -*e0 

or, 4 y'a# 4- 25 —20* which is 4v^ax 4* 5, the sum, 

34. When quantities hre unlike* and have like* or different 
signs* collect those that are similar together* as in the foregoing 
examples* then set the whok down with their proper signs. 

Thus* if the terms are ^ So and 4 * U|ey may be set down 

Ihai, — 5a 4^ 09 
or thus, <a 5o« 

orthos* (c 5}a. « 

Letas4*59se,esa 5* 

tbeo* ca— SosaBSO— SssUe 
Of, (c — 4)ass(a— S) x 4=s 12. 


VOJL. XZ* 


C 







tfr. Agai^ if 2i - f*' (w'^ ^ w ^ 

signs of a* — 46 ai« chani^, ■aid 36 addeii^ ^ tow -*• ^ +'tt ’*•!**'»* ' 

*■> .tt± uCl iil^ AAmhAw*>: '(i '■ ' \ V ^ 


t. co6« 



38. 
cients, 
tic, if ihosie to be V 


.'""O' ■;■ 

'rinw] ff6Bii''-'V* 'yt I 

take . -'' « T iftf -X'i'' 

rcBi, i- to ^p'f^WiXr- , ■ 

■ . "Viiy^y rr^^^y 

. ’ ( * ” ^ \ i IV '•'.t i'-.' 




12 ALCEBBA. 

« 

40. Simple factors M a, 6,c, &c.xnay be set down in any 
order to djcnote their product : 

Thus A X ^ X ^ saroeaiflAcdr bca or cba, &<'. 

FortuppOMTAs? 3,^=: 3» 

Tlien AAe=r 24 thccx)uliitued product of 3, 4, and iJ, anv how v.jit tl. 

’ 41 . When the factors have numeral co-efficients, prefix tlicir 

product to the letters with their proper signs ; 

Thus 3ax 2* » •* manifest, if it be adn.itu-a ti.n .1.- . • 

the product of a and i'- 

tor the facloi s 3« X arc 3, 2, a and b. 

and therefore 3 x a X <J X bn the same as ;< 

49 . When a facioi j. nndliplied into il-c ; it • i''-' 

comes a power wIm-s roo' i- il«. i l >' b»‘ 

Ttiusoxox iho third ■ 

thesinaUfi«urc3 is I. :><•:> o))Oiieui(i , ■ 

is Ae 


ft 


j^iid fliww, &<*•*<*?<**»' “* • 

Ct •i » ■ It'S 1» if - 


And tho«tlir(K.1 ufV/’ » 
A!im.» iib X ib iibub or 

« liit'iCit « 


Andfcjif)” is ‘ 



7a 



V ' 



. '^l>roduct 25aA 


X ./<£ 

i , 



' ■ .i 


—Ixyi 

\ ^ “W 


—)y2* 

Product ^ 

1 



^ " 4 S. When one of the faetor* is a compound quantity, the 
; product is ibund by multiplying each of its terms by the other 

f^tora;. ^ ^ ^ 

' -I Thwo^-^emltipKod byci.<w+ ci. 
f 1 ' Aad «-•* iBttUipfied by c l!»«— fb. 
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IS 


“Thatca + cb Is the product of the factors a *4- i^and c, will 
bt' manifest, if we consider that the whole U equal to all parti 
taken togctlier : 

For let me be the whole product of the factors c and m ; then 
this whole (fwr) is made up of several products^ as {me + Jiwc, 
or + irncn See, &c.; therefore whatever be the 

tiuuiboi p.jrL-^ lolo whii'h m is divided, the products of those 
. i -i*. lirinr ,, taken logcihcr, will be wptal to the 
. . - ir ilh ur (‘ouhider a and b as the 
• c) products ca 4“ eh will denote the pro- 


4 - 


\ue as llic sum 6 1 ft 


, t)c t\ T* tiioir product 

;."f .).<»! 4 we or 


iw—- or 


Ht ' ' ^ )h. ;j h ninii !jfi ; we nirty make 

U5C oi all) iiihti t\\o h*' ciJilfcrcnctM’Mi l)i: expressed 

in a simple Urm. It tijcr* fete ars ihut v In ii a and h arc 
quantities whidi can be compared, ilh product (a — b}i. la 
tqiul to ca — eh. 

The same conclusion however will !)«' manirv,'»l, if we con- 
•idcr, that in order to have the pn>duci of' a — /; and (\ the pro* 
duct ca must be dinunislicd Uy c times because a is greater 
than a ^ b by b, 

i fence + C / ~ 5 or — h X c therefore 

n^^ijeivc i)iinus ( — ) inihc product* 
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AtOSBftA. 


*y V 


'Tlk|r^re'B co^ 9 » ax^v^hxyxi- 

Vh«re <me oi ttlfe laeitorB (jcy^ i* ?oo»mon to fiH Uie terms, 

‘ feoili .Si» ^clots <|namities, multiply 

iiit6#to)^ofi^e;»nttrtii>l^^ termB in the 

i^ti^er^ tb^ t!oUect.tbe ttvei^'prckiu^t iin AckKtji<to>. 

y- 'Sf ' prc(4j3t'^;''«^. o-r-c by_ b i* tUt-^bc. 


''■*'** 
tiM pro. 

- *:■ .. ^v' ■/“ ^ K .a'./. ^ ^ vit4 \ " * t? *. .'T ;• ■ . ' . 






-'.''.'Oi'.i '*■ H ' li 'A— 't-*' 




I J ■ I-I-- 


4 


Jd 


, ,. T'V '» 


«*«»v>nifyr*J>.' 


»* *, 


rsiir^yv ' :4s^3!±i-aEti .i,, 
r -^r ? - r - 


;i4:i5c;74^^ * 


ikihb aomiite tat *4fi 4^ •* !^ Wl^olW «Kf»w»lo«i 

tviA be * ■!* ^ t 'f' •* *^i**'' ^ ' Ji* 


But if 4 ta vm/^t tlwa «, # Ud # with dicta 

‘ ,1, ' ' 

45. Be^niied'x kitayta 

Ua*, &c>(44) { indiew 

anewers to Uto for 

«* X a* s^ 

tb* Mne #d4 iodieea 


. V" Jiv 

Tliut* « 


,ii^%4»mi 


we'-r'lfw 
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DIVISION. 


4<^. Divison in Algebra, as in common Arithmetic, con> 
sists in finding a quantity which multiplied by the divisor, shall 
produce the dividend. 

Tberefori;, the rule for the signs will be the same as iu Mul- 
tiplication ; namely, like signs give plus in the quotient, and 
unlike signs minus, 

I'lius 4- divided by + b gives i for a x.bii>ob the dividend. 


Abo ab divided by — b gives 4’ a, because — ^ X « >s — <>6 the di* 

vidend. 

But when oi is divided by — i, Uie quotient vfili be— a; for— d x— <* 
it 4* or 


47. When the divisor and dividend are simple quantities, the 
quotient, in most cases, may be discovered by inspection only, 
if we make a fraction of the terms, and consider it as the result 
of the division (37< Arilh.) 

-Tiintif 3 be divided by S, the quotient U J or^ ; 


In like wanner when 3afc it divided by bt, the quotient nay be denoted 


t,y 

And ditidiog th« numerator and denominator by the factnis (bt), which 
t common to both, we have ^Sa tbeqiioticnt: 


3ctAe : 


For bt (the divisor) x So 3abc tlie dividend. 


. ' Othtr Eumpks, 

; Divide I5<uy by -r Soy 

— Sa the Wdent': fer — X — Ssss ISmry. 



. .;<-v 

, Di#x$t6k*\ 

‘C, ^ 

S»r ^ the qubtieut t at 

jj ■' ,t ‘a:*'*" -■ ‘ • ^ ■ r ;, » ''if-; • . 

'' ''• -.w » .'7.^' 

■ ’•‘: 


n 



;.|ft-d«|t' of. 


(s^Aritliftbi 

. . ; V 


48. DW4e ^ M.c^. 


MKm |itctwr< ai 


dividlod pMe 



it *■ Ia'am Urn Lmj 


Ordimotlof^ 




ittoilfifw 
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algl!;k A. 


Also (c— — ii> («■—•;) 

(c^zy 

50# When the index of the divisor 1:^ greater than that of the 
dividend, the quotient will have a negative index. 

Thus x’ divided b\ x'» will givi* x * or je ; f(»r is — C# (3o. 31.) 

But;ir* -f- x' may be denoted by ^ which reduced to its lowest terms 

is , Ihctcforc is the ;>ajnc as jc • 

4‘» X* 

51. If the dividend he a compound quantity, and the divisor 
a simple one, each term of the fotmer inubl he divided by the 
latter, as in the foregoing examples. 

Thus letoi — -iic be uivideu K a\ 

'J'iu'i) the quotient maj be set down thu* whicii reduced 

or ^ 1 — the qiiotiviit. 

Tor (/»— < ) fi In :=: ait — ac. 

Or tb«’ qiioiietit «uy be ilejiotcil thus aud 1 1 lese fractions re- 
duced are ^ ^ or o—e, tlic quotient^ .as before. 

Other FMmpUs. 

Divide ^cx — 84*c— ICtf’ec by Cor* 

^acx^a f— . >d t*» ^ 3x— Ifl— the quotient. 

UilC ^ 

Divide by 7. 

It/I* ^ ^ 

or Y«*— 2fljr4-:?y«*thcquolienl. 



niviJUOK 
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Di vide 9*ix * — 1 ? ’ by y .u-. 




3x -H 4uy the tii^oUent. 


Divhji* urx 4- cx 


— l)> 


tllLltJ ! ^luolicnl : this is found i>y ennceHing 

Uirouh f'atMtir romu'on to the whole }iU)nctftior« and denotniuatnr ; but 
\vr <!eii.iU the viuoiifthl hy iJiree tractions it may be reduced to a more 
w.ii.plc U)rm : 

I’lms *^“^*-1-11— ff := # 4* I, the .quotient. This however, isoiily 

itt oc fiw a . ■ ■ - 


til s former (luoliciit reduced! for j£ is.lJ4»sMi)ea!t * 

r ' a a 



Divide {«• 4" *)* + 'Of l*y 

Il' n” ilip divivir and dividend ItaVe no common factor, and, therefor. 

(’ + jIj,. 


r>2. When ili^ divisor and dividend are Imlh compound quan» 
titles : Arrange their terms according to the powers of hoinc one 
letter in both, the higher powers being to the left. 

Find how often the first term of the divisor is contained in the 
firjt term of I he dividend, and set the result in the quotient. 

Multiply the tvholc divisov by the reiuk thus found, and sub> 
tract the product from the div iilend : to this remainder bring 
down as many other terms of the dividend as are necessary for 
the next operation ; Uien divide as before, and so on, till ail the 
terms arc brought doiro* 

'I'hus, to divide d'->2<di4>d*by«»& 
a-^i) a* 4* ^ (<»•“ * qnottont 

dl? — 4?^ , " ’ V * * 

^ ^ 
mm nb + b^ 



fO AyClBKA. 

Here^i the^left hand term of the divisor, is contained a times in a*, iihe 
left band term of the dividend, therefore a is il c first term of the quotient ; 
and tba divisor multiplied by a is which taken from (f^2ub 

in the dividend leaves — ab; to this bring down + 1\ and — + &• ii 

t)ie second dividend. 

Nextf a in the divisor is contained times in — ab (the Kft hand 
term of thO dividend ^ ai + i*) ; therefore --r ^ is the set ond term in Uir 
quotient; now the dtvisor A multiplied hy^b gives — 
second diiddend • thereloio a— A is the quolinn without a remaiiKh"i. 

Tor («— A) X (o — = a* tin ,poi, asiniomnio’s 
arithmetic. 


0 ! <vip!eu 

Divide X I b) j; 4 - I. 
a - 1 - 1 ) X 4 1 — r f, * *, 

+ I 

.. X -- A 1 


4 ' i- » 

H ' f e* 



4- 1 


j 


^ -1 
X -4 » 


fn this fxamplei x U conlamcd tn .cs in x% and tiir div 
multiplied by pw 4 - 4t^ ^hU b subtic-cied frow xs 4 t 
ar^d ..4 V 4 X romaini^ thestosndi^#Jeud. 

therefore — is 

term In theqnoticnl; and (« + 0 X — x’ pves — x», w •» h tA» 1 

frmn — 4 I# ihetemamder Is + a> 4 j, And so on. 

(x* 41 ^*^ 4 1) X (<* 4 *) 4 I» SceUmnmlUpiic i 1 . 

Art. 44. 

, PM 4 f CV*^**:? 

. 6 »*«« »w 13 0 ,.). 4 fluotienu 

«i?— »« \ 


1 


4 8 a^t 9 



Dmsxox. ^ 81 

* 4 .f) + + {^* — quotient* 

f— rtjt* — cax 
— fljT* — twr 

4 - Ax + 

-I- Ax + 

0 ... 

. ' ' ' . ' .''' 

» , i — i* + > the quoUent 

X * 1 “ 



’i-y 

..ti .a«M, tlMTCIari: - liu fractiorul part of the 

^ »>: wholr ivi .>:.»• , lu these cases hpweveri the 

; Jnv It !'•'’ . • - ^ ' 

t V • ^ . i— quotient. 

-v'.v -• 

-4-iw.t ' • 

• • .'rt 'X 4 
• * \*-*-Jt.''ll-«U* 

\‘' 

*,v, , ‘•"./ qtiOli'v'ios 

xM-xy 

*■■■**■ '-'- "T 

' .>. By the Uitesampk it appears, Uttt the diffisrence of two 
’ uares is divisible by the stim, aqdalsp by tlie differenee of their 

Ot' ' ' ,-_ 

A. w ** — + 5(* the q«Oti«nl» . 

+ y 

W|i» quojihatti, ,, ■■ 


as »* •«» V 4 ly 
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= -I* **y + xy* cuwlient. 


*" + *■'</'— +y’ quotient. 

-iS — #/5 

- ±s + jci^ -f. jK*^* -f- + y cjMoUenU 

&1-. &c. 


51. Hence wc fonciiulc, tliat ./* 1- y** is divisible by the 
sum of tlie roots x + y, and x'^ — y” by their diflercncc, 
when thq index n is an odd number : ’ 

And tliat .r' — y* is divisible by the sum, and also by 
the difrerci^cc when n is an even number. 


Algebraic fuactioxs. 

.5:». The learner should jjetfectly understand the theory and 
practice of Vjkiig.ir Fractions in Arithmetic, before he attempts 
this part of Algebra, beratisc he will perceive that the same 
rules answer equally iu both. 


To reduce a Tyatfhm'lo its lowest Terms, 

.iO. Divide the ttuthent tor and denominator by the factor 
or factors ennitnon to both, {i^U the result will be (Ire answer. 

1 'he rule is derived from this obvious princi{))Ot that, if the 
tenns of a fractimr afe muU^died, ' or divided hy the same num. 
her or quantity, its value is nOt altered. / 

Tlius, let ~ beihel^at^ 

OO ’ \ r • 

ihrn ^ 5= ihierfrl^ S wavifactCMr co%uqoq to Ihc 'numerator 

denoimmUor^ an<i it lithe coimnon mAtturcof 6a 

I'hiiu ^5. llio fraction is m 

■ "S’-'*® 



FRACTIONS 




.*irj 


K'llv’.c'd i? ' ; :Vr „• is llir Ku it*r tiUM'.ii ni lo l.nili lcrni>. 


AU- 


- 1 * V// , 

n'du'c 


v!u*ro box N llie conmivni LitU i. 


,, — X ‘t-' 

lor , 


‘».7’AV 


Asiaii), 


1./ — ■*. ‘'H/ 


rc<lnrcd 


- -..?y 

z ‘ 


57. *ri)c simple divisor'^ arc readily found, a)* in ihe preceding 
cxainpli“<. But to discover ihr compound divisors, let the icrms 
of flic fraction be resolved iiits> their fiicTors ; 


to rt*d»cc iHo fiaclioii 




to lowest 1 Cl nil: 




I lien foir (cmin of (l»r fraclioii an* dnidM«‘ h> x 4- ?/» li i'' J‘\l- 
<l'/)l!\ ili'if cn* itC't cormnon measure; ami iJiv' iVauiou ia iU |.>\vrJ 


♦» I'iO^ JS 




5S, Bui when thentmicratorand dcmuuinaior consist of »?vc- 
rai Icrni^, the ii^ualmclhfxl ofproo ,din;ri>lo fiud their j^rraU .st 
common measure thus: rt'pcl tht simple divi'or.'S in both terms 
of the ir.if lions, then, divide lb' grenur by the les>, ami the I:i4 
divisor hv the last remainder, and so on till noiliiiej remains; 
then the Iasi divisor is the greatest common loeasurc, as in 
Arithmetic, (40. Arithm,). 


Tlius, lo 


+ V.* 

■-r^Lrr 


to ill lowcil ten,. . 


Tijef. 


..v [- / 


o+'.n”.* _ 


for ti,c' ‘'iirple dl- i .oTi a'c 5^’ and A; 



u 


ALOZBRA* 


Therefore^ have to find the gteatest couiiiion nicfiiire of a* + 3«8 ' 

+ 2ab* < 4 - : 

fi*) S/ri* + i* (u 

I + 24*A + iiA* 

«*+2«*+4* 
or A + i) «*+2<tfi4*4* 

» «*+ oi 

5+i* 


The fint remainder f»afi*4> if, tberefote tbh next opentioo it (hato< 
fin(Un((die greateat vomimm meaaure of at* -f i*, and the last divisor 
«* d* 2d6 for which reason we reject fi* the simple thvisorol ab* + b^, 

and then ith rednoed to fladini the greatest common measure of n 4>a 
and 0* d> 2afi d* which)* ad-fi tijO last dinaor. 

lowest tcrmi. 

The reai^B that inaaaures the term* of the proposed fraction is 
evident fioffl this consideration, that ifadivitor measuiesa quantity, it 
muA also measure aqy multiple oftbat ((tumtity. 

Itfweat terms. 

V 

The dmple dlvlion acip A findfos, henoeilie becomes 

* * * iu ' ' 

Tbenfon^have to find theptsateakepiAhoit meamre »v- 
tnwcAikiai^lhinr. , ^ - - , , 

Now* tfaht the lea imty <^)ld* dm ifontert iet ktter be muiliplied 
by 4»t ' , 


' > ' ' ' d n W ' Hw 

divide by.Ud^1i>»■<a^aipai;^19o>Hl9fi* 


fRACTI&NS. 


fi5 


’6) *«• — <♦«— * 
(A* — igb 


— 0^ + 4* 


therefore the last tin isor a •!• f U the {freafest comAtw mehiute« 

a— ^ fraction in 


its 


lowest temM. 


59. The ttiuUipKcatioo pt the divitieadf (m in the lest ex* 
ample) cannot affect the comnMA tuetiturey beoanai^e diyi- 
tlends thus, increased^ are multiples of the former 
dividends : Spoietimes however^ fl)e nece^ry factor or factors 
for that purpose, are hotdiseoverabiea^m^ht; for exampK 


I«t it be required to reduft' the ftiirtioB 


Ste4* W k 

^ 24i#i-^ 4S^Mr 

St ■ 


to its lo\ve»t tinni : 


Here it appears that a numeral moUlpnfir will not answer the poqiote, 
and therefore one tcrmof^hefrictioitmuidlie Oiutdplied b|^ some iactor 
or factors of the other before a divifton'ein take pJsce't birt in the present 
case, the shortest method of reduetioti is that ot resolving the ttowerator 
mid dcnomiiutoi into their factont < . 


30«Wf ftS&> 
♦Sor 


thus 

a^( 5 n«^lg ^ Wl (< »« . 

e 6 is a common divisor |'*and '(ha fotedon is ’Seduced to 
which is in Us lowest terms* ^ * 


* \t ** 7 ^* f 

To reduc^ ax mpnpor f^tetkn fo'fts whole or 

mixed * ’ , 

do. Tate if nothing mpre than » mvidtAl'; therefore, divide 
the Dumeratm by the deaoffiiinatQfr, sad ‘thy 'tluotient will be 
tbeenswer, (53.) , *?"' 


voi. n. 
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S8 


Thus, If the fractiQU to be reduced is — 




lab 


Then 3^ the quotient, or the fraction, reduced to its equivalent 
whole* Consequently when there is no remainder after division, the ope- 
ration is that of reducing a fraction to its lowest tcrnis ; for 
the fraction in its lowest terms. 


Also reduced is x* — xy 4- (53) 

Suppose the fraction to be reduced is 
— />c 

3nc— 4^6’ <3c + “^. or Jc the quotient. 

3ne-^3bc 


^bc 


Here the remainder is — therefore is the fractional part of 

the required niiied quantity, but this fraction is negative (46); and since 

m^»hc be ' . ” * 

4- — -j-rad thing, the quotient may be set 

down either way. 

Again, let the proposed fraction be 


rtth^n 


ac’^ch 


n— ^ 


or c 


the quotient. 


-m — 


In this example the remainder Is and the fraction is ; 

Ittb^sameas— ^i4^.n}t auiiel}', tbe fttni of.m andn is 
■ iiegati?e ; thertfore “* “® **P"”*^“ ^ *•*« *“»•• 


qwntity. 


. -‘t ' ■ ■ ; ■ 

To r0duce a mix^oi ^wtntity to an e^ivaleni Fraction, 

61. This is Uie (^verse of the operation in the preceding 
article ; therefore, , 
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sr 

Iklultiply the integral part by the denominator of tho* fraction, 
and add .its numerator to the product ; then the sum placed 
over the said denominator will form the fraction required. 

Thus, lot the mixed quantity be a + 

then a X (fi+A) 

add * — y 

sum a* -h + X — y 
and ^ is the fraction sought. 

di + A ^ 

Jt educe 3c •— to an equivalent fraction. 

3c X (fl — ^) =*5 3nc --t 3c^ 

add 

3ac<— 4k thesum: 


tiiercfore the fraction is 


3aCx^bG 


a — b 
i«-l- 


lileduce c + equivalent fractioa: 


c X = ac^bc 

add 


ac — bc-^m^n thesum* 


and ^ i* the fraction required. 

It the quantity were given in this form, ^ the thing to be 

done is evidently that of subtracting the fraction frgm the integer c 

Also, c« — fljp — reduced to a fraction is 




wiilch denotes the difference of cr •— 4o and 


4— c 
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SB 


To bring Fractions with different denominators to equivalent 
Fractions having a common denominator. 


6S« MotTi?LY each aumerator'into all the denotninatontr 
except it» own, for new numerator of that fraction ; and all > 
the denominators together for the common denominator. 

The rule may be Investigated exactly as in Arithmetic. 
(45. Arith.) • 


Let the fi actions bt brought to equixalent fractions ha\ing 

a common denominator. 
rin ) 

V 4liA 4Ua*aaA tautas niitnaM* tl>MM 

nM I 

iJn the cdhimon droominaior/ 


And the three fmctioiis are 


c/e mdb 
tSZ* TJr 


Reducer, rr toaconuaondenoadoator. 

C V 

nee ) 

}h V the nuinmU^* 
eih } 

^ let, thecomti^oii Af'oominator# 

the fraction# are jj, Ji' 

terms* ^ , 

f % 

t 

X ^ If 

Wh^'the deQOlofrinftM«f erne ^tttni is a mattiple of 
' the denomuMMI'ofiuM^ dSsitfe the greater denominator by 

flr^tenwbieh bath / 
tbe^pl^i<raiuj|te*l^ tljh^tliro fractions will ' 

fael^Q^ lll^a 



rKACTlOHS. '' SO 

^hen is a multiple of a; anda^ divided by a gives the quotient 5$ 
therefore if the terms of the fraction ^ are multiplied by we have 

SSe 

which has the «ame denominator as 

m 

In like Mimncr the fracUoat ^ when brought to aeoQ; 

mon denominator are ^ ^ ^ j For the teriiuof the firit at 

muitij^ed by and thorn of the recond by d. 

fix 

64. Let a f jc and ~ be brought to fractiona having a com 
moD denominator* 

f 

Making 1 the deaomini'o.'ora-i'n gives the Ikaclioa and i 

its terms are multiplied by ac we get * * ^]^ * ^ • two requires 

fractions arc -r~ and 

OC 

4 

Hence, an integral quantity (a'f'a;) is brought to an equiva 
lent fraction, having a given denominator (ac), by mnltiplyinj 
Uic former by the latter* and placing the product over tba 
denominator. 

* .To Md fradimal <^HiinuUiet^tog9ther. 

6a. Bkikg the fractions to t common denominatorj thei 
add the numerators together, and place the snm over the eom 
mon denominator* as inVolirar Fractions* 


1 , Required the nun of 4ltofintotiyns ^ ^ 'aftd * 

* ” ^ f fc ^ * 

" + < fe± ^ ± iSj r thesfmw 


9 , ReqiHied the wm of p, and f 


If . \ 
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The frictions brought to a common denointnalor are 


202 

3 V 


3 O 5 

36* 


"-2Ta; 

36 


.. r . 30*1 272 2024 . 30 ?- 2<2 23x , 

therefore — =: — -2—; = — the answer 

36 ^ 36 36 36 36 


5 5 3 

Or tlic fractioni and may be considered as the co*efficicnt5 
3 0 4 

of z; 

I »j fj 3 0*5 ’ 23 

then h» + ^ — r = Sci and tJie answer is —* 1 , as before. 

3 o 4 JO Jo 


3. Let and added together. 

,n — c fl* — 2 ae + e» 


— c a^-^ac 


I and « 


fli — ac^ 


len 


£l_+ 2 + ^ . the sum. 

— a*— tfC a* — ^ 


a^h 


4. Suppose the fractions to be added together arc 


1 ^ + ^ 

and 

c— d 


Reducing the fractions to a common denoniinatori they take this form, 

(il— 5){6W) , 

lc.^-d) (c^i) (f+d) (c-d)' 

Tto ^ U» ..mre,™,. 


5. To add “y^» . *"* lo’ ' ^ together. 

The three fractions may bc/denoted thus, J(a— y), and 

4J(*— i')* 

Then J(*— y) + ^ (jf— y) + (jr— y), or (J +|+ j|.) (*-y) s 

(re) ~ *"* tVactions, 


To Sublracfone fractional quantity from another » 

0)6. B^ikg the fractions to a common denominator, then 
set the didetence of the numerators over the comnion denomi. 
uaiui for the answer, as in Vulgar Fractions. 



fractions. 
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Examplest 


5a* t 3/ix , 
J, From — take — . 


— 3<tx ^ tlie lemaimlcr. 

K; i() 3 


«* .,1-, > 

1«»» 7ir7 * ^ a + c 

. . dxia+ey , dt (a—t ) . 

The fractions with a common dcnomrnator are -“Clii ‘ u*— ** 

(rt + 0 — dx (a — c) __ dx(1c) required difference, 
then "" o* — <•* 

c+s 

3 . Let be subtracted from 

dia—r) , «(«+*L are the fractions svith a common denominator.* 
MF=^)d^^) 

a'c + r) — d (a — a) da -^j tlie remainder. 

Therefore da{h^-~) C»— 


♦. Let the fraction^ be subtracted from the inleg.rrc. (61.) 

The Integer c brought to an equivaJent fraction having the denominator 
ffl— ei w+n _ (a—eb—m—n fraction denoting the 

Tben 73ri"“a— "■ 

dilTercnce. 


To Multiply fractional quantities together. 

67. Multiply the numerators together • for the numerator 
of the product, and the denominators together for its denomina- 
tor, as in Vulgar Fractions. 

EsJhttdtt. 


.ad , w 
I. Bequired the product of ^ „ 

a yjd %m product required, 

i X c X « txn 
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2. What 'is the {product ^ 

4 o 9 


3 it( 3 »- 3 )IO . 30 * ^‘-mx 

TxTHts ® 180 


= Jx* — 4» the product. 


3» What is the product of ^ and > 


by X by X ox % X “t 


tfie product in its lowest terms* 


68. By resolving the terms of the fiadiona into then fjctor«», 
the operation is frequently abridged s 


i» ThuSi to find the product pt 


a* — X* ma^^vih* , /n’ 

aiul — - - 

a^b ax 4- x^ mtui’^mnf* 


nia^^mh^ m{a-^b) (a— 

«x+x» *“ Jt(o+J») 

* ' wna^mnti *" (a — i)* 

TfcMt ^ *” X X X bx^ _ 

(tf+A) X Jr(tf+x) X « "" 

the producty by rejecting the like factors in the numerator 

ti * ^ 

ud denoinin4(or, u in inGlioiw to tbeir lonest term*. (58.) 


69. The product of on int^al and fraction is found bv mul- 
tiplying the numerator of the faction I>y the integral, as iu 
Vulgar, Fraotioni. .i 



4 .m W»of together by the 

admondlfra^ir eji^Mintiit' In ihii atme Woer as integral 
^rpjantidea. ^ 

'■n»» ' 



FRACTIONS, 


c(a -f- .t) ’<(.1 -4- xY' d' X) 

Also X '^ = (j) the product. 


Division of Fractional quantities. 

;i. i vj' y ■} diviso’-, i' . *roc?Cf! '• '' M'jln’plicatioi^ 

Fh " .tJdlor Vuljrai F* net oiimu Arithint:li(‘> 

i^xiimph . 


• I ~ h'^ -? 

J Ujt, 

y, K *.’t ' 5 ,, 

i y >* 1 ' x\y .7 

‘ Jji.U’i , i!i [\ > Si iiii'T.Uor and dtMioniiii;ut)r). 


i!M‘ (luvdu !■; , •> 


, ) -. 7* i the uuolu-ut, a‘. helori 

,^/ Jo 4 ^ 


, , -^flX + t* . 1111 * 

I rf , he dividcf! hv— — - 

4 ‘ — ;c* ' c — t 


H ‘ f c — * + r — r O H- , . 

' ~-x ' ^ r-*— je~^ ^ V I **' 


Now *- — in ii, lowest lenns -',-7 ’• 

r-'— A* I -fCAf-h'. 

1 C« - 4 - jc , ‘'’rt -f- / . . . ^ 

tiierelore ; ; X \ =• -Vr - ^ U;e <-il' 

x - 4 -cx-hc^ 1 ■ 

>n Its lowc-st terms. 


Divide X 4- — -r by * 

.T — J 


. nx ** — X , ?X X [jA 

~A J X J X — ^ X — .i 

X :^Er,= ^ 


4 . Let be divided by 7 --* 
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3i 


algebra. 


^ the quotient. 

2* — 22 bx {c — ty Bk (at — s) 

5, Divide 2^ by ~i 
h ab 7* nh J , 

T rfi' = 5 ^ r = t7 ^ *'■* 


But —i =s 2 = z 

2^ 


(soj ; therefore ^ X = ^ also de- 


notes the quotient. 


(i. Let be divided by IL.. 

A-*” A"* 

= -k’ =“'‘‘ 

// ^ 

2m ^2»i 

Therefore -~ = _, quotient. 
b a 


To change a fractional quantity into a Series, 

72* Divide the numerator by the denominator, and extend 
the quotient to as many terms as may be thought necessary. 

Exarnpiesm 

1. L«t Uic fraction — 2 — be changed (o a series. 

X 
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3$ 


Ifow it is easy I© perceive, that the next ur jth term of the quotient will 
Jf4 X ' 

be 4 — , and the ()//j term , &c. and so on, alternately and 

tf** 

minu\: this is called the law of coriti/iuaticn of the series. And the sum of 
all the terms when intinilely continued is said to be equal to the fraction 

^ Thus we say the vulgar fraction — when reduced to a decimal, 

is ^ ‘O'GdG, &c. infinitely continued. 

N. B. The terms in the qiioticMit are found by dividing the remainders 
by {a) the first term of the divisor : thus, the first remainder r- * divided 

by a gives — ~ the setunJ term in the quotient ; and the second remainder 
4- *- divided by a gives 4- twm, &c. 


If a = I and * = 1, then = I — 1+1— J ic. 


Now because 


■ rs it has been laid that 1—1-4- 1 — 1 &c. infiniiefy continued 

is i : but nothing can be more evident than that the sum will always be 
either 0, or 1, to whatever extent the division is supposed to be continued. 
If the remainder (which is always 4 , or — 4 ) be taken into the account, 
then indeed, the quotient will =: 4* 


2. If the fraction is 1^*® scries becomes wholly affirmative. 

Thus u »] a (‘ + 7 + 7 

— * 


+ » 





In tbit example, if a < a, the series is convergent, or the value of the 
terms continually diminish 2 but when x> a, ii is said to diverge ; 

. F 2 
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To explain this by numbers, lot «r = 3, and x = S : 


. 1*1 * . *'^ . 


o ^ f5 

4 orrcspomling values 1 + "r + « + where the fractions or 

terms of the series grow less and less, and theirfore the further they 
an* evlonded the more they ronverge oi approximate to 0, which is 
buppoicd to he the last term or limit. 

But if a = and jr= 

X „ 

1 Sjc. 

a a* 

^ o (77 

corrr.-ponditig values > 4- h + 5 IT ' which the terms be- 

come larger and larger. This is called a diverging series. 


3# Let the fraction ^ be expanded into a senes. 

) / n ^ ftr ffi* - i.- . 

* ( ~c + 7* + ~ 

O' fO + f-^S+S + ^o) 


/tr ffx* 

+ y - TT 


+ — 
+ c* 


tfff ’ flf* 


flJT* 


By substituting other quantities for a. c, and x, in the quotient ^ -f 

c 


, &c. different series may be produced, 

c 
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Let = 3, f — 10, and x =: 1 ; 

a a II* «*• , 

= — 4 - — ; 4 - — + “ 7 “+ 

. — c * c- ^ ^ 




^ 10 — T ~ 10 too 1000 '*’ 10000 


' tec. which i& 


the same series as the decimal answering to or •. 

•i 1U““1 

far I = .3333. &o. = l + -J- + nilsi + 


4. To reduce ^ to a series. 

if* + X* 

*♦ 

fl* 


- 7 * + 
ii — £ 

fl* a* 


+ ^ 

•r „o 


X" 


«** 


- 7 ; + ** 


jpl 9 

and the 4th term will be — — , the .S//j + — , and so on. 


73. It may be worth observing, that the same fraction will give different 
scries if the order of the terms in its denominator be changed. 


Thus, taking Examp. 1. 


a 





8ic. 


But 


a 


a 

* 



— &C. 


The two (|uotieDts however, win always be equal wiien tJie renoaindtrs 
are taken into the account 
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OF EQUATIONS. 

74 . When the synilxil = is placul heuvecii two quantities 
that are equal, but tliffcrcntly expressed, it is called an Equa- 
tion. (5.) 

'I’lius, 7+2 aiifl 10 — I are fijiiult 

Aiitl 7 + 2 = 10 — 1 ail (‘tiir.ition dt’iioting tlic rquiility of 7 + 2 ami 
ID— I. 

.Also jf = c — an equation uhit li sheo. . tluit the quantit} “ it equal 
fo llu; ililfm*uc.eof I lie qiiaulilic^ c ami d. ^ 

EcjUiilions lake ihoir ilcnotninaiions from the hl^^hcst power 
nf the iuikiio\vii (jii.intify which they involve : i xanipn , if 

that quantity is of one chtnension only, it is called a Simple 
Equation ; if of two (linn n^'icins, a Qii ‘ilrjiii. . when oi three, 
a Cubic, &c. 

Thus h" * he the unknown quantity ; • 

tlivu lOx — 7 rr ‘Iji: +- (/ h a viniplr rcniation, 

— Jx rn n/ a (ju.ulralic <*quatioii. 

^.« + ,, y, ,1 c nhif ♦•qualioir 

a** q- + c/x =; a Imjuadiath . 

V" — an * (iu.Tlion of m dimefr 

7,'i. WnuN x,i/,Zf &(*• or other symbols, art put to denote 
nnkiiowii (juaiitities, it is from certain given relations they have 
to each other, and to such as arc known, that equations are de» 
ri\cd. And to resolve or reduce an equation, is to discover the 
value of the unknown quantity which it involves: but no rule 
has >et been found sufficiently general for that purpose in all 
cases. The resolution of Simple and Quadratic equations how- 
ever, principally depend on the following obvious 

AXIOMS : 

1. If equal quantities arc added to equal quautiliks, the sums 

ari' -.qua!. 
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•j# If equal quantities are subtracted from equal quantities, 
the remainders arc equal. 

If equal quantities are multiplied by equal quantities, the 
products are equal, 

4. If equal quantities aie divided by equal quantities, the 
quotients ' qurd. 

5. If tvv' * »• M O , t;i.aixutics ‘ .ach equal to another quan- 
tity, tho- t;. utiLn* . arc equal 

6t Like powers oJ equal quantities are equal. 

7. Liki rooHnf ouaL iu!anLioe> arc equal* 

S. .V ' 0 * q u'.nt ly is ‘«i»!a! \o ull its naris taken together* 


7C. RESOLI^TION ok SIMPLE EQUATIONS. 

Examples 

( i : \ s . — - jC ’ ui finil the valu«‘ oi jr, 

•' 'Mm*'; U' oath sid«* o! the ecjuatioii 

Nvo a— 7 +7=3 224-7 I.) 

X = the value wjuired* 

Therefore, any quantity may be transposed from one side of 
an equation to tlie other, by changing its sign. 

For * — 7 =: 22 : 

And « S3 22 + 7, where 7 is transposed from ojje ildc of the 
equation to the other, and its sign changed from — to +. 

In like manner, if * — a ^ ^ 

tlieii x = ^ + a. 


77* Hence also it appears, that if all the signs in an equation ‘ 
are changed, the equality still subsists : 



40 


ALdLBRA 


Thus, changing the signs of x = A H- <i 

And it becomes — x = — b — a 

Now by transposing a.... — x a — h 

Next, transpose x az=, — A + x 

Lastly, transpose A .... then a •^bzsix, as before. 

f 

2* If ar + 8 1 8 ; what is the value of x ^ 

Let 8 be subtracted from each side of the equation ; 

Then x + 8 — 8=18— 8 (^x. 2 .; 

And x=10 the answer. 

Or thus. Sinccjc -f- 8 = IS ; then x = 13 •— 8 = 10, the answer. 

3. Given — = IJ ; to find x. 

If cacli side of the equation be multiplied by 3, 
wc have -- 39 3 ,) 

or x-H7=39 (50.) 

And X = 39 — " 7 s 32 the answer. 

In like manner, if ^ = b, 

c 

then = Ic {Ax, 3,} 

or X a = ^ (^^0 
And xzx be a. 


4. Suppose 3x 14 = 50 ; what is the value of a * 

3x+ 14 = 50 
then.... 3x = 50—14 

or.... 3 .t=3i> 


And dividing by 3 givi*s 
or 


X = — (Ax, 4.) 

X = 12 the value rec^uire d. 


And if. at -f- 5 = c 

thco ux^c-^b 

And dividing by the coellicient a... x = ~^ the value of x. 
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wlial lljc wliic t>l' 4 * ? 


Bv iniilli])!} ijig of Un* t\|Malion by •> 

(T»— 10 ) X » _ 

\vi- grt ... — .A- 


or Ta* — = Ia 

l)y transpiriing i:> 7 a = U -f- 4 j 

Subir.iftiiii; lx li.mi t zr 15 

An-J dividing l)\ ilu* (.o-vlVi' iriil J (//.i, I )... a= 15 thcanswn. 


(j* 



ifijuircd A ? 


Tn 'Oid.T fti tIlmt lilt* ctjualioii /‘uiiii I'laclion ., li‘l bot.’i ^idt’. be /iibf 
njiillipliv'd b\ r, 

I and \\c‘ have "^rr i.v* rzr x 

t and inuliiplv mgpgain b) J g'ves .lx 4-15 — I'Av = '’i 

Ibit Jx— \ *x = — ‘ x, llunvlme \\v have 15 — = x 

And ljan^[><»‘ing !'a 15 = llx 

* . l ’> . . 

. And x~ I’l ^ * ij 


Or 

I'iic given r(jnati(ni i'l — ‘’4 =: - 

\\ lilc ii i^ llx' ‘'.one as j^v + "4 — --A' Jz: \x 

N.,vv iraihposiiig 1\ gives Ji — ;x = 4^ “* '4 

Bui !-.x — l?x zn — IJx llinelore — IJv =z 4 a — Vj 

y\inl lr:ins]K)^ing \x gives — -fi — jA* =: — ' J 

or — 1 ; X = — 

And dividing b} llic eo*ilVu ienl — i;. g’vo> x = 1 before. 

7. (jiven find X. 

Miilt plvingbolii sii !- 1 by J gives 5 \ -f* " ^ 

or l^x — Px = luo 
or 3x = 10 ') 

400 

And X = = 155 J Ans. 
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Ur thusm 


hx + 7* — =; (::» + T — 

thercfoM! (*»- 4 .T — D) * = 100 


tln-n [Ax. 1.) 


400 

X = — 


And at'cordiiiL' to t!n\ l ist nifllirxl (lie value of the unknown quaiitity is 
dciioled uhcii it lusliUral < o*( iiiciLUts : 

Iror let — -L = 


'J'licn ax 4- hx — cx = ^vl 
<ir (t/ 4- ^ — Cjx = 4/w 


'Mica* rule 




= — — . (//x. 4.) 
li — c * ' 


Givt*n ^ + j = if; to rind x. 

Ikilli sides of the equation mulli|jlied l)\ .i gives a + c = i/x. 
And dividing both sides by d iZzA^. x. 


(iiven 


TT^Jx 


to find A, 


iioth sides multiplied by 17 — 4x gives :»x = ly (17 — 4x) 

or = 3'JJ — 7 fix 

And transposing 76 v 3x 4 7^ = 3‘?3 

or 79jt = J'JS 

And x = z .~ = i ■- Am '.. 

I if ii ^ 


10. Given 


i7X -f 
X — c 


d — n\ to find X. 


Let both side.-* of the equatiun be multiplied by x — c; 


I’lieii ax^ bxzsL [d 

or ax -f- bx = cn 

And transposing dx and nx ax ^x 4 nx 

or (a + 4 « - 

Therefore 


-«) (* — c) 

-dc dx — n» 

- ^fx ss cn — dc 
d)x = CM — dc 

x= ^ 

<f * 


Ans. 


ii. I.et < 2 * — x’ = to find 4 
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hen each side of the Miualioii is rcsolvi-d into its CacturH, 

we have (n -^.v ) (u — ji)=r /; (i 

I'hcn diviiliii*; dn a+ v a — a “ /; 

And traiisposiiig A and L, tlic result U... <i — =; x. 

li?. (jivcii =ai to find A‘. 

u^x ’ 

MiiUipl\iiig by fl 4 " gives... r/.t* ■ /2c*=(ia4-A') \) 

And subtracting ax* Trom each side, ... i.r =:j*v4-^»x4w/Z»‘ 
And traiisiKising ub" ac '^ — 

Then dividing by llie co-eflicient gives = a. 


Id. Lot — .V ■= ; L) tiiul t, 

a - \ 


If each side be imdliplied by .t, \v(‘ havci/" — ‘Jf 7 .T 

.\nd subliaciing a* from e:u li side gives — JaxzizO 
by transposing Ua\ a^rz*2 ix 

And dividing by 2a gives p =r a. 


Of reducing Simple liquations when the ralues of two 
unknown quantities arc required. 


78. If two iinlepcndcMit equations arc given, which involve 
two unknown quantities, find two expressions for one of them, 
one from eacli equation, by the foregoing inelhods ; iliosc cx- 
p^pssion.s being put ecpial, an (quation will arise with only one 
unknown quantity in it, whose value may be found as before. 

Examples 

1. Givofl Ja — 4_y =s 1 

= Ci. To find X and 

Firit, 3a — = 1 

By transpobitiun . 3x = 1 4. 4^ 

therefore x s: 

3 


C 2 
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T>v tr II. ])■’ 


.it. )ii 


7i* + :nj = 



'Incn 


1 + ’V, _ ilLz:.2y 


(,/.v •..) 


This c*f|M clciin'fl af fi.ic liniis (r\.iin;* n, ) 7 -f-/.'*// zz: If'J — f'y 

And l»y traiis|Mj^iti()n .iTyzzlS.'i 

I s > ^ 

.)T 

And *> fjr /- {;ivr> .r =z * ^ z= — — zs 7 Iht* value oi ^• 

.i ■> 


7.0. Tvit it \vi!! IVcqiK .ilIv ha meiro cx|V(!ilio'.\s to multiply, or 
divide llic tqihUions \)\ siicli niimhvrs or iiiuinlitics ;i.s will make 
tlu* Ivnn wliieh coutvii'is one of ilu* uui:no\vii (jn.inliiics the 
same jii holli etjiialions ; iher. bv ;uldin:i’, or cublracting the 
tqiuiliun.s, as the ea^e may ivcpiire, that term will l)e exter- 
mmale !. 

'I'l'n:'; ii'f’n* fir-^t (NjU ilion in llie hnj* v.a’rnjle I't* nnilf ipliccl b\ 7, 

• i i id tiu* hy 

Avc Imm- O' — '.’Sy = 7 

‘M.V + Vr = 1"' 

7 lie njn'er Iwl I’leni lue lower 

I ■ 

'I iieri’lore /,=: _' zn 5, .1 > ln’j(^iv. 

Aij.iin, if we would e\tcnuin:itey, nuiltij)!y tlu’ fust cijiMtion b} ?/, an»l 
tl'.L* bLeoiul by 1 ; 

I fieiiax J 'a ■ * V i— • 


and -?S' ^ I'Jiv = 

d in ‘iuni ib :'>7* = ejfi {ytx. 1.) 


o 

, - , ■ 

wiifp.ic Jr = =z 7, as bduic. 

iy < 

L’. Let az + /;r z= c 

^ f* .r. 
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*TIn! imil'viplifd l»\ d, and tliv socoiul b\ a, 

^ivfs fl 
and dt 

\ij(l sublradini! iht* lower from llie upper Jt.*— — ap (--/.v. C.) 


And (li\ulini: l)Y ihe avdlkicnl db^-ag x = 


dr — (iff 
ab—ua 


But to rxtiTininati.' .v, let the fin,l tNjualion U* nuiltiplied by and tlir. 
H'cond by b ; 

Tin II gaz^gbx:=zgc 

and bdzd^ghxzzibp 

Sublraclini; lln‘ under (loin the upper /y 


whence, 


ga — bd 


R:mitrk, In llii>e\ainple llnve iioiliinn: lo indicate which of the (wb 
e<piali(>ns i^ preale/i, and (■oii''Ci|in*nll\ w-c are at hbeily to subtract tin: 

miner from the lower; in that case x = ; andr The 

-:ime expressions liov/ever, result fiom the ctpuilions by changing their 


ap^^dc 


For if dbx-^agx:rzdc^ap, tlicm (77y^.v— #.r=fl/) — r/r,\vh('nce ggt 

and gaz’^bd'::=zgi.^bp, thiMi hd^^gr.zzubp’^gi., and — -- . 

Mt — ^'<1 

But suchexpressions are usually set down thus and 

ugijdb bdfign 


3. Given + 2 r:: :»2 

7x ■! 

2 hi. T«) til d X :.nd z. 

lo 

7x 

From the second Cipiation we have .. = ]*; 4- 

I n* 

which sulMitutcd for : in the fud, gives.... + IG -I ^ =j2 

7a , lx 

or 7 , + — J6=36 

VVhe.nce jCx -f 7 a = 3(1 X 1G= 

• or \y^x = .'i7(; 

and X = ‘'{ 

Now put for A, and we have 2 = 1C+ = 16 + the 


value of At 
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4, Given ** — s* ss 3876 

X -)• z =: I03> Tofindx^ndz* 

^ _ ^87C 

Divide the first equation by the second.... = 7 o^ 

vrhich, by actual division gives x — z = 38 

whence jr s= 38 + * 

And putting38 + ^ Tor x in the second equation... 38 z -t- 2 =: 103 

or Qz =5 J 0 > — 3fi 

Therefore 2 = 32 

And X = 38 + 2 = 38 + 33 = 70 


lichen Three Equations are givev^ involving Three unknown 

quantities* 

80. If the three unknown quantities are found in all the 
equations, find three expressions for one of them, one from 
each equation^ then compare the first expression with the 
second, and also with the third, by which means that quantity 
will be exterminated, and the equations reduced to two; which 
may be resolved as in the preceding articles. But the method 
in Art. 79^ will generally be found the least tedious. 


Exavtples, 

1 . Given x - 4 - ^ Ifi 

X 4 - 2 = 

s + ^ = 2!, To find X, y, and 

Subtracting tlic first rquatioii from the second gives 2 — y ss 1 
'To this reinainder add the third equation, and wc have Qz = 22 

whence 2 = 11 . 

Now putting II for 2 in tlie 2d. and Zd. equations, 
wc have 1 1 ss 21 , and x 4 1 1 = 30; whence^ =: 10 ; andx = 2 « 

2. Let X + y + z = 10 

X 4 2 y + 3r = 23 

2 x 4 3y -|- 3z = 38. To findx,^^, and 2 . 
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By the first equation « = 10 >— ^ — z 

From the second « s= 23 — — 3s 


therefore 10 — y — s = 23 — — Ss 

whence y s=: 13 — 2t. 


Next, by the 3d« equation 

38 — 3y — Si 

*- 2 

And from the first 

therefore... 10— y — 

«= 10 — y — 8 
38 — 3y — 5z 

*- 2 

whence 20 — 2y —22 =: 38 — 3y — 5z 

and 

yss 18 — 3a 

But 

y = 13 — 2 j6 

therefore 18 — 

3z = 13 — 22 

and 

2 = 5. 


Now substituting 5 for z in the two first equations, we have jr -f- y =s 5. 
and X + 2y 8 ; whence x = 2, and y = 3. 


Or Musk 

Subtracting the IxL equation from the 2d. givesy -f-Cxss 13 • 

and double tlie 2d« from tho*3d» gives — -y — z s=38^46 = — *8 

or y + 2 = 8 (77) 
whence... ysaS^s ’ 

But... y+2* = 13 

and y sr 13 ^ 

Theretorc 8*2 = 13 — 2 z 

which gives « s=: 5 , as before. 

3. Given jr + i = 32 

i + « + I = 15 

^ + I + ^ = 12. To find «, y, and ,% 

The equations cleared of fractions become 

h* + + 2* = 192 

20 x -t- ]5y 4 - iSz sz 900 
15x ^ I2y -I- iOz = 720. 

To exterminate y (for example} let the second equation be subtracted 
from 5 times the first, and the third equation from 4 times tiie fiat. 

• 'X. 



3 times llie first 

301- -H 

4 - 

n)L *= 

9(;o 

the second 

?()i + 

I 4- 

V!z = 

i»0() 

rcjuaiiukr 

JOX 

— 

Qn = 

1.0 

4 limes the first 

IMx -h 

Uy + 

82 == 

7(»« 

the third 

l-ix + 

4- 

10 .- = 

7J() 

remainder 

Vx 

< ^ 

• =: 4iS 


Then the last rcMnaindor :>ubiractecl from the first gives x= tlO — 4S=I2. 

Now substituting TJ for Jt in the lirst reinainder, we have 10 X * - 
= 60^ whence s = 30 ; then from the tirst equation y is found = -0. 

4» Given ax by cz '=i v\ 

+ gy = « 

fx + ry + A 2 == />. To find x, y, and 2 in terms or 
functions of the other quantities. 

If we begin witJi exterminating 2 , let the first equation be multiplied by 
the product hs (the co-efTicients of z in the other equations)^ tlie second 
equation by cs, and the third by he ; 

and wc have hsax h$hy hsn hsm 
cs(Jx + c^^y + ^ ci'* 

hc/x -4- hcry hc^z = hep ; whete tiie co-cifi- 
cients of z are the same# 

Now subtracting the first of these equations from the second^ and uUo 
from the third, the results will be 

csdx — /isax •+• csgy — hsby = esn — hsm 

hc/x — hsjx -|- hcry — hsfy = hep — hsvt 
or cdx — hax 4 - egy — hby = cn — hm 

and cjx — jtfjc -f — shy sm (by dividing the first by j, 

and the latter by A). 


IVom the fii-st of these equations..., x 

4 

And from the second..., x 


Cft — hm — Qry 4 - /’tf y 
cd-^ha 

Cp^sm^^ry^sby 

cj--^a 


TlK*retbrc22=fcf-±^ = . 

ah— ha cfsa 


Which mluced gives y 


t 

j hb — dsb^sag — c/^+cdr— /n/r ' 


(A) 


01 y 


{fh--^s)m+ ( sa^ f'u ^.(c i^ha) p 
(J7t^ds)bi‘ [sa-^c/) g^cd-^ha) r' ^ * 



»n9m 

out M>e proctal^ . 

For 'itli^iliS^mm Ex. 2. (Art 79.) that the expressionf x and^ « 
will have I|mi same flenomj^ this for And SHice the co-efiicientB 

of reipecti vely the same, and have ^ 

iSfke samen^imt r*»ln Lh^ j^ominator (these latter be* 

? Hiaoifest from analogy 

Dull jK> •• Md /> eHsavIlBil^ii^ reqiectlT. co % #B Uirta aBd ligns ia the 
fequi|cdnuaMratona$ <i,,d^ pnd^ and c,,A>. .and « hive b the deiiomint^ 
to»: «, d, and/iand vl^uM><being.Uiee^fSi^enUof x and a inifae 
givmequati^s. (Utodlll^lwwndlGidir^Di^te i,-. 

' ' KenUJiii'Mven denimiNatSifililS exhibiting 


< Kl»d^hff^givan deo^iiiii 
Ihbs^co^cteots 


Therefore x 


And t 


Instead o^i^htiactin^ itiejjht i 
ifdcr mlglit tiaye beenju^Scfd^ 
would be^more pmutfSiia^he ni 
Exatnp. 2* <79.) 


\aK’-bd)p 

«Wti%/i^..M>e otlu^^wo, a contrary 
the lyinbol e»< 
See' 




^ ttioie vntoowihqjmnll^ 
redtiction diflevenl (nm 


jjtS^^Sen'foar., 

iut.metlt^^ 


Pf and a 




^tttmis 10.^ Or sa 
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SO 

when the oiiimber of equations and Ainkiio>\i] ([uaiuMc? 
are the same, if one of the cfjuations is dcducible from the 
others : 


T hus in -i. let tt — I, ' —r ^*9 ^ — 4> i? ~ f “■ ^ * 

r s T r= if, m z= 'JO, n sz -IT, and /> = 7 1 : 

TIumi the il.rce eiiualions Ijclomi" -h 4- 3* == CO 

‘It -h \s/ + =1 '17 

lx 4 - + Vz cr= 71'. 

New Riib^litnlini:( those nunibers in the ♦•xpressinns lor tlie values of .r, 
yt and I', the nunuTators and denoiiiuiators bccume = 0, or llic expressions 
vanish. The reason perhaps is not obvious at lirst ; but on e\ainin- 
ing tl»e equations we lind, that doubh the serond is equal to tin* sum of the 
other two, and conse(iuently there are onK A/v i;iJe[)endeiit equations. 
Also, with he?e numeral eo-eiiiiieub, > mibl l-e = nt [>, otlicTwi^c 
the equations are incongruoi.^. 

82. Sometimes oci.i.iliou^ may involve an absurdity ; as 
when X —y ^ S, and .r | ;/ rz 7 ; for it is impossible that 
the diircrcucc of two quantities should be grcatei than their 
sum. 

The young Algebraist will now peive'vc, that the art of re- 
solviiu*- E juations consists in bringing eaeti uf the unknown 
quantities on one side of an ecinatioii having known quaulitics 
on the other. 


Of RATIOS AND PROPORTIONS. 

83. The relation or proportion which tw'o quantities of the 
lame kind bear to each other in respect of magnitude, is called 
the^ Ratio of those quantities: this is found by considering what 
part or parts one is of the other, or how often one is contained 
in the other. 

lus if 12u etid 4a are tSe iitwo quantities, ?!ien by com- 
ig ihcitxmagnitudelsuch, that the former 
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conlains the laltiT 3 times, and in common languft^ we say it 
is 3 times as l)ig, because 4 is conlainccl 3 times in 12: the 
quaiuiiics liieTcforo appear to liave the same ratio or, proportion, 
the greater to the less, a^ 3 ha*; n> 1. Meitce it is« that the 
equality of two Ratios constitutes Proportion. 

iB 

The tctnis of iIk two equal ratio,'* arc bpmetinies sat down 
thus : 


12a : ^\a “ . 1 ; ak. the raii(? of iiirt 10 4a is equal to that 

of 3 to 1 . 

Or tliii^, 1 ‘ : . • hi' h nine be read thus — 18a 

henr^ liie vui pt •;'« itM«n «■> ij .. ic lo i ; or, As 13a is 
lo I . , is M l 


The 4lh term i i'-’ (aHccl a 4//i piopm > .^nal to the other 
ihrc^ , 


7'1;< » .!] < \ t ti.f i\\ j raiios arc 12a and 3, and iheir 

COnbi'jaCl I ^ i ' S 

M, T'lk of the ratio 3 : I are like submultiples of 

3iVf : '!(*', tin- ctivihM heiiig la. But any other likesubmultiplea 

< r inelo, : "i iCa uucl 4a will have the same ratio or propor* 

, liVi 3 (ia 3« 140 15rt^ - , ^ 

t,on; fc„ - rr - = &c. where 

each numerator has the same ratio to its denominator as 12a has 
to its denominator 4a. This is evident from the nature ot frac- 

P 

tions. 


Hence 12 a : 4a ::3 : 1 ::6a:2a:: 3a :a ::24o:8o: : iigi: 
iab, &c., are a sank of proportionals. 

' A 

85. Thefralun - or the antecedent divided by the ete* 

4a 1 * . . - 

aeqaenti U by wny autdorat calkd the inagnitoda . 

ui 



tft 

of Atio of in to 4a } and sometimes itenwasureror.4^p?9eni. 
Bat weiters differ on this subject. Some Vill .;bave tSe ratios^ 
coQ^ered as magnitudes,} to be tbe ' ptpbneoto of .th« 
p^erst^thei^ turrits. Thus if 1 denotes the magnitude of the 
ratio of a ^ 6} that of the ratio qf a* to 
o* to will be 3, Scc^hese indices or ratios are therefore 
'liialogous to the Scale of Logarithms ; and consequently .the 

ratio of equality will be 0; /or if a =: 6, then = 1, whose 

logarithm is 0. Barrow however, si(|s, “ Reason” (Ratro) 
is notjquantity andimaintains that the magnitude of a 
simple Ratio cannot be expressed in numbers: but if its quan- 
tity be referred to the* fraction formed by (he two terms, then 
he i ^altps the magnitude of the ratio pf equality greater than 0. 
Set his Math, Lectures, 


» If the terms of the ratio however, arc commensurable, the 

ratio itself may be expounded by the ipiotient arising from the 

division of the antecedeilt by the consequent, as in Arithmetic. 

Thus in the progression 128, 0-1,32, 16, 8, &c. we^call 2 th«t, 

♦ ... /f 128 04 „ \ 

common ratio of thet , rms. ^^for ~ = o, or — = 2, &c. 

-.1 n 0 o • * 

Also in the progression ar% ar , ar, «» -p-ji, «c* r is the com. 

♦ A 

mon ratio, tint when the terms are incommensurable, the 
llhltib dbnnol be exhibited in thi^ manner : Thus it is impossi- 
ble to find in.ptimbers the exact ratio, or proportion which the 
squafe root of 1 has to the sipiare root of 2. And in comparing 
geometrical magnitudes, the ratios are not set down fraction- 
wise, except the terms are supposed to be subjected to some 
eotrtTnon^meaaurc. ' 








yfhea the terms of two ratios are commensurable, the ^ 
Jf the two may be found thus Let Z^jlld 8a be the ^ 
mrAsbfjbik f*tiQ/|wl 8( t^ terms other, w ^ 

t - . . i- / K. IpA’. w* 



RATIOS AHO' mt^ORTlOHS. ^ 

cxpftuniUng the ratios ^acti<ms ^and 

rcckibiit^ them to a common dcnominatbr^^wc 


^ 79ati^ 


i.CT*CT<h» ^ , thttdiile Ibe nW 

t<? 9ft w greater than that of 7a to w^“or the ratio 7 to ® leca 
titan that of 8 to 9* 

87. Ratios equal to the same, or toequ^ ratios, are equal t» 
etch other. * 




Thus \t a \ h iicid 
and g ihi: c: d 
Thtn 0 • g ^ ^ (T5« 5*) 

OrthuH^e ~ = -j 


and ^ * ■J* 


i _ jf 
b ~ 


88. If 4 quantities are proportio^l, the product of the 
means isjjbqual to the product of the extremes. 

Thus, suppose a :b::c\ (/ 

'^1 Ill'll (rd := be, 

For (S>)» ’miUij ly^ng belli pacliops by Id, 

wchavc ^ .3.), ‘M W byreduciDgthe fractiodfc 

0 d 

Cor. !• Hence the ierms may be any how varied so that a and d, or b 
and (are (he extremes. ( 135. Ariiiu^ > ^ 

’ Thus b : a i:d: c 

d: c iibia, Stc, &c. for in eithci case adgsibc. 

V; 

CWo 2o Whep two fractions are equal, their reciprocal! 

(X i)-' ■ j ^ 

Or.’ 3. 'ireptod(Ktyt.o dits i. cqMl i, lb. 

•th(vlufen,tfetlMtfcctonaMpiqi|gf1k^ ^ 



54 


AL6iBRA. 


ThuSj suppose (a 4> 5) xzs(e+d)z, 
ft Tben dli^ iic^duz: X, 

Cor, 4. HAce a prijportion may be converted into an equation. 

' 4 

^ • j|TIius, let a + X : c : : ai: X ♦ 

Then ax^^sicaS. 

N.Bi Ifa : At: c:d; thnnd: a :: d: eiscuikd invcrsc/jf; 2nda:e:tS:d 
aiiemafffy- 

6<j, When 4 quantities are proportional ; Then, as the sunt . 
of the first andfcecond, i| to the first {qr second), so is the 
sum of .the third and fourth, to the third (or fourth). 

Lit a \ h\\c\d ^ 

Then ^ ; a : ; c + rf ; c, 
hxA a^bxhxxcJfdxd.^ 

\\ , -i 

Because j s -(88- Cor.^.), if vre add - to the first fraction, and ^ to 
the second (or 1 to each) ^ 

we have- ^ + f (75. Ax, 1.) 

h X d 4" c 

nr — : 7 ~ = — and since the tenis of two e^uai uavuvi»« 
proportional, 

' A ; a *•: d d- r : c. This ^said to be by composUioru ^ * 

h like mannu^ ^ce = •j, -j and ^ are added to the two frac* 
tiotit, respectively, 

we get -:i- = 

.therefore aJ^;iib::e+d:i, 


;}0. Andtj^ subtracting ^ its, <iiistcad of the Edition) fitbali 
'' bt/ d-c ■ 


ave 




, • a. 

whence d>->ta::d-o^:c> 



ratios sa 

'^liercl^ as the difference of theti|K>ffi»t terms; In to the first (or 
second)^ is the difference of the third and fferth tenni^ to the thud (or 
fourth)?^Th«4j<iMBddfw»fow. r- ^ , . 

Cer. Becauw i+fl:d + e;Sfl:e ^ ^ 

Therefore by equality, i + a : i — a cid-^e. (87.) 


OH 


91 . there be any number of groportional quantitie|i,.Thra 
«thcr antecedent, is to its consequent, as the sum of all the an- 
tecedents, to the sum of all the consequents^ 

* ijr'-' 

Let a: ii: eid g, SiCt 

then a: a:- b--b wlieiicc ab as ah 
a \ b e' d, '* ad ■=. Lb 

a'.h'.i . ‘'g **>'’'** of equal pro« J 

duds being equal, w have * ' 

ab ad ^ ag Ts: ab cb *, 

or a{.b + d^g)^b{a 

tliorefore. a \ b \ \ a € -f-y* : b + d^ gw c\d^ &Ca 

* ■' * 4 

▼ *r‘' 

iL C ^ 

Cor, Because ^ s ^ — 'j' iftberc be any number of etjaal fractions, 

tlien, as cither numerator, its denominator, so is the sum of any two or 

more of the nui^ratora, to the ouin of theircorrwpouding denomlnatorSk . 


* 93. Let there be four proportional quantities ; Then .if like 
multiples or submultiples be taken of all the quantities, or of 
the first and second; or the third and fourth, or of the antece> 
dents, or consequents; in eilhs(i^ase the resulting terms will 
still be proportional. 

Th||^ is manifest from Art. 64, or from Ak'i 3 jthd 4^ Art, 7fi« 


.That, let « : ff : d; then — 2' 




And 


dt^ 

fi n 


nc : ndm 
e d ^ 

* fl 






A 


'll 

,*• 





■j ntiW-- * 

•L,i,...l\d. 
» »* ** . ' 
> 4 j* “rf 
w*. -s; W- J* 

&c. •■*•' 


for ui 




Baifte'WiUo"a®tl5«*fepe^ve ant«^ehu;nheTeaults, and ihe ^ , 

t^AtswiMBcprbi^MM^ . 


I t 


)»ltiplei 


. fu TJ>m< «a} r« : ««'|p>y ““ P>SP‘^‘'?8 - 

A' Or aftematdy, i ±«® idjtnci'.tmine. 

.^iw^ajidw. - >.. 




IaTIOS *ANllf #yifl>^kT10N$* 

i 




Wliitnce 
■Andif^:|r^::i’:i; 

, 'lift/ 

Thcn^ s I; and bv tokine IhtJlibe idots of ll« fiactioni.. 
r J' It ,i ' 

t ■■ ' ... 

_ .Whence / : ^ i : i*. 

* ‘ ft 

thenO" td" ::c" ii*. wbcrtmmajrbeu:^' 

number, whole or fractiomU % 

V- 

of two .iquafft foolii 

subduplicaici of two cubes* triplicate ratio % auct otyjro cube mtt, tiikri* , 
plicate, kc» I'hus ife and A denote ibe areai of two circle^ and d and 
D their respective diameters. * 

^Then d*:D^i:a :^^Geom. lOS* &r*) is, like aieai art in, the du* 
plicate ratio of {their diametertf. ^ 'Ip 

And taking the square roots of the four terms, 

^ viz* the diaroeteftl^ in the fubdupUcate . 

ratio of the arias. 

Also, If a and A are the solid contents of two spheres, and d and Dtheit 
diamten, , ‘j ' ' 

Then d’t : ; a : A (Geoin. 138» Cor, 3.) 

^ ' 'Sr . 

And d : D > : n^ : A^. 4, , 

Or, The solid contenti of spfami an in the tripBcntl^ntio of their 
diameten: 

And, T^ diaiieMn of t^bem arc is the mbtripiicit. ratio oftheir lylid 
oontentt. 


96. Iffherelwievm} nnkatof praportioiMftfptaiMtiM, then 
aKtbe piodueta of Uw correipondthgtemu btyro^tortiiMlf. 


flftot it: «i4f; 

; gtii 

lien 


* troi. II* 







3 '*''? " C*" ■■■ 

Ijy. ^inJifscriWejiJpaiAVw^ ... 

Of..Jft-«iy ranlc«f quantities of the laiae kiqdjt^n^ 
*th« ftft to G(^p6unded of the iratjitft olt ih^' fif^tq 

Ute iKjwnd, tWjK^d^ the third, tliie third ito the fourth,' ttiS 

• j* ^ -/V '• ? . .Vf, ■■• ■ 

' 'Let < i, e, be a ranfk of quatl&ties, then the fhetlonh deinfing tile 

Wlttii wMbe i |, compounagl^tio i» ^ whidj 

» .. * •» «■; ■ •- ' q; 


iitjii loweat tero|||^> de^t^' the ratio of the iirtt 'e tb' the 


dS. In.i|^eriea’<if continued^ptttportidDalsi thS^dMthntfi 

tiid.tfh'ihilfe'tq tifo ^'dapUcue fotio«|;thfo'qA^ 




other 


if are 


[ T^erefoie If rand d aA expounded ly (**«▼ 1 ) 4 i»d 

rr 4^-+* 

'{liM'theafttolwni, became 'tW-Tlyjil|pl^ * 1*4 

t]tfNft)«iift||re|tertIianM. . 


OF INVOLUTION. 


■MHO. Il^ointitybecoati*|i^y wukiplie^ PyjttH*. 4i, >• 
Mid'to JMilrolvQd Aftnued txyf Mwsr e^jlQ 


Mid'to JMilrolvQd «ft(ttwd tArSpowsr e^jji) 
timei ielitt employ^ the m^^pIMioiu i 

* There x 

« K « X theM |H^, 

'..• X4I iST 4 X« '*>,■ the*rt.^MqiiaMle;'-^. < 



•‘Up 







(10 

- v,^Tiwtb^•q5lare 

Thecubeof^lm^^’asi^ ^ 

' the cube of ai* is «>•* sza^if^. For * X flfr* flA* s flW 

Alio — rais^ td^the /Jtlu power is + a"" or — a"", according as « ii 



j Awl 3a^ rai^^othcMth. power 


lOS. Fractions arc raisetl ro given powers by involving their 
terns: 


9/?»y ’ 

4c 5 '* t 


^ ^ttltbecubeof— is.^. 

i 

And ctnnpound quaij||ye8 arc yivoivcd^ actual multipli* 
cation, as in Art. 44 ; ** 


Thus if tiie root be. a + A ; 

'* f 

aJk-b 
0 ^ 
a* ^ab 

(fl + ^)* ss the scjuare ot^d, power. 

4- a*^ + 2fl6* + 


■ (fl + J)*ar «’ +3«*A 4- 3«A» + Ihe cubd or id. power. 

4^ 3a*T+3i^?'*+ ad* ■ 

‘ ' ' 4. «^a4-3a«y4.3aA» + A* 

(fl 4^4)* * 44*4+ 6b’ 4' H- 4a4*^* 4^ the 4/A. powv. 

If tte^iMa->4Uieathe (erim*wluch iomlvetlieodd'ppven of4f 
jttl. u| aUipn^y ' 


Thnif*-* 
•ember in 



•-^.tiKe«MdSl«»lifhto 



STftMffCbMt ' 



%ometima it is most coiMn«nt4oK[|^nt tl^ i|<iwn 

Thus doMtatiie third ^ 


Or EVOLUTION ok THK*EXdihCTtON of ROOCS. 

ft ■' 


103t This is the reverse of Involution, and eoniiisis Tn dis« 
covering the roots of given powers, or quantities. * 

The nde for Simple Qt>*i>f*^cs4llh<>divul» the eiponent» 
or exponents, of the given quantity by the mdhx of that 
power whose root is requiiH. This follows froft Involution, 


Art 100. 

Thus, to find the 3d. ^cuhe roi 


** 


The exponent of 64 being 1, we have 64^ or 64^ o*, or 4fl* the 
root reqvuflil^.^fpr 64^ =s 4. Aiffl 4a* X 



And the cube root of — 64fl* ii —4a*. ^ 

Therefore the. root of the product oflWo or more powers is the product 
of their roots; for 4a*ssf^ a*; and %e square root ss 2 x «• 


Alio the cube root of lOir’ is 10^*^ or Jhe coheflb:ient ii 
called a surd, because 10 will not admit o.- an iftet root 

104. An even root of an 45Ha>^||^ttaX)ity iMy be oSther 4'tN’— ; ^ 

Thus the square root of a*jf-|* 111 a; for4»ex + esse’; and 

— o x~ese*. ' 

iS 

^ s’ ’ t ^ 

Bbt any even root of a negatl^^iquantity is im||||Mble s^ 

' Thns^dd. orsquarerootof-^ himpoM!ble,&rDeitherHhAX4^« nor 

— a X tn ^hii Is repteseoted thus, 

of (li^h »*)•. Aod the «tb.‘ ribf^Of irL-oy. - *■ ' - 


* 







^ "3if j|4o’is ^.4<i* ; 

anil in 8(ii« oiF-f64<^ it'— >4a%a» above. ^ ,• * ' 

bt^afncUoni^ found by i||^ the jrpots of 



fcf-i’. '' 2* 


tor:‘* 


Tfauithec^' root of j*. And the /«h. root of p a 

- -a/’'' / 'V ^'05r*'- 

Abo die KSuare o( w g-, 

IftbeflurilKfAtArofthefridibn be l/ilic ro4h niav be ctenoted by the . 
io6t of tbe denotnibator with a contrary^isn to the indexe . 


, Thw^ ifil^bewt ofH Is - or 
(tK JBMiqti.5;}^ 

' ■iP' 


’ - ‘---“^F0T•i* W— * - 




« , ' -ll J' , ^ 


ii^y 


la ' ^ 

it,, , .<*,.. •■ 

T« exfrAcf fiii SjtiOfv Boot o/* a Comfound Qaantily. 

,10 |[. Ih «i4« Ui diacQver the. rulefoi^lhU purpo«nt 
be ne^hMra.to.«oniidei the formalito. of a aqi 

+ twice 

. .tfatiiifi)ifhl «+j+eb<«'+ •)* +*^ + twee the product of 

’ V ,! v; f '■'• : 

♦-f n + fi* > 


iirtiieh’'Cttiiiitiof the Ihm lid. 




40 , > ' 


f ^ 






<4 


ALGIBRA. 


root, 

* ^ ‘A > 

2*+«)o Qax'pt* 

2ax^* 

SJC+Sfl+c) q , 2 «^ 2 a+^* 

Scx^^ca-H* t 

ilt+2fl+2f+c0 0 J jfiife+2Ai-|-2A+<f* 

4 ‘ .o^^' 2rf4t+2rfg+.gric4-if» 

0 

Ifcncc the rule for extracting the square root of a number is immediately 
derived : and if the root consist# of -^ figures, « will stand for thousands, a 
for hundreds, t* for tens, and^ for units. 

2 . To extract the square root of 4fl*— JCa^— iI6fl>'+12fl4+32fl3^2‘lfl= 

, 40"— ICfl'— 1 6a‘+ 12a<+324’+24fl ’+ 8 fl + 1 ( 2 a^— 4 a*— 40 -.i 

tf! roou’ 

4<i«— 4a*) 0 — IGa^l6a5 . 

I6a5— 

4o*— 8 fl*— 4a) ’ or —16a'— 4a'*H-32a’+24a* 

— 16aS+5?a’+16fl'« 

4a*— 8a^8a— I) — 4a*+ 8a*+ 8fl-M 

— 4a^4. 8 a, * 4 - Ba-^l 

0 ^ V 


8. To find thesquan: nK)t of a%*4HZ% 


fl*jc*+a*=fl\xH*l)i therefore we have to approximate the square root of 
a»+lt 


2i + 




\ 5 » 

TSp “ T^' "*“•* 

. tifdied by a is tire root required. 




EVOLUTION. 


ei 


' ■ >* * 9 ^ T . . * K*_* 

' Jo extract the Cubeftoot af a (!oti^eunJ Qtumtiijf* ^ ^ 

>, . " ’■A ■, i*- 


/k shall^erive the rule fron 

t + c) * ^W+ 4' Sm* -f I 

or n» + 


108. W£ shaitjterive the rule from the fomiltioi^^t Cube* 

(ti + c) ^ =rjF-|- of 3«* + C* i 


A 


And + f + 

(bycoDnderinga+ casiu.ikiDgonet«»riii.of^bin9u4el)t ; 

And sooni for tbe cube of . any lut^loolmb 
Hence ' ,7? 

■ l'' + 'l’= ! 

(a + c + rf)*q;j^ + (3a’ + 3« + c*)c 

1l|f 4 (Jii’+ 6<i«4^+3«l*4-3rf+(<*)i^fc«» 
(From tlic prtccdiDjt flit rule, readily derived)'^ 


Or 


(«♦*)’— < ^ 3at, ^ jgft ^ £-1 


(n4f 4'0’ 


=; »? 43aV4 3ac’ + c* 
^ 43'’*^ + todjjl- 3i: 


:tt^ Zc*d + 3acP'4 3<tf • + V 


Hence, in the cobe ui the trinomial a 4 c •«- d ^ipjpe^ t^l^the tti. 
term Ja^ di vided by 3a* (three timei the iquarc of the root ^ e (h* 
9d. term in tlie copt : alld wlicn j^e coIk of > nc Hfo lin^nnia +en 
subtracted, ilie next term (3d*d).j^t^ remainder dlvjdra by the lune. . 
divisor (.la*) gives d the id, terSi^i^ root, ^c. . l^nSe. the following, 
Kuk, ii|: ' ■ , ' 

, Arrange the terms according to the dimehtioluof aome lett^i^ , 
e as in extracting the square rooty and set tlie root of the ^ 
term in the quotient, and tuhuxet hs cub e. J ^foin thc^), quantity 
. whose root is leqiui^ ^ ' 

Smde the l|||h*nD ^ ^ 

of the root, ^^fjnotieo^'the ^ ' ■ Mr' 

VOl. Ik 



S() ALOEBRA. 

r 

. JSabtrut ^ cube of (he root already found froiq the given 

t ititv» and divide the 6rst term of the remainder by 3 times 
^«iarei|f the first term, as before, and the quotient is tiie 
third term intb^ roqt : 

' Subtra^he cube g jil iis augmented rout from the proposed 
quantity ; .and pr$cee^s before, bhould there he any remainder, 

* Examples, 

"t ^ 

.♦sTo finfl tlic cube root of .1.. V + Zac - -h r>c. ' . 

of + 3frf + 3/JC* -T'' '<((.' - 'Cfi 

fl* -f-r -I- fi. •I’O/. 

+3fi*c.... first term of llic remauHur. 

^ fl*+3rt*f+3<ic^-^|^p3a*f/+to(y'+3( V-K : 'H 

(14. cy a ^+Z(t ’+ 

^ :r.’bt ti!.., <•«“ i!.t reni4iii(lt'r* 

!Now (a + c + dy wiir be the quantity propo^td, and iauiscrjucntly 
i 4 .C + cf the root rctiiiirtnl. 

9 . To extract tln'cul)c rool of 

m ' ^ 

- 5^ +^ - .first term of the remainder. 

'i *“T“^ 

; y 

( i' y ... 

,/. ,r , 








ictipn of 't cube root in 


niid^rf vfiirbtfas fulfytfst'^%, » 

e*c 



^ ijs ^fdthree figure* ch [beginning 
reatest citibe in the first period qn the 



IVOtUTlOKi * , - , ' 1 : 

• ' t 

left Rand, and set its root in the quotient for the iHilt 
I lie required foot: 

Subtract the cube from the period abovedt, abd bring diiWn 

" . * • • • I ''iikt'jL 

the next period i(> *116 reinaituler for a dividend : 

Div'.''. . I ' l lc i ' , exclusive of the right hand figurtS> 
Ks'.lt, , i'.'.aix. oj the root, and the first quotieik figure 

:t'i. .Mjci . iiu ill tlu root • 

Jf ‘ 

■ I,- I . 'Cl iiu; root troii the two first pefiods , 
] .. Ill’ t.iio icmaiiic-.r bung down the next peciod 


; I.- MuJcad (omitting the two right hand figurcl 
iitJo's., ii', • .iiricsi till square of, the root, and the first 
nioii'Mif h 1 !'■ ‘if third figure »■ the root: 

:jk 

Subtraoi ihc tube of the root from the three left hand 
juriods t‘ di p-iueec'J as before till all the periods are brought 

dov 11. 


i. 'I'r. t \Ui' ‘ li'c euf>e root of i’i:D?1072 j£’93« 

sedsioTaii’yi ((. 4 j" foMi"’* 

'ill . ■ r ’ 

W2I0 t ' 

''’-a** ' 

• 2 c!) 21 U 

^lJ....=r 2 « 214 t 
a X 3 =. 12288 ) 706 gT 2 $ :t 
2(32210725 

fit 5 *= e 0 S 33 GI 2 S ... 
fjLti = iv4S07a) 874flO(jtf)93'(T.^. 

"sS^iMaiin 


\ 



' ®* ■' '^ktOEBRA, 

- i . IJO, Tbifiiile in the last arUcle is easily remembered; a™l 
' ')fc ^ graeral by changing the indices : Thus, if the wth 
' root is reared; then, iuslUd of the 3</. root, and Zd. jrower, 
/ wemusttaketbt mh. root, and mth. power: and for 3 times 
the iijna^^tnaki: use of m times' the tn-^wb power for the 
divisor, &c. and excl^ m—\ figures of the dividend on the 
right hand in makingth^division. 

But in extractii^. the higher roots of numbers, the divisors 
* frequently', give l||,qu(iieht i^gures tot> ^cat ; the true figure, 
ifewever, is found by a trial or two : Thus to extract the 6th 
root of 3559S51349024. 

^ osi mot. 

3S = 243 

3* X 5ai40i) 31292513 (5 

' 5jiflKt3....tvru irst periods! 

I 3 as 52521875 

35* X 5 ss 7503 125) 3070ti38/)9024 (4 

‘ 354* s 555995t3W0'n, therefore 354 is the root. 


The second divisor 405 will give 7 for tlie secoii<l quotient figure, but G 
is too grrat ; ai^ .5 the tme figure is found raising 35 to tlje5r«^ power. 


la ^g*rai..||fj 



Pkthe proposed quantity is an exact power, 
Us root may fgelleiAly be found by inspection : Thus in Lx. i. 
• we find tftif;! three'" cubes a’, c’, and d’ in the given quantity ; 
and the thr^e roots connecied^d^, their propers signs, is the 
root requirUl. 


Of Dr, HaUefs rational Fomulee for the Roots of pur* 
Powers, 


-ill. Lbto* drb be a quantity whose rqware m/ is required; 
yrherc b is supposed to be sm^T, when compai^ with a*. 

• Put a+»^ «lv»nog both sidft?-^ «.) vehavc 
«*+ 9(i*+*‘as»^^d2«»+«* = *4 whence »= \ 
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®But if Ai$8n)akllwhcn compared with aSthfn *• tnuchltss than 

nd consetjuendy 2ax may be taken for the value <^i, m^arlyr ^ ^era* 
fore if we jtjccl x », in ihc equation *2<wr + we Sax s 0».and 

jj — 4* approximate value of jc; which being substituted for 

b . b m 


'*00 . 

» ill the fracli#P~-j— gives x = 

5 '■«+* 


^4sat±' 


4?^ 


tiie second 


••• 

apiiroxiination ; therefore tlic root «+*teo+ 4;ij;ry — {«*+*) . 

Again. Let ihe.enAe root of a > + r||uir8di*(i bang suppoa^ wiwU, 

, as bewire j s jsnif puti« - 1 - a sa, (a* + 6 ^ 

Then a^ + 3a** + 3ax* + t»=s a’ 

whence 3a** + 3a** -h»^s=i; and rejecting a» on account of it* 

siiialliiess, we get 3-i** + 3<a*W A, whence * =: 

Now in tliecqui^n 3 n** + 3r«*= *, the term 3 m* is supposed to b^ 
sniaU. wln'n<omp 4 t«i thcrrtN((i| being rejeileil, we have 

3n** = i, and a r= the first approximate valogbf* in thucase, which 

put for* in the ftariion gives *= — the second ap- 

pruxiination; ^ 

Whenrtj the loot «+ X3E 

Ami if +*=(“♦+ ^)*i then (cimiUing^ the . Icrini in which x is 

'S ^ i 

above the Sd. pbww) a+* will be — ss («**f*) • 


ii8,« 

4 ab 

(a*+i)*=ea + ~~^. 

+*)^=«+^s?rgi- 


'.3« 

-’A 


&C« 


* LetasSlf^and&c. i (a dnill miml 
Ip ia whicli. quotient srenuft he 

4 thill 


ACe ^ 


«s B I becomes 
and con9riuP4tlj x^h6§§ 



W^hm,the]^v(!|^3Qtit^^ is a residuk^ tfi^ latter fac|»h in the i&t Viit 
tenegitiv^ : Tj^s (44^)® ssi <i — And so of pthws*: j ' ' 


. -These rational fohnuls of Dr. Hal|e^^/Si^f9^.;X^aR5^ 


I694.) who ^ informers howevW, that mPH. first 

gavetb^-rulefot'ttb&cul^root. Thb irratioual,4briQtilif^are 
eui[dk derived' dearly in tfltiil^e'Aihikfr^ 




112. But the 


'^11 

ng 


coqpodious fdr practice jas follows.: ^ 

.- if " ' 


ssionS may. be > rciiaerea nu^re 


Let N represent tlie tjuanlUy wliosc retpiired,'aiid r its wot. 

ah -Irt’+SaJ „ . 

JTlien because a + rjp^, = -- - 3 ^-=+^ ^ 

^ ■*■ 3*^ + i ^ \ 

vf T JSf+jZ "" §7+5!" !3^T5(7+^)\ ' 

&‘C. &C. 7 &C. . 

. v*5>' 

If N be substituted for ,a^ + 41* + &c* 

w«tave*ii2i2!±*>’ ^ad = r. \ 

?.<■'+ +:'’f:6ll-^’ ,,,3 «'+jn ,/tj(^'‘. V', 

■ ■ ^iph con^'led into analogies (^^^3.) will be 
■'•*^4fV2>f!2o5+^4N::a;r. ' '' 

V 5as+3N :3rf^^*5N >:fl:r. 




A^CinM |ta}>peartlhA''tbe' |umerali^ di£' odmitanfly i 
greatiii Hess than ropt:» to be extract- d 

for fiati 


rn^i V 







‘lieo, In ihe pio^ition j^.+ 3N : 3«* +>^8^ : « : r, 

tfie co^flicieotl 3 are tt rf>an<lf-^3: \ 



au<f N a* 4. <6 is 


IfV « art rt^d number, and ~j 3| p wrtf % 


may be uied instead of ndM* 


vrliole tmmbcn 


root, nii;^ Arith#£x. 1.) 

This niedijQ^t when Se of t)\^ hyt^er 

roots of numbefs, is ebe nidst c)qpf^(ious of any, if m ejc^ 
' 'U>at ty Logarithms. Sec At;|tli^ 1 «{|, Sic. 


t OP SURDS.4 ' 


113. S UJID8 or Kadical Quantities are sudi .is have no etSiet 
root. The roots however, are designated by means of the 
radical ^ y^i or by fractional indices. 

^ ■ 

• ,Thu«, tlwiijuan;rootof5«c.vjircssed by ^5, ori,5% 

AUofib or 4^j| 

i .. :: 


Anil ^{o + S), or tl*e M. 


uolt'S the S()ji ^^](5 iwuf the dbe of 5, 

• Tn;. ■» ■. ‘ 

lU. A rational quantity may hc oilibited uiO^va^Ous sard 

lormsi’v A . \ .<»’! 1 


Thus, tailing the numi ‘xampic; 



. if 

,• 'A 

is ' 


Then 6=i/36=/(6x6)=1^(tX9)=5V'(3x I2)3t^(^»c lS)=v'(lx3<!i 


sz^iX ✓9=2V'9=3v'<*^3Xv'J2ssv'6Xyc=!2l6^, ke. 

And U the quantity be </, ' 


>Ve have «=yo*=V'(«X«)f!p'(i«^4«)^V'</X/«lsy«XS^— 

V. / , arid inh{i< 
consider that tju 


Mtable other IjlheisioDS, which pdU 
iqoaie, or caber lco> ^ of u j qi 
nostidtAha ooahti^ il 



[usmtt.or. cub^. Sed 
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Hcn(%^ tobi i| |pr a rational quantity to the form of a squaa*» 
oracabe, &c. roo^ rais&itto the or 3d. &c. jpowcr, and 
set this quan^ under the index depoting the root. 


Thus 4 under the forms of the id, 3d, Ath, and f 
will be J6^, 64^,^256^^, ' 

'A 

Also reduced (o the lon^Of the square root Is (<^)^. 

And reduced to the wth. root is (a^ )\ 

Ccneralty : a' reduced to lhe*‘ form of the - th. root is ( «' " J" 

I'or if the mu^j)litalioji by ^ involves ' lo the power the mullipli* 
cation by its reciprocal ^ must reduce it again to^^l^c root. 

115. To reduce quantities with different indicesi to other ^ 
equivalent ones having a common index. 

Reduce the indices to a common denominator; then involvt 
each quantity' to the power denoted by it^numerator* 

A 

'V Examples* 

- A 

^Ii Reduces^ and 9* to equivalentquanlitics having a common ftdex. 

} s J ; and J s= 

ThercfiJre = 8^ == (34^ 

D*srJ)iss7294. ^ 

And the quantities are and 729^, having the conunon index 
lor = 3, and 64* =: 8^ AJso^* s= 3, and 7# s= 3. 

Itv V 

ri6. \yhen thr oiiiiti^art tb be reduced-^ equivalent 

'anay be done by the^end fom, 


ones having a gii 




8V1iX)8 


9 


7S 


8. Let 8^ and be' reduced to equivalent quandiP^ having tlus 
rommoD index J. ' ^ 

Then ' (s5 ^ 

And '*sz{9^0i=:z{9 0i=8 |i*. 

An«?:i6^ and 81^. 


3, Ketluce 3^ and 2^ to the common #Ki. 

(3i^5)i=0*)i=:r7*. 

(2!XT)i_.(2^)i_lG^ 


Ans, 27 ^ and If^# 




4, Ixt arnle^ be reduc^ to the common index^ 

(c*xOM*«)*.. 

1^^^ Ans. («»)♦. ('ft)l (c0» 


Reduce a” and to a common index. 

^ — !liL • 8uj ^ 
n ^ nm * ^ IJl iim* 

Therefore a* n a"" 



Of Mnltiplijhig .SJP quantities together. 

117. It appeara from Art. 114, that the produa oF siirdn 
having a common index, is the product of the quantities them-* 
selves with the same common index* 

# 

Thus %^X t/*2 = i/3€^ or 3* X yi = ^CT*. 

And i/Px v^<i = /a’: 

Abo X =5 


TOL. II. * 
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And since.2|/i/x3v'4=2X '’V(''X ‘l)=r«v'3/J ; 

Therefore if surds have co-eirjtifuU tiinr [voduct nnis. be prefixed : 
'ThvMa^ hy^cy/ dziizacy/ Idm 

^ l I 1 Li 

And <i" X c*" = a’*L* {lfd)\ or a"'c'l^d'\ 

118 . The product of like quantities in itfe form of surds 
with the same, or different indices, is found by adding those 
indices together ( 45 ) 

Thus 61 i X t'!** = ‘5 = 

1 I ' 'f- -- 

And yc a- zn ti' *=://*== a. 

Also {p + =0*4*^)’* ^ '* 


w-f w 

= (./ + /^) . 


119. If surds have dllTercnt indices, reduce them to the 
same index ( 115 ); then find the product as in the preceding 
articles. 


Thus, to find the product of h ' aticl 9^: 

I = and i = *! : 

J 0 'J d / 

Then 8'^' ==‘8^ = 61*': 

I 3 I 

And 9- =r Si'' = 7 : 

Therelbrt 6 ^^ x 7 '290 = (d 4 x 729)5 5= ‘ 1 > 095 G^ ; the answer. 


OifiiT Exam0e'» 

i. Required the product of 6v'iy‘'‘"d 10/6. 

C X 10/(10 X 6) = .///T. 

What is the jiroduct of 5 ( 9 )^ and 2 (6)*? ? 

U t 

5 X 2 (9 X 6)^ = 10*(j4)K jitis. 

3> Required | and •} (^V'; 

I X 5-(r X 1)^ =1_(J)-~(7J7)''={^)^* 
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ivi qu ivtl t’.i'- of a ii+v c) ' ^ ? 

X [( ‘ -i- v^O (“ — t/- ) J " = ti/* ~ I r • 


:». Ili’viuin’d l(k* pvpdiKl ol (x — //) ' asul (v — 


' X =: (i— =r (i— i) =1. Ans. 


<1. 'Wluil is iLc pioilun of (x — ^ t)-‘ 


/ ‘ ' 


— .v-)l 




-. -'f/n. 


7. What is ir.(' pvndm t <>i (u — x) ' aiul x- ? 

{u — r)-' zrz (•! — ; '■ (./^ — 'J..V j- 

A- -=:..i‘' =(i j • 

{U' -f- X ')'* X = (.* •t’* V.M** H- I ) ‘. v*/f/V. 

^ ' 

0>. Kfcpiiivd liif ppiil-wi (»i ^/(— ./)ari(l ^C— c)? 

X v'( -- j;=v( -.'a — = i/j’; l)iil llic Miuarc rootoffl* 
»< -f- a, or — a 

(»r, lljus : ( — .i * X ( — it)' -rz ( — w;- * =s (— n)* :::z — a. 


1 Ins last im tlk'ni sljeu^* that llic s{|ii.irt- of i^(— c) is — a; but it cloeb 
not |)in\e that i! w u.*i + « Now ihr j»Jvr«*i!irfjf op<Taiion^ gives both 
-}- a, .iiul — fi, < (MifonnabU In llu* rules of imilj’.pru,.iti(»n, and the extrac- 
tion ot for if f(- ft) Im- .1 iirjyativi: root, *iis square Wjr actual tiuil- 

tiplicatioii smIIIh’ positive, uud Vhw |iOsiiive Siiuan: will have a positive, 
:i negative root. lUil il may s.iicl that — r/) denotes ihi- root of 
a myaiive, not a neg.ilive root ; llitf^objet lion lu)we\er, is obviated by the 
process; !or^(— rt) x V'( — ax — rt)i and — i/ ' X — t/«» 

botli i»ive It seems liu-refoie not more n‘|iu;]^n.utt to a’i«*brair rru- 

tbod, in making the bquare of ^(— a) equal to 4- « than in ad- 

in Hmg -t- a, or — a to be the square root c»f 4- u \ 

Hence il appears that the square of |/( — a) a, 

• + VT?3^P^+ ✓{—»}*: 3. 

And that the product of aua Vl^ iv d: 


t2 
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^Division of Surds, 

120* RiCDuce the surds to the same index; then the 
quotient of tMl surd quantities, with that index, will be the 
answer. 


Examples, 

1. Divide 1/18 by ,• 

5. Divide by 8^^^ 

ill 1 

8^ = S'S = fil'"’: 

' ~x = (“r =3. .f«.. 

Ot*' 

3, Divide ^a b}* \/h, , 

jJl = Vj- 

4. Divide «" by iK 

i ^ ^ -1 j- 

«" == ^ an<l = //-'* — 

.1 ■ . 

{«iip /a" 








121. If tne surds h.ivc co.cfficients their quotient must 
be prefixed. And the quotient of .^ke surds is found by sub> 
Uajjfting the indett of the divisor frbm that of the dividend. (49.) 

5. Divide Sv^lO by 4^/2. 

2V5. Anu 

Divide ly^ by 

’'% ' '- 1 — '* 



svRirs. 
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• 11 
•. Divide a** by bx* ? 




9« Oivide (« 

f-L-il* 1 

(a-*)i ' 


by (a — a:)>» 


(a-*)^ =5(a-jL * =s — ^.. 


‘ («— «)^ 


10. Divide I + — 8) ^ 'J by ) -f 

» + ^(-2) N > + '-’ v'(-‘^) * 2 n + ^^(- 2 ) iuatim. 

) 1 + l/(-2) \ 

✓ c-i’}±2 


I). Divide <ir“* I))' M”. * 

*v"” __ d /* "N _ W -'•--"■Y il. " A -(»+’“)\ . 

AT!' ~ A - A\*- J - l[* )• 


Of teducing Surds to their simplest terms. 

J22. This princi^y consists^ in resolving the quantity 
into its component factors, or scpai^"tm|r tlie rational and 
irrational parts ; which being done, the rt^of the greatest ra- 
tional jjower it oontains, will be the co.efficicnt of4be irrational 
part. 

These reductions are frequently necessary when surds are to 
be added, or subtracted. , 


iff le Reduc4;^^(tf^^fi) to ii$ simplttl ttnns, 

^(«»aV>or (a3AJj,)f s 

8. leducf V363 to its sim^ terrow ^ 

t/30 = i/(tl X a X 3) as 1 V->. Am. 
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3. Bcdiicc to ils simp lest terms. 

' ^ ^ / '^ V 0',1 IP, 

~ 


(2.x./'V = J.^ ,L(,sy5. m.., 

vHi/ Vs. X ‘v :j^ 

r,(^ 

4. Riduff t'> ds most si i pie l« nils, 

^ 1 ( ' 

.rio _ ;. ^ *»xT 'i T />XP •‘i 

- *^ )yx~3 = -7^^ 7X • = 77 K— = 7i 

I 

5. Kediice — :*i'L4jif')3 to ils simplest teiins, ^ 

V 

(jiax ^ — = (CTx^x "a — C7x-*X (?‘i — 2ax)K Am 


'•+ t/ 1 

C. RcmIucc - to its simplest lornis. 

^ — v' J Ji' 




X - 

1-1/3 ^ 3-ht/J 


>— 3 


= 7+4 ^/3. Ans 


Of the ylddUiofi and Suhfrcicfion of Stirds. 


1123, Keduce the prcpoM'il \]iiantiiits, hy the preceding 
article, so that the surd parts are the same (if they admit of 
such reduction) ; iheu denote tliesuin, or dlftcreiice, by means 
of their co-cfllcicnU. 


r.xampks. 


I. Required (lie sum, and dirreiviuo t/l v'(ix\^^ and 
v'.4’^= : and s'i.V z^ic^h. 

Tliei.’liM'e ( " +c)\//', N the 
And («/ ^>c)vb, i\w dtj/trcficc. 


C. Requirrd the sum, and diilcrence of v'JI j and 

^/(^PX^)= 7v^j. And v'dOj = v'(ICIXa)= llv^. 
Hence ISvO, the jww. And 4\0, i\w diJJ^crcftcc, 
it- 

3, What is llic sum, and also the diCfcreiice of *1/- and ? 

J oO 



J /- "1. AX 9 _ » 

.y 9X3 _ 3^2 3 .A X 4 

*^25x3 ”■ “5X2'S*“ 10 X 
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\ 



' ""JO 

n 

•) 

V ‘ 

j' 1 

' ;:o 


\) 

3T^'’ 



~ v'C. Ansi ;■ t/u- 


I 1 ^ 

4. Iloquiri’il the •'iim, an<l dirfoiemv of and (-lOA a)^. 

I I ■' 1 

And C4 C^^a)-» = 40^^a^: 
Tiicrefon- (J-* + 4oh)xf is llu^ vm/w. 

And CO •K)*^)x* the tliJfcrcfiCC. 


Of involrif:^ Snnls: Ami extracting their Hoots. 

121. SuRn.s arc involved hy iviultiplyinjr iIr’ indc'x l)y the 
cxjunicni of the power to winch it is to bcrauicd. (iOO). 

’ ’ X d , 

Hills <•» •'* I" == " • 

Ami tlu* of i‘' ^ ts — a;*, 

M-,0 tin- \lh |> 0 tt*>r S.l •)^ I- (<S — ^ )' = «*- -V-4A 

If the Stiftls •■(m iru irnls tlu ir powvr, inu.l l>o |)irli\<:d. 

'Jins, llMM'ulicof 3x’ 

Ai-d the i)ou.T ‘ t =s 4 ap^, 


0 /Aer Examples^ 

!, W hat is the 7Mlh |jo\i(*r of ax" t yins. 

2. Un(|iiirfd iJjt square 4»1 T (-’^) ? Aas, 42 (81 

3. Rcqiii.Lil llie cube of 2* ? 


O* X ^ g- r;! ^ «. 2 (2^;. 

4c Required the 4/A. ptf^’er of ♦v'Tr 



7 , Uliat is the square of Vii + aH^’2 >/ab 4» h. 
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G. BequilCd Ihe wjuare, anti aU the cube of — 
V3-‘-»/2 
^3 ^2 


3 — 

— •✓6 + 2 

^ the square^ 

%^3 — v'S 


— 5^2 + v'lr*' 


3*/3 — ^72 — 5^2 ^48 s: ? v/.J — 1 1 </2, the 

for ^/T2 = 6✓2; and ^48 =4v^3; ttlieiice i-JW + ss Ov'J# 
and Gv'^ + j«'2sll^j. 


185. To fivd the rogj of a sjurd, divide its index by the 
index of the root to be extracted.'^ And wlicn the surds have 

raliq|tal co-efficients, their routs must bif'prefixid. 

f I 




1, What is the square root ofa^(Ai)> 


The square root of is <i ; and the square root is =i ; 
1 

therefore is the root^oqiiired* 

^ ^ . 'V 1 

2t What is the square root of 49c* (81^)? v 

T|ie square root of 49c* is 7c, $ 

And ^ ss 810 or 9^ is the' Square root of 8! 

An\, lc{'J^). 

Required the square root of 12 

* . 12^ s= J72S* or 1C (IC'^J. Ant, ' 

4. Kequired the 4/A root of 5xV*^ Ant, 

,f% , , 

5. Whjt is the »«lh root of «? ? ^ jns. aV“« 

6. What is the i«tV 

V.-r .*%(.■ g 

= («^Mi and («/ ^ fjt® ^ ^ s 



SURDl 


7. W hit U tiic , — i/ilh root of ajr ^ ? 


—••I m ^ 

I a X . Am. ^ 


I. Kc(iuire<l the s^iarc root of a — + 6 ? 

.f |/<i — v^/», or 

Anil the st]uare root of « + 

The roots nilho two last examples are evident inspection only » but 
it numbers are substituted for letters, the square hf.'cr^ht s a binomial, and 
the root is found by a quadratic ei|uatioiK (See Quest 8, Art. |^1.) 

' /*! 

12G. The square root of If negativ^uantity may be cxbi* 
biied uucKt a binomial, trinomial, &c. form ; 

Thus, dividt* the quantity by 4, and take its fourth rook for the 
brsttorin, and itsaquare root with the negative sign prefixed under tiie ra*^ 
diral sign, fur the next term, 

• 1 , ■■ :,‘,j 

Therefore v^—jss — (;-) • And in like man» 

ntr the terms may be continued ad hbitunu 


QUESTIONS PRODUCING SIMPLE EQUATIOJJS. 


127. AccoKDt.NC to the natur<tjfarrangcni^t of parts into 
^||arhich Algebra may be dividol, this should imaiAliately have 
followed the Rexoli’tioii of^ Simple 5^jiuition|j Jn. 74, &c. 
B*t we found some knowledge of^equ^lionsereqaisite ia^e 

.sit k. 


VOL« II. 
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articles on Proportion, the extraction of rootSj &c. And ad ac- 
quaintano#; With these latifer braft^lics frequently becomes ne- 
cessary in^ the resolution of Problcriis, wh'ctlier they produce 
simple, or quadratic equations. 

•: .lA 

128. Whc%a Question is proposed, the student should rc* 
present the unknown or required quantity, or, families, by a 
letter, or letters, as z, &.c. then let him operate with 
both the given and unkimwu qualities, by addition, subtrac- 
tion, multiplication, &c. according to the condiudKb and tenor 
of the question ;^y which means he will obtain one or more 
‘EquAions involving the unknown letter or letters.— But on 
this bIfad, a few examples are preferable to many* precepts. 


Examples* 

# 

1. What number is that to which 7 being added, and the 
sum divich^d by 3, gives the quotient 13? 

Let X denote the required nuinber ; ^ 

^ A Then the 6 uin:f|J x and 7 is a? + 7 

• wbieh 'divided by 3 givw., ?*irr_ 

Aod this musl be — .i3> viz. s *3 

Whence » = 32, Ihe number S.v Art. 77 . £t. 3 . 


a. Then M ft nnnibcr'tu which if wc add S, and subtract its 
double from i the sum,, the remainder will be equal to the 
said numbjer divided by 3, Required the number.) 

' X]et*< re{(resent the number sought: ' . 

To whil| ad^ I*. js 5 

'•fiatf^oC;'^. 



, SIMPLE EQUATIOMS. . 83 . 

Ami fading UouUle l\\c required number, leave*,. — 3»*. 

f jc^*S 

Which, by tlte*<iuestiQn is of that number, via. -t^-a-S^xss 
^\■|^ence x =: I Art T7. Ex, ^ 

I , * . ■ 

3. What tevo numbers are those whose sum is 20, and 
diflerenpe 6,. 

Suppose me less number to ;rT, 

'Then the greater must be 1Hk. *+ 

TJieir sum is 2*+^ k 

This sunt is = 20, v!z« 2,r + b' = 20 

Whence 2 jc= 20-4»6= 14 

t 14 

And a = -^ = 7 the /essm 

If *' . ' 

And 7 + C = 13 ihcgrcalciKj^ 

...f. * 

Or thtii* 

To find two numbers whose sum is s, and difference^ d. 

Let the less be x\ then thegreat^ is x + r/ 

And their sum *2x +- d 

e 2 j[ = r — cf, and id the /JHu 

And Jjr-l- llwgrvait^r, 

^ Therefore when the sum and ddTiwice, of tivo pinnbers arc given, ' 
half the difference added t<^ .W subtracted from half the sum, will be 
tin greater and /er«, respectively. 

4. The sum of two numbers is 19, ai>d the diflcrcnce of * 
their stiuares 93. What are the numbers ? 

Put * for the greater number, the less, 

^ Then by the question.......... .4+ , =s la 

Ai«i -ft = 95 

i» , ' *' ■''^4*-^* ya * 

NowdWidiogt^seimDd equationby thefirf»,weluivc 

* If' Cl 
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Or by aclual rlivision jr — y = ^ 

Therefore wHS have the sum of the.* two numbers, » -f ^ = 1 9 
and their difTeroiice * — y = 5 

^ 19') 

^^cncc, by 'the preceding example, 4. ~ = 12 the greater; 

a 

and “4 — -7 = 7 the iess. 


X WMit ^frafetidns arc those whose sum, is I, and 
the greater divided by the less gives the quotient 10? 


For the lt■^s put X 

'riien (He gn.*atcT will hr 1 — x 

. * * 

1 JC 

Whciice by the qnrstion = 10 

9X 

or 1 — * lOtft ^ 

tlicrcrprc...j| J = I lx 

And... — = X, the less 

1 1 

And... ^r— zz i\]^ greater. 


9 V 

0 . A General havip^ detached Gd^^iien to take posscssmn of 

** 3 ' * . '■ 4 

a strong post, and of the remainder of ‘fifi! troops to watchC- 

the motions of the enemy, finely that he has only ~ of 
his .arniy<,lcft ; what was his whole force? il 


J.et the wliolv niirobef of men be a 

4 

'1 lien alter u,‘0 were detoclied, the remainder was... * — 620 

’* 3*— 1860 

• of these arc. — 


And ' . ofihe whole is...?.. 
^ , IJ ^ 


3x 

ij 


Now by the question, the two Just parltwith 
fco must make the whole ; 620 4- ^ s= 
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vTiich cleared of fiattlions iiiv»s 561 JO 4- 3.‘'x.^ 2 1 ISO 4- i.’ U cs 

. whence 56 U’O J l ! 80 = 1) ! » 

or .VJi»10 = :^lx 

* and x= 1010, the Amutr, 


DU 


7* Three baltdions of unequal force arc in column of march ; 
the extent of the first battalion is Sltl pares, the extent of 
the second is equal to that of lh|^|^rat and t|)irJ together, and 
the extent of the third is equal to that of the ^sAiid half the 
second : ^vUat is the length of the column ? 


4 

• Let the length of ll‘« third be x 

Then ihat of llu* srcontl will lu* 1216 + x 


The fir.V^ and hall the second logiMhi-i is... ‘Ji6 +• — 

... ... . U t6 -h X, 

XYbu-h, bv the* question is c<iual to tiu* third, vi/.....ei(i + — TT^'^ ^ 

... I.'JJ q- ‘Jh»q-x zs Ux 

And A ss MS the third 

(M8. 4“ ijlh = 3iH ili| second 
iUi the first 


^ The whole = 17 '28 /jaccx. 




8. The Rule of False is fointfl^i! on the supposition, 

Th^ the differences between Ihe ^ true and supposed numbers 
are directly proportional to the respective differences between 
^ the true and erroneous r^ults : now it is requircil to show if the 
• Arithmetical process is conformable to that supposition. 
(Arith. An. 109.) 


Ijct S and a be the two suppositions D and d tin- cor responding erior. 
nr differences Ijetween the results :icid; 4 he nuii:I)er witii which they are 
compared ; aLo, let x denote tlje minitetr lecunred. 

Then X— .y, and x — x will differences lietwcen Ihelruc^nd sup. 
posed numbeA when the latter are both too little: , . 

w* . 

And 5 — X, &d X — X, when th(^y are both too great. 'I 

4 
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* B 

Now by 4]ic supposition^ j —5 : jt— j :;/>:</; whence ZVtrif— AT* 

anti Dtfrifdx^Ds’^S 

r. ^ Zb— AS 
* therefore Jt=z 


.And S‘ jr ; X — JT :: Z) : A gives. 


jr = 


dd^Os 
d — /->* 


Now in holli ihe^rra'^es, lilt* errors arc alike. And eacli ex}j»eo 'ion is 
the differwti of tlie products divided by the differ cftcc of the errors^ 
{First rule.) 

. ^ But j|hen the err«^)ir^‘unlik«*, wt* sliail have 

• either jc : jt— i whence x =i ^ 


or .V— *S : li D: d, and x 


d + l) 
Ds-^-dS 


Where the expression*? give the.ti/;;i of itje products divided by the jj/»s 
ot the errors; which is the jccw.yZ 

9. Divide 10 into three such flarls, that when the first is 
iTuilliplfcd by 2, the second by 3 , and the by 4 , the 
three products may be cijua} ? , 


Lot fl, y, and :: denote the three parts. 

« * dr 

Then, by the qneslion.... j d- .y + ^ = 

and... C;r = Jy =. 4x 
Now because Srqte therefore x = 


10 


4 iS 

Also, since 3y = ^ have y =-r. 

* -i * , ■ 

Now puttiiTg 2^, artS ' T, l<>f * afA[> in lli» 


anrfwehave 2z 




d* z 



whence 6z + 4z'+ 33 
and 


30 

30 


' “ u ~ ^iS* 


, Or (Ausb 
•* '<■1^ 

Assume three cjuantitles which being multiplied by C| 3^ aid 4^ 
^ ti vel) , shall give the .'ame quotient ; thus, ^ 

^ f Suppose ^ y and *; + 5 *+ ^ ■ 


respec 




o; 


\6jt . 4 x 


3 x^ 


M 10 


ice 13« == ISO 

and X = 3 
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And di^Wliy C, 3, and 4, respectively, give 4^, 3^. 2j* , 

tlie three pans ret|uired. *1^ 

* t 

10. Let 10 be divided into 4 parts such, that when % are 
respectiviy divided l)y 2, 3g 4^ and 5, the quotients shall be iu 
the same proportion as 6, 7$ and 9? 

Assume ^2 x 6 a, 3 X 4 x 5 X^Jdr the 4 parh ; (thwe being 
,<livi(ied by 2, 3> 4, and 5» produce quotients in the given pro^rtions). 

»' Then + 4- 3Jjf 4j* rs Ij|s 

V pr. llUJt = 10 



11. There is a number consisting of two digits, and if 72 
be subtracted from it^lhc digits will be inverted. W|iat is 
thc «numbcr^^_^^*’ ^ * 

The answer the following properly, namely t The diifer- 

' ence" ofiia number coiihNiiag of twodit.;..S and the niimljcr when those 
digits are invited, is 3 /iwet tha/ifference of the digits ; Thus, If 3i he 
the number, then the difference of 35, (3 x 10+5) and 53, (5 xAo + 3) 
if 18, or a (the difference of 3 and i) multiplied by 9. 

GeneraUy. Ifaandi are the digits, aij4 lOo + A the numlxr, then 
105 + a is the number when the digits « and 5 change places; now. sub- 
trading the i^ltt-r .||toiii the former, we liave 

,0«+^— I05-Itess9fl — 5)X 9- 

^ To apply this to the question, »c Have qply to divide 79 .^9, and 
||bp quotient 8.1h the difference of ^digits } tbfti^ore 1 and rniustjie 
the digits ; and 9 1 tlie nundier. FiPSi — 7 2 ss 19. * 

Coral. Hence Ihe.diffensKC l^weenaiiy n;imber, and the nqai^r 
by its digifs in a contrary tjjiJer, b always divisible^/ 9. 
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four agcnfe A, B, C, D, can produce the effects 
Cy dy in the times /, gy /z, t, reipectiv^: ; iu what time would 
they ’ jointly produce the effecf tn ? * 


lime cjfcct time rffi cf 

As. ^ : /r :: y ; wnat K i.an product* in liio lime /. 

*■ i f ** ^ 

^ k \ c \\ f \ — /Avfral C can prodme ip tlie liine yi 

k \^ d ;; f \ what D ran prod lut' in tin: time /. 

a, wliiit A can protinoi* in tfu* limey', 
TtH'rcfor.-tf+ + is what tlii-y all ran protiure in the linic- j, 

. . ^ ‘ ■> 'I ' 

acting logcllior. « 

Ifrnce, As<r+ ^ : y •* : tion* 

or dividing llir two lirsit terms of the proportion Msf^J (i);;) 

41 h c . // . . I 1 1 . t‘ *1 I 

-L - 4- -- + - : 1 i: wi : w diMded bv j- 4- - lliewwjr 

y ^ A' ' J g ^ 

Corot. Honcr, wliulrver be the mimbor of agents, the rctpiirefl lime 

will be m diviiled by the sum of^ the quotients 1 ^ + &c. l or ex- 

ample: Suppose A ran dig jO yards of «a trench In 8 days ; B, 80 yards iu 
12 days; and C, J)0 yardf ki Id day«-^ in what they hnisll 201) 

yaiib if they work together ^ V, f 

Herr i/ = :iO,/=S; /;=: 80, 12; cz=.00ji±: Id; andw = 200; ‘ 

Aided hv is ;:7 gives 10 days, the umwer, 
v.'*r by 


ft. Suppose the effect m cati be produced iif llie^threc agents 
* B, and C together, in time a, bjt B, C, aitd D together. 


ill the time b, by C, D, and A ii^the time c, and by A^'B, and 
D in Anytime d. Required the time in which each would 
duGfi it alone ? ’ 


Let X, y, ^ and r, denote ahe respective times: ' 



PIMPLE equations. 


t 9 


tir^v effect it me effect 

i ^ m.t 

X i m 


a : whut A can prmiuce in the time a: 

*^^^9 "hat U can pioUuce in the lime a. 


y S# m :: a 

3 i m :: a ; what C can product in the time «• 

Now, by tlic question, the^rfiii of those civStts is the elllvt wj, 

, ma , fwrt 

that IS — + H -r =r 

* y • ^ 

or (dividing by m) i ^ + 2 s: i. 


whence ^ay'<. + axx. + = xys. 


Agaih, 


2/1 

• • A • 

• • u • 

what Bean proiJiicc in the time A 

m 

:: b 

wliat C can prodiw e in the time b. 

/n 

:: i ; 

— wiuit D can produce in tlie lime A 


Aiul, by the question, tliesr ei'U cts logclhcr .iic C(iu:il to ilic etfect iix, 
VI/.' — -h — -h — =: in ; vvhen<*e bzv + oijv -f- buz =s zi 

y V 

And proceeding in tliesaivie manner witli l!»c times c and d, 
we get cvx h- czx + c^i; == :.tx, and dyv 4- dxv + dxy =: xyv^ 

^ NVhoilicirthete four equations, 

namely, . + axz + axy isz 

bzv 4- byv -h byz = yv 

cijc 4- c^jc 4- czv = kvx 

. dyi; + dxv^ 4- dxy = xyv 

From tlie first C(iiiation, ayz 4- axz — = — axy 


whence z = 




uy +ax — xy 
By the second .equation, bzv-\-bzy — 

whence z z= r ^ 

'^erefore — (the two values ot») 

ay-^ax~<^xy bv+by^yv 

which reduced givet mm — abm ssbvx-^ abbt 

VOL. 11 . >f 



ALGEERA* 


Again, by the thpd ei|uation, czx + exv^zvx sz cxv 


, — fan? 

whence 2 = — 

— ,WP 


nd r — = — r — ~ — (two values of z ma^e e^ial) 

I — 1/v CJi + fy— Dir , 


This reduced gi bt/x — hey = exj/ — bet. 

We now liavf' three equatiSfes ijivolving unknown quantities, 
viz. ^xv — af>x =4!Pr — ahv 
hyx — hey •= cxy — hm 
dyv 4 - dxt) 4 - dxy = xyv, 

Ry the hrat, Ato + ahv — htx =: abx. 


whence v = 


ax»\-ah-^bx 


k’roni the third e<|uatioii, dyv -4- d!|^ — = — dxy^ 

— rfxv 


whence v = 


r/^ + £/A — xy 


ThcreVorc - — 

< 3 fv H- d/' — yjf f/v — :ify 

which reduced becomes dahd// + dbdx — ahxy =s bdxy — ^/dxy. 

Now r being eNlenninaled, the cqiiali')ns arc reduced to the t#o follow- 
ing, involving only x and y^ 

viz. L^abdy 4 - x^bdx — abry = bdxy — adxy 
biy t— hey zz cxy — 6cx» 

By the first, 2My •^iihu’y — biilfy 4 * ^dri 

1 t . 

vliencc .V = 2 ;;^— 

From the second, fixy ^ hey — cxy zz — IcXy 


which gives ^ - 


bx — be — (.X 


The; efore, 


’ i:abd—ubx — hdi^adx 


(the two values of y.) 


rt , 1 1 * 

Il5.> red«c«l gives * = 


T vtm — zaac ^ 

Now' the values of y^ ?, and t», are easily <|||covered For 3^d will 
<lciiil|||l|^ a cumnion numerator : And since & is not found in the negaii||^« 
pn^of the denominator in the jj^irdlsion for x, it follows that — ^abd, 
-J^Zabc, and 2bcd, are the other nq^tive quaDtities, where r, d, and 
arc respectively excluded- ^ 
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3 ahcd 

abc + iKd acd -f- 2a/iU' 

» 

icz/ -J- -J- — *«iAc* 

^ahcd 


|k ^ abd + ubc — 

A bingle example pn>poscc|piii' numbers atfd wrought arithmetically, is 
less tedious thaiWhe prere(|iH|p operation# Uut^ie algebrai. iiietlKul has 
^he adv^lagr of giving general lUllnula: or depressions for all questions of 
the kind. 


14 . Suppose J3 battalions of troops, of equal strength, arc In 
three columns HA, RC, SE, ai^that they have to pass througli 
the roads or defiles BK, DL, GT, whose breadths admit of dif- 
ferent fronts. Let the times of^sjaiarching from to K, from 
C to L, and from E to T, be denoted by a, /•, and c, respective, 
ly ; also put r ,j|gfn d / for the respective times in^ which a 
battalion can 9^b its own length in BK, DL, and GT. 
Now it is required to detdfniine the luiiiibLi* of battalions of 
which each column should he composed in order to enable ihcir 
rears to quit the defiles at K, L, and T, at one and the sdme 
time, or that the whole march through . the defiles may be 
made in the least time possible? - 


Let r, y, and s d 
g|hc columns II A, 


mbtT ofiftatta I i oii$ ^ 
SE, re^pccii^y. 


Then rx, sty, and tz >\ill be the limes in v.hich n 
^ »• 
t9|%can march their own lengths in the respec un e 

defiles. 


. , ( H to K 

times of 1 „ ■ 

, . , R to h 

inarching from / 4. 



l^iuals 



Now, by^c question, thos^ima must 
^ or, a r*fi 

a-h fxz:zc+ iz 


From the RKt equation ^ y* 
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But 2 = B — a y (becau'^e x + z = B) which 
second equation, gives j + r« = — /jc — (y, 


for £ in^lie 


i7 — c— i?/ -I- rjc + 
wlience =: y : 


Therefore 


rx 


which reduced gi\es x = 


a — c ‘f fU Tx ^ tx 
Jits + sc -4- /// — ta — sa 


5^ /r -Ir 

And repeating the operation for y alfe z, we have 
* Jitr ^4- in :e — hr — bt 

y = - 


2 = 


Bvr 


ir+sr-i- st 
- sa H- rh — f r ■ 


ir 4“ + Jii 

Example. Suppose the niunlier of biiltalion> to be 20 == B* 

And let DK = 2 miles = i224 pmpes of leet each, and. the rate of 

marc hing 70 paces ptr 

l)L = 2i miles =5 4752 paces, — r:iU* (o 

i}T = 1 mile = 2112 paces, raU- 50 p, 

AB « 


lB ss 1 mile = 2112 p. 1 

:D = I mile = i:)8l p. > 

iG s= i mile = 1056 p. ) 




rale of marching 80 p. per miti. 


CD 
EG 

I 

Vacos 

205 <le|)th or extent of a battal. in tlic de/iic BK 


270 


in DL 


350 ; >'» GT. 

Then « 

ss 60*34 min, time of marching frd&flS^p'K. 

70 & r 


2112 _ 
bO 


26*4 7nin. lime of marching fiom A to B« 


^ 86*74 min. = tf, time of iiiarcliiiig from A to K, 

jH tn 

as 73*1 1 mirirn lime of marching from D to L. 

4)j 

1584 

=? 19*8 rniri, time of marching from C t® D. 

92*91 min, = i, time of marching from C to L» 

— \r r t 

2112 ^ -v - y . 

•i~ zs 42*24 min, time of warciiing froin,G toT. 

z= 13*2 min, time of marching from E to G. 

55*44 r;u//* = f, tune of marching from to 
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“• = 2*^3 miri, = r, 

4 O 

270 k ^ 

-rr- 3 4M54 tmu. = s, 

OD 

S50 

— =: 7*0 »mw. zu L 
oyj 

Those values beiug suhsiituled in the forq oiiin expressions, give j = 8, 
and i = 8, the nediltst ijiteji ilHf 'riigs:t*toic the c. liinins ilA, IIC, 
must each consist of 8 batthlid^s, and HC o) 4. 

III this esoun pie, the three coluinii<i are supposed (o l.cgin tlioir iiiureh at 
till? same lime : but sliouh) it Oe iound ne(‘e>sary to delay tlie mn\cnient of 
oitIkT column, the numeral value of the rorresponding letter must be varied 
accordingly, an<l a new division Hi the battalions lake place. 'J’Jius sup- 
po^ the troops at A and C arc to begin tiieii march 25 in 1 miles bel ore 
those which pass the dehle GT, / 

Tlien c 55 *‘1 1 -f 25 = 80.44 tnin. and the resultinii values of a, y, 

and 2 , arc and 5 (tl e nearest inteucr^) lor the number of b (llalions 

in tlic coluimS'^lkll, ItC, and so that the whole body may clear the 
defiles in the least time possible, iha: (msv. 


Should the valin* of either expression be less than i, the whole body 
will pass in two columns os.lx : 'Flius, sup|jose the rate of marciiing in Df^ 
the middle defile, is only 46 paces per minute. 


4T j2 

Then — — =: i06'(>, and l()6’G-i- U^S := 126*4 rm/i.ss 

vi,,. • *' 

«£ G min. WJkS^cc ?/ =z nearly. 




And retaining a, c,r, and /, as in the hrst example, x and z will he found 
12 and 8, (the nearest wliol<* numbers) respectively, for the number of 
battalions in the columns UA, and SE. 


But when it is proposed to make the division for two roads or defiles 
only, the expressions become mucli more simple; for in that case we iiuvc 
but t\\o equations 

namely, a + ^ 

.mri Jis-^b — a B , Rr-^a^h 

Whence at = ^ ^ — T+T” • 


Now suppose t!ie 2© hatt aliens are to march through I'K, and OT.only ; 
and let a c= 86*74, b =; &V.91, r = 2.93, and s ss 4.151, as belore ; 




15. drawing up a certain number (of men into a squnrir 
column, it waa found that 21 men were left ; but when the side 
of the square was increased by 1 man, then 34 men were want- 
ing to complete the square. Kequired^tc number of men ? 

Let X be the nlfiiber of men in the of the first square ; 

Then -4-21 is the whole luiinbcr of men : 

And (jt •+• l)» — J4 or, jc® -f- 2jr I — C>\, is also the number 
Therefore *’ + 21 s= ** + 2* — 33 
or 21 s=2* — 33 . 

Whence ac = 27 ; tiierefore 27-4-21 =750, the answer ^ 

16. To find 3 numbers in Harnionical Prop(||P»n, when 
the difference of the first and second is denoted and that 
of the second and third by 6 . 

If three numbers are in musical proportion, the first will be to the third, 
as the dilference between the first and second, to tlie tliliereuce of the 
second and third. 

« Let the first ni^ber be x ; 

Then the second wift be « 4- 
And the third ...f » -in a + ^. 

% Whence, zsx: x+ a 4- 6:: a • b 

therefore njf + a” + ab zz bx 

j ^ab 

and JC = -T 

b—a 

T.ct a = 2, 5 = 3, Then ^ =r 10, the first number. 
o — — <* 

10 4- 2 = 12, the second, 

' 10 + 2 + 3 ,= 15, the third. 

^^his Harmonic Proportion relate to the lengths of Musical ' O^ds, 
Thus, if 6 strings of equal thickness and timsion, 'are made to sound oi; 
vibrate tog^er, tj^^|grcat^t harmony the^ cair produce willbewhe^ 
their lenglhVsW;, ill the proportion of i, 4,.}, Wjience'those 

fractions ^ufc said, to be in Musical Proportion. 



«{m9lE EaUATIONS. 95 

Since the ilciiominatOK 1, 2, 3,-4; 5, 6, ure in Arithmetical proportion^ 
it f()llowS| that numbers in harmanic proportion are the reciprocals of 
DUiSbers Jh arithmetical proportion, (and vice versa}^ For J, J, -J, -J, J, 
are the reciprocals of I, 2, 3, 4, 5, 6. 

JT the fractions are reduced to a coinmoii denominator, the numerators 
^vill be 60, 30, 20, 1j, 12^ 10; which ait 6 numbers in Jnirmonic pro- 
portion. „ 

17* What is the least number of weights, and weight of 
each, thatwll weigh any number ot pounds from lib. to an 
Hundred weight ? 


It is evideni that one of t^e weights must he lib: 

Nbw let X denote the m‘\t grei^cr weight ; then in order to weigh 2lh, 
X — 1 must be equal to ?, 

^7 X — 1 = 2, or A = 3 ; ^ 

And since = 1, it follows, that 1, 2, 3, and 4 lb. maybe weighed 
with lib. and a 3lb. ^ ^ 


Again, put X for the greatest next f^rcatcr than 3 : Then, to weigh 

Alb. with the weights I, 3, and jr, the value ofA'— 3 — J iiuist not ex- 
ceed 5 ; 

I# 

therefore making x — 3 — I = A, gives jrrz ?>, 


And9 + 3+^^j 

may bcweighe^'“ 

« For * 0 


»■ 



|3; consequently any of pounds up to 13 

t^eigliis l,3,uiid !>.' 



9 

» 

i) 

9 

9 


= 8 + 1 
1=7+3 
= 6 + 3 
= 5 -H 3 + 


AlW if * denote the weight next greater than 9 } then i — <) — t - i 
s 14; and * = '27: Ht-nce it appears, that the least numOt r of wct;;hts, 
in all cases, will be tl>e geometric series 1,3, 9, 27, 81 , '243, &c. The tii-st 
5 howcTjjjf are suflicient in the present exWple ; for 1 + 3 +9 + 27 + 8 1 

f ; 12 llb. that may be weighed wilMthose 5 weights. 

the next less number of weights is‘ the geometrical series 1, 2,, 4, 8, 
16, 32, fc^thus^any weight to 12711), may be weighed with thistwries; 
for, I + 2 ^4 8 + 16 + 32 + 64 = 127 ; and this niaysbc donewiUh- 

out making use of differences, as in the other series. 
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OF QUADRATIC EQUATIONS. 

•w "W 

129 . It has alrea ly been observed (74) that when the 
highesi power of the unknown ^piantity ?n an cq[iiaUon is of two 
dimensions, the cniiaiioii is called a Quadratic. 

If the eipiation involves the square only, it is a simple quadra- 
tic ; as zz 4c, where the value of\r is zz •/he. 

But when one term contains the siiuare, and another its root;, 
the equation is an acifected or aftlcted one; Tiiesc are all redu- 
cible to the three following forms : 

a? ! ffjr n 4. 

X* — ax = r, 
i ® — ax zz — d. 

The method of resolving these etpialions is easily deduced 
from the square of a biiionnal, thus : 

Let X \ rhv the binomial, then its sfpiare is 2r.T-f* r®, 
in which wc are to remark, that half 2r the coi fficient of x in 
the middle term, is r the roor of the third term. Therefore 

V ’ 'r- 

the third term of the square of which x* ^ax art the two first 
terms, will be i-tz- the square of half 1 he coefficient a ; the whole 
square being a* f ax 4* and.iisrootx k |a. This is 
called cavipleiing tke square. 

To find the value of x in the equation x® 4- ax = 4: add 
to each side of the equation, and we have 

A* ax - 4 - ia* — 4 4- ^a* (73. Ax. 1 .) 

And taking the root of each side, x -f + ia*) {Ax. 7 .) 

whertee X = ^[b -+- -Ja*) — |a* 

tf. 

But (104) the square root of & + is alsodenpted by 
— therefore * = — + ^a*) —* 10 , which is 

the negative t'alue of x; the former being the affirmatfre one. 
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The valiio of ii^ the second eqnalion is found, in the same 
manner : for by atkling (ihc square of half the coefficient u) 
to each si Jc of llu* equaliorj, we get 

a' — ax -H W ~ + W 

and extracting the root<;, . . . .t — - ^(c I- Tfl') 

wlunce X zz + v'(c I- -Ja®) 

whith is tlie aniiinativc' ront. 

But in tljtis ease, {a — t is also the square root of a*— mr 
q for {\u — — a\ \ 

therefore Ja — x r,: ^/(c \ ^a ) 

•which gives x z=.ia — \/{c 1 the ntgallve root. 

HMiis aiiihiguity is usually denoted by means of the double or 
uncertain sign +, thus a 's/(l + 

By cornplelirig the square, and extracting the roots in the 
third form a® — ax -t — //, 

we gel — tZ), where both roots 

or expressions will he affinuative. Tor since i/ Jn* is “ Jo, 
— (i) must be less llian [a; therefore -Ja — — J) 

will be affiriiiat;vc. 

If d be grcatqr ^aan then imaginary 

quantity whose be assigned; in which ease theroots^ 

or values of x are impossible. 

Respecting rhe two afTirmaiive roots la that 

Result from this third form, the nature of the problem will 
determine which is to be taken : both values however, frequently 
answer ihe conditions ot the question, 

130. OihiT Examples. 

1. Given jc® 4- 8 a = JOy. Tt) find x. 

The square of \ the cocffiL u nl 8 is 1C, 

Therefore a* + 8* 4- l^» s?? 201^^4% 

or A*+ 8JC4- 


YOI.. II* 


O 
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And taking the square roots, i = ^223 =15, * 

whence ;if = 15 — 4 = I J, ihc Answer, 

2. Given ** — C* = 72. To find or. 

The muarc of half 6 f) ; « 

Whtfjice Jif' — + 9 =72-^-9 =SI, 

And by evolution, je — 3 = v^S 1 = 9. 

Therefore ;if = 3 ± 9 •= and — d, the ]>osilivc, and negative fools, 

or values ot or. * . 

« 

3. Given x’ — 12jif = — To find ;e. 

^ Completing the scpiare gives .t- — rjx + 36 = 36 — 33 = I* 

And by evolution we get x — 6=1, 

whence jc = 6 ±: 1 =7 and 5 llie two rooN : 

And both answer the conditions of the question : 

For?*— 12 X*7 “ — 35 
Aik15» — 12 X 5 = — 35. 


4. Given 3 a* -H 2 lx = 180. To find x» 


In this, and all other examples in which the square of the unknown 
quantity is affected with a coefficient, it is evident the whole cqiiatioii 
mult be divided by that coefficient before the 

Now dividing by 3 gives x * -H 7x = 60 


square caj^ be completed. 


And completing thi^ square, x* 7jr + 121 = 60 + 1-i = i* 

Whence by cvohilion, x + 3J = ^72J- = 8i * 

therefore x = 8 J — 3 J = 5, the Answer. 


5. Given = — -J. To find the value of x. 

» , f 

Here 1 is the coefficient of the second term x. Therefore the square 
being coni pleated, we have x® — x + ^ J — § = 

And taking the roots, 

^ 4H ^ whence x ss J =fc j = f and J the two valuta 

ff x; botlvKtf which answer the question. 
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C. Given a.v To find x» 
rii^ whole divided by a gives x ^' — ia, = ^, 

Xntl completing the square jc*— jj-x + J ^ » 

♦ 

Whence^ by evolution — ~ 

^ ♦ Therefore *=l±v^(^+;j^). 

* » 

7. Given a.i^ + At ^ -f- — ci = m» To find a. 

Dividing by a + 6 the coeflicient of a*, we have ^ 

, rf— c w 

* u -i- ^ a + A 

\nd completing l^e|quare. «'-+^ 

’’y (u-^hr+(^irj4)*) 


8. Given X +e* = a. To find *. * 

% ti^l^tion a-~x = i/'x 

i ' ' 

And squaring b(Uh sides a »— 'Jax + a-* = x 

^ Wlienccj^ by transposition,...!* — 1.V;* *— !' = — a* 

drx ^ — ('Ja -h 1) x = — n't 

.^ijd completing the S(iuarc x* — 4- 1) x H- (« -H 1)' = (« + }) * 

or x^^(Ja+ i)x+{a+ = « + i 

And taking the roots x — (f? 4 ^) = 4 i) 

whence x = tf 4 J ± V ^ iJ* 


= 15}. Thcn*= 1(5* ±1 = I2i and Snj.lhe two values of *; 
But it is only the fiisl wliich answer, the conditions of lb^‘<[uation. . The 
other value 20} is what wouhl result, supi»osing *— t/ * = 1 5 i («) ;. for »n 
that case, — ^ x = a x, whence, by squaring both sides, we get 

U 9 
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ArGi.nu A. 


^ = a®— SdJf + as beforo, becauM.- tlif stjuare of- 

that of ^x. 


he saiii^? as 


Sonicti nif 5 the process of r.'soMMir an !)'-* a'n nlirfd by 

making use ol'a siibstilulinii, as in tin* luo ne\t f\a:apli's. 


I 

IK Given v^(« + a) ' - ^ {a + x)* ~ m, ' 1 \) lind x. 
Lei r » A. 


Tlieii 2 — (^a 4* 

And .V- == 

Tlierefurc — ni ; 


AVJjonce, by coiiijiloting the s^iiuirc, and e\frd(*linL^ the lools, 
we get z'zzhh^iy/ (in Ifr), 

Consequently J 

or /7 + x = [ 4 ^±V^(/n 
TJi(in‘rore n = [J/-' 4; \/{m 4- J //-)]•* — a. 


f 


10, Given x- 4 xy = 5M8. 

ay — '^y'= .y* 

Put zy = a: : 


9t 


Then /-y® + = •')! 8 : whoiire 

And -y ^ — 3y- = 1 J : v. lieiu e y* = 


I))« 

“ ' 

rj 


. -I'J J}1S 
Tliej efore ^ , 

*- ij .» * ^ 

And, b} rediii lion, r?:r‘' 4 1 '.’. -jz P iS: — 27 a 4 : 
wlienee r- — j .: = — o' 3 : 

Now by completing the square, and extracting the roots, 

weget lOJ =fc6} = J 7,* and 3^. These vaMfcs being 
^ * *12 

substituted for z in the equation y® = gbe y = v'O, and y s 7 1 

And idIcorrespollBing values o! x will Le 17- 1/3, and 27* 
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Cliereforc^ ^ *7 Am) * ^ | the irrational^ 

1 1. G:ven ~ (LM. To tiiid x. 

Since x^ i^ llie scjuiire root oJ ji®, tliis equation is solved after the maiiucr 
of u quadratic: tiui , 

Add 4, the square oflialf the coeflicienl 1, to each side of tlic equatloiu 
and \vc have \ 

And extracting the square roots, x-^ — V =: .-i 

wheiKt =z '.’7 ; and x=: 3. 

* 4 

III general ; any e{;uatinn ol this form x-" — < 2 .v’‘= /f, (where xis the nn« 
known (juantity, and the indires ?//, and //, are one dotihlc liie other,} is 
resolved iii the same ina»in(*r: 

For by addinij^fl' to eac liside of the ecjualion, 

■we have x'"— kx" •+ n A -i- ^ n- 

Xow A"— is t he sqii.iie root ofx-" — ^/.i” + i 

Therelore J / = |/ (/; 4 Wr ), 
uhciKC x"=: J./ i v^(/'+ 

And a = L.i./r!rv^(/p + X)r: ^ ^ 

131. QUESTIONS PR01)i:riNG QUADRATIC 
EQUATIONS. 

U To divide doniito two such parts, that the sum of their 


squares shall be 818 ? 

Let one of the part-) be x 

Tlien the o’Ikt ^^d] he *10— X 


ifcRy Uk; iio — x)' + **=7^18 

or “ S<« + *• + »- = !■' !8 

tiiilis 8(tt = 8l,‘<— Tsa 

or ** — 40*=— jyi * * 
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And completing the square ** — 40jt + 400 

By evolution f — 20 = 3 

whence 20 ^ 3 ==: CJ aiu! i7, tlie 

two parts required* 

Here the sum of the proposed squares must be less than J \r. 


To divide II into two such pans, ihiU iIjl* sum of their 
^ cubes may be 407 ? 

Let one pari be a* 

Then the other muvi he 11 -• x 

And, by the question (II — = 107 

or.. . 1331 — .)6.jx -t* 33 a* ' — .t z= 407 

that 1.331 — 3uiv+!}34'= 1-07 

or 5 ;;a“ — 3(>3a' = — 324 

And dividing oy 33 I lx* = — 24 

And completing the square x* -- I l.i + 3( i = vi 

whence by evolution, \ = 14 

VliLTelnre = 

7, and 4, the parts required. 

Here the sum of the cubes must be less than 1 1 ^ 

3. To divide 14G into two such parts, that the difTcrence of 
their square roots may be 6, 


Sii{|)pose the least root to he x 

Then the other must be x +(> 


«•' Whence, by the question, {x + (;)- + x® = UC 

that is 2x*-h 12x +36= 1 16 
or *** + 6x’ + 18 = 73 

X* + 6r = 35 

And completing the square, + 6x + = 55 4- S = 6^ ; 

By evolution, ^ a 1 - 3 = 8 . 

and A = 5, one of the roots 

Vkhence 5 ^ 6 s: H the other. And the two p*drts are 5 ^ and 1 1^ 

Here the; square of the dillercnccl[6‘*) must be less than the given num- 
ber (146)-! * 



QUADRATIC EQUATIONS, ^ lOl 

I. Tile sum of two numbers lieing 2x, and the sum of their 
Ath. powers^, to find the numbers. 

Ijet \ the cliiVcrcnce of llie numbers be denoted by .t; then \ their lum 
being jr,. 

we have .r +jr lor (he greater, 

and s — .T tlu* leas. (128. Ex. 3.) 

Then, by the question, (.v -f x)^ ^ (v — r;^ zz p. 

Now (j -I- a / zz .S'* -t- X' + .V- -bv’ s 

(f — v) ' z= — h ^ X 4" s* — Isi ^ 

bum i>.t4 4. 1 ‘Ja- x ' 4. ‘jj|4 

<4r Jx-* -H i ls-x^ 4- ‘Ja* =r p; 

And dividing by 'J 1 ^ 4 * 

or x‘4-6.s^x«=r IP — i4 

And (omploling the '«(|uare,.i4 4- oa* x'^ + ih* = 4/> + 8a4, 

M iicncc, bv evoliiliou, + 35 * = ,/(4P + 8 iO 

Tlitrvloro = |/ (Jp 4- 8j?») — 3 j* 

ami *= (/(!/>+ 9*^) —3**)* 

Suppose the sum zz I'J zz Uv (or i zz f») and the sum of the biquadratei 
c= 3026 zz p. 


Then, those values substituted lor 5 and p in the expression for x, and 
we have x =z ^/(lOS — lOt) zz 1. 

Tlierefort* C ± 1 z= 7 and 3, the two numbers. 

5. The sum (i). and sum of the squares (/>) of four nnmbert 
in arithmetical progicssion, being given to find the numbers. 

Numbers in arithmetical protression have a common difference (121. 
Arith.) Therefore, if 2af be that dUference, and Aa = 5, 

Then « — 3r,n — -x, « + *, <1 4- 3x, will denote the four nomUm; fcr 
Mieir sum is 4a (or s), and common difference 
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Now by Ihe question, (o — («—«)* + (a + *)’ + (« + 3*)’ — ^: 


{a — 

3a)= := 

= - 

tir/c + 

9x5 

(a 


: a- — 

- LV/x + 

;ic- *■ 

(a 4 . 

■: 

// ■-’ f 

4 

JC* 

(« + 

3.)’ = 

: -f 

bflV 4 - 

9x2 * 

sum 


+ 

i ‘0 = p: 


or 

I’U' : 

=/ — 

4/7 ^ = p — 


^vlieiK' 

e Jt : 

= vr 





Or the whole dillorf-ncc 2x = 


And in llu'saine manner^ il’ »hi* iuiiidii*rof terms be three, llicir coin- 

mon difference will be Icund =z\/' ~ . Also il 6 be the number, the 

() 

common dillerenre is |/ Hence it appears, tb^ the ('(KdFicient 

of pis the number of ter iis ; md tb.it Ihe denomin -tors ff, CO, jO, &c. 
resulting iVom the coefficienls ai aie eu b equal U) ball' lOe number of 
terms drawn inlo tbe sum ol Ibe series i 4 - J - 4 - li h' -|- i^c. continued 
to « — 1 terms, n being tliLMiumbcr ol b'iMis w tio.se sum is given. 


Now the sum of tbe series 1 + 3 + 6 4- 10, &c. continued to n — 1 


ti-rms, is n x 


1 


(IH). which drawn into - gives •- X 


I 


Therefore, if the sum (.0, and sum of their .mjuaros ( p) of any number (?/) 
Ol’ terms in aritlimctreiil progression, are gi\ cm, then — 1 ) 

• Vs c, J 

2 3 m/; — 3a* 

or its ciiiial - y/ — is the common diirerence of the terms. 


Example, 

0 

Let (he number of terms be 7, tln^r sum = 49, and the sum of 
their squares = 4535 thtn, putting those numbers for «, s, and p, re 
spectivejif, we get 2 for the difference; whence llie nunil>crs are 1,3, 5, 
7,9, lliund 13, 
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h * 

^ Th« sum (f) and continued product (p) .of J numbers'll 

• ^ jd|^ 

rithuiclical progressioj)» being giveaj to find those xMimlRd, 

Let 6a = f ; and put 2x for the common dilTcronce. 

Then,, a— lx, a — 2x,a,a + 2x, a + 4a, will denote the 5 numbers. 

I'liereforc, by the quc.'.t. (a— 4x) (a— Cx) {a) (a+2A) C^+**) * P I 
or 61 ax^ — 20a ^ p: 

AViience, by division, ^ a*x- + = •?— 

* ' Id 04 Ola 

. 5 , _ p — a* 

or r= c. . 

1 0 Gla 

Nov, by ('ouipleting (lie square and extracting the ruutit 

. . 5 , , ,irp+.tai 

N»egct»«, 


If A’ = Cj, and pr= 916 ; then a being = 5 ; we shall have =: 1 ; and 
A s= 1, tliea*fore 2* = 2 the coninmn ditfcM cnce of the iiuhibers or terms ^ 
whence the 5 numbers an: found to be 1, 3, 5, 7, and 9. 

m 

7. The sum {s) and product (p) of any two numbers being 
given ; t6 find the stun of their squares^ cubes^ biquadrates, &c. 

JaHIIu’ two numbers be xarnly 

Then, by the question, x + y ^ ^ 

and xy = p 

Tlic first equjU^ squared gives j»+ =r 

whence jr» q. j/* :=; a * — 2xy 

• 0' 

But 2x^:=2pi therefore 5= a* ^ 3/; th^dtn of Uic square • 

^ J<ow multiply llic last criyalion by the fii^t, 

and we have (a* +>>*) (x -h y) = (i* — 2p)y 

. or + (x+y)+^’ = A^ — 2rp 

« 

But Mj/ = ^Pf which substituted id the last equatioJi 

gives 4- ip = 

or y *=r the sum of the ciMss: 

t Agaiir)1et tJi» last equation burfiiiiUipUdd by the f;nt, 

» Then (** + y’) (* 4*^) ss (s» — isp)s 
Of «♦ 4* (**+,*) + >♦ SJ* ~ 3* V- 

▼ot. II. f * 
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— 2pi)t t!iercfore, by ^ubstUiit'iDn, 

i# + y = 3 a*/) ; 

or 4-7 ^ = — 3a ^/) — /> (a ■ — !?^) =: j4 — 4>*/) Hr 

film of llie ^//e foavn. 


Ami tlic sum ol the jih jkiw^ts will 

p (f< — 4- 2/>*) i — (i ^ — 3 a/>)p : 


That is, Ihcsiini uf tl»(* next superior powers is constantly obtained by 
inubi plying; the sum of tin* powers Iasi foil ud by .r, and subtracting from 
that product the sum of tlic next preceding ones multiplied by p. 


And t ho sum of the nth powers will be 


n 

S ^ us P 4- X 


fi — 3 « — 4 

- Xa- 


p - — n X 


« — 4 rt — r> , 6 


X-J-X. r 


. « — 5 Ji— « — 7 W— 8 

« X — i 5 — X — X — ; — X ^ /‘S here it is evident 

« ‘r 

the series, or expression for the sum cif the powers, will terminate wlieii 
.the least index of s becomes = 0. 

8. To find the square root 0 / the square a ir \/b^ where \/b 
18 supposed to be a surd. 


w 


Squares of this kind have roots of the form |/.r+ /?/, wIkmv **4-.y = fic 
and = |//^i bec ause (|/A+v'//)»=A:4-^4.2|/xy. Tiierefore let 

4- \^y be the ivcpiired root ; then w + y = a, and ^ \xy = %^b, or 

4jiy=:^; then whence x + ^ zz a, and 4x* + b zziaXf 


,, r 9 I • I * — A) 

therefore «* — «x ss — winch gives *= ^ 


And 


since 


r az^x/ia * — />) a qi y/f(P‘ — M 

5 jr + ya= flL^.vtn^rt*fore a — \ / = ■ ■ ■ * ■ . ■ ; 

^ ^ r-*, O 


.-=5^; and v' 


a ± — /i) ^ ; 


is the required root. 


\i a be tiic scpiarc', (he second term of the runt will be 

negative. 

Here it is necessary tliat y/\a^ — ^) be rational to bring out the root 
in simple surds. 

Let /2 = 8,^=:<?0; then both the upper, or both the lower signs give 
V^5 + for the root, 

lii like manner we g«4 the fornmlx for the square root of a quadrinomial 
CH- Let t/» 4 - -f be the root; ihen{^M^ 
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* ^ \. 

/rf: anil :t -h ^ + * ==? <7, y' lary .-7= y I.is =: v^r, %/ ijprS if'*/; 

♦'»ce y = 2 =: --, therefore jc 4* -H aiitl — <tf 

6+c ... . — (/’+c); . . b 

— -— , whidi «jYc* x= — — * . A»»'\>»», tt =: 

4 2 49 ' 

A . / *1* - Ul‘^ ^'(A+c01 

+ ^' -*■ 17 = “■'^ ■> = - v - 

rf . .• rf . , 

«, wtacoce * = 


2 = -, and 

Next, a = V = ~ + « 

•Iz U *2 ' 




• — y^|a ^ till- sqiMiv* loot oi a - 4 - 1/6 + 


JiCt fl= !.>, i=: MO, c=r St, </= ; then itie lir-t tern oftlicroot 

pives y'S anti v^T = y^jr; the sironil term eives Jiid |/» =r 
aiul llie ihiril tirm givosj |/ 12 aiul V'A =3 iZ-z* i“nl y'T ,iV y ^5 >4- i» 
tlie {M|iiarc i ¥it of Ij -h y' 1 v'i>^ * 4 - y'Ul. lu this caac tlie lower 
or iiiYativo signs take place. 

Anti if ti + 4 - i/c -y -f- v^/+ Hh v'/i Ijc the square^ its 

root Mill be 

^/^J^yS^lrzSt:^, y ‘5 f -h ✓"* - ^’/^±i22 

( c- -f- ^ 

A method (little .din'crcnt from the foregoing) of finding these 
kind of roots, is iA the /^i/a Ganelu^ or I iiudoo Algebra, trails* 
laled from the Persian, by lldward Strachcy^ll^sq. 

9 . To find two numbers such, that their product, and 
sum of their squares shall, ifpossibk, bcecpiai to each other. 


Let the two iiiiiiibcni be represented by x and y» 

Then, by llio qutr^tloTi, z 4 . y ss z// 

and x'4“y* = *y 

Now, if 2xy be added to each side of this last equation, 

• we have ar* 2 flfy -f- y* =s 3 ay 

And extracting tlie square root.... x 4-y = 

But «, 4 *y s= zy, therefore by equality, ✓ ay =: «y 

whence 3zy = a ‘y • 

F8 
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^nsccjiienlly, l\v division 3 

But M 4 '// tli^Mvforc jr 3 

And jr -f- y ac jt’* + ;A whence 4-^ = 3 

Now A 4 - y being = 3 , vr have jc = 3 — y 

Thcieiore (3 — y)'^ + y» = 3 

From this equation... y — IJ = t/ — J, whitMi being an impossible (iiian- 
tity, iifollow's, that no two numbers can be found to answer the conditinns 
of the question. 

10. K regiment of Foot was ordered to send 216 nien on 
Garrison diity^ each Company to furnish a like number ; but 
before the detachment marched, three of the Companies were 
sent on another service, when it was found that each Company 
which remained was obliged to furnish 12 additional men irf 
order to make up the complement 216. Hence the number of 
Companies composing the regiment is required ? 


Let llie number of companies in the regiment be .... x 

216 

Then the number of men which each would have sent, will be - — ; 

X 

' But the number of companies left when 3 were sent away, is x — 3, 

And (he number of men w hich each sent on garrison duty, 

It in that case, is — ; 

X —3 

n> 2 j 0* 

Tlicreforo the difference must be 12, viz. — - — — = 12. 

. . A — 3 * ' 

>1 

which reduced gives a* -•Ox = 54 ; 

whencr 9, iUv rl/is. 

11. The men in both fronts of two.colnmns of 

jii;p6ps each consisted of as ninny ranks as it had 

meir in frO!it, was 84 ; hut when the columns changed grotind, 
or A was drawn up with the front that B had, and B with the 
front that A bad, then the number of ranks in both columns 
was 91* Required the number of men in each column ? 


Let A* and y* deno(c 4 he men in the two columns, respectively; 
Tiien, by tlie question, x -Hy S 4 f 

And — was the number o&^ranks in^he column x* whenf||^]Pa^'n up 


with (ife front y ; 

X 


And — the DMmber of ranks in the column ^ yrith ib€ front 

X ^ ..T 
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Thm'fore, bj t'.ic tloSftloK, — + ss I'l. * 

Tut * = 1^--, amla= = 4'’. 

'I !ion * !=;(/+:, an l y'=z,(L — 2 (ICS. £a. 0)> 
>ViuI ^ 4- - - iM. 

fi — . « 4- 2 


Or (ti + 0^ + (fl — *)' ::= '’I ( 




— 0|i 

WliU’h roilum^ givrs 2 * sz ~ S(J ; vxhoncc i sss €. 


■ (hi 

4 


Thcrd'orc 4-j ± C = IS, and 3d, ihs v.i;iu*s of x aiul y. 

) 'riK» No. of Troops. 


^ , -IS* -.rr C.UU 

And ,rt,. ' 

^ J2l V 


Or L’NLIMITKD of INDCTKRMINATIi PROBLEMS, 

132. If ihcimk'pqiclant equations expressing the conditioni . 
s)f aQuc.Ntion arc (esver in nuinl)cr than the unknown quantitiei 
they involve, Uic Problem is said to be indeterminate onmlU 
nailed (81) because it frequently admits of innumerable answers. 
Bui the number «l results are generally limited by restricting^ 
values of the unknown qunuiiiiea 10 integers. Thus, if a 

=: 5, then x and y may be any two numbers whatever, whose 
sum is :> ; but 1,, 4, 2 ami 3 arc all their integral values. 

133. When the relation of two unknawiii^quantlties only is 
expressed in a simple equation, let the wht^^ualjpti be divided ♦ 
by the least of the two eoefficients, ihenju^Rie (Vai|iional 

of the quotient equal to some letter dftioiiug.a whole number^ 
positive, or negative, according to the value of the fraction, and a 
new equation will be obtained ; then proceed with thf If.mtcotf- 
fitient as before, and so on, till the last Hi^sumed letter lifts 1 for 
its coefficient resulting fn>in division ; ^ml the expression will 

cottid under one of these forjns, — or where tjic 
* * 

unknown quantity or letter (s) may, in gcncr.:!; he assumed so 
gs to give two extreme integral values in the required isiswxr^ 
P'bcnce the^others are readily found. 
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Exampteu . ^ 

1. Given 9;r + 1 = -200 ; required the values of jt and y in 
whole posinve numbers. 

By (ransposiLion / 

'<1 And dividing llie wliok- <^(|iiatioii b\ = 22 -h “~ 7 j— 

Now X and y are to be mIjoTc mnnI)CTs, tin rciorc iiiUbl .Jsobe 

a wliole munljei, because: t!»e b^uis or tlilli it iKTs of v\lioIt‘ i;uiiil)ers are 
integers. 

Also, since 1 / is a wIioK^ numhei, 4y must be greater 2, aii-1 conso 

o ^ 42/ He 

•ptently — the fractional part ol Ihetptoti ni, \mI 1 In* negative; 

O .]f. 

Therefore, put — =- =r — a (a negative whole number). 

Tlieii 2 — 4^ = — 

Wiience 4y.=: '^ a + 2 

4 - 2 a M 

Therefore y =: — •; — ss 2a -f 

^ •> * *1 

<7+2 

Now to make — a jn^sitive integer, a must lx? e-\ pounded by 

^me term in the sen(»s 2, 0, f t, See, but its least possible vaiiie is when 
a == 2, the CA'pression in lliat t use being I ; which gi\e.> 5 lor tlieleaat value 
«i\y ; and the corresponding or greatest value of x is 1!).' 

If a be taken = (I; then y = M, and x zs'S. 
hijBlbre V = ^ 11* 

# f ''■»# ' are f/ifKt valutN in positive integers. 

I'hc foregoing ])roc<ss is' evidently analogous to that of finding the 
greatest common measure of two number^ in Arilhinelic, (40. Aiith.) and 
lounded on the same pnncijvlc, namelx, i/ a numher measures another 
tiumber, and aiso a pari of that number , U will measure the remainif/g 
parL 

' 2. Given 256;^ — 87y = 1 ; to find the least possible values 
of X aAd y in whole po^iuve numliers. 

By tranqiosition 87^ = QbCx — 1 

82>r I 

And dividing by U>e least corflielent 87, gives y szHx 
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lA't -=- 7 :;: — 41 ; then 82r 1 = S7a 


b7 


4 - I 

«‘J 


I 


" whence x 


87rt + ^ ^ . Sa + I 

-« + - 55 -. 


whence t = 



H2 

= 8'JA 

_ 8^ 

1 


5 


i 


1 _ 

* - 



z= 1CA + 


— I 


C4- I 


f + 1 


If c = 1| then — — = 1 the least possible integer. Whence As;], 

iml cf s -ly ; thf elore x = :2, and the eorrcsjionding value of y is 153 ; 
the ivquircd values ol Ji aiuly. 

I'he other values ofx and y are uiihiuitcd in iniinberi because € may bt 
any integer, so tliat c -f- 1 is divisible by 2. 

3. Given 19x — 14?/ z: 11 ; to find the least possible values 
of X and;' in whole numbers. 

By transposition.... 14^=- l^x — II 

.*ix — 1 1 

And dividing by 14 gives y s:z x 4* 

Put ^ 7 = a ; then — 1 1 = J k/ 


l-f 


, I I// -f- 1 1 4// 4“ I 

whence x = ~ , — == — -f. 


Kow — 1^. an integer, therefore the iBmjfossIVIc value of a 


4« + I 




is 1 i whence *(=r 2a + — ; + 2) and llie corri.-spoudiiig value 

vfy is b' ; the number!; answering the conditions of tiie iiu'-siion. 

Given ix •{■ 7y zz 29 ; to find x and y in ])Ositive 
integers. 

* 

C9 -^7v 4 ?i/ 

From the given eciuation, x =3 — - — =: 5 -f — y ; 

4 Ofj 

Let — « i 4 — 2^^ == ju 

4 — ■ ^ a 

whcuce ^ = — - — ss$iS — .7 Jfi : 
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^pw ifW 24? (<^fy) is ;i positive ini(.^||^ « cinttot W^anjr 

aiHrmative whole number whatever ; ihercfore making a =. o, y becomes 
=: 2, and thence* = 3 ; which arc all the integral values of v and // in the 
propdied/'quati on. 


5. Let 1 l;if + l6y = 100 ; required the values of *• and y in 
positive integers# 

By transposition we gel Jf. 11*= I t'O - - 1 * 


, 100- lt:y 

whence... * = + 


n 


i — 5 y 

i r ' 




Let "J i" :s: a, lieing ewdiiitly m-galivej 

Then J— 5^ac — 11//, whejicc .^y = 11// + I, 

where the least value of a to uiahe this a wliolc number, must be 4, which 
gives 5 ^ r= 8 + I s= P. 


But from the given equation It I* -|- 16y = 10^'', it follows that y must be 
less than Gi Ami therefore no whole number^ can hclouiui to answer the 
question. 

♦ 

6. Given 17Jif T 19// — 2000; to find all the values of x 
and ^ in affirmative whole numbers. 


By tnnsposition wf* get IT* = 2000 — li'y 


II —2y 
IT 


— y: 


And dividin^by 17 gives * = 117 4- 

J^ov itJl^bnl the fractiona! part of the quotient, 

be nKuTe a positive integer if y is a posilivi 


aot 


positive integer ifyi 


can- 

positive integer, whatever be its 


value; 

v. f I ^ 2y 

therefore put — . = — a. 

1 i 

t 

4- 1 

Then, by reduction, 2y 5= IT* + II, and y = 8/7+ ' ■ " + ^ $ 

♦ ' *“• * 
where, if a = I, theny aflU thc least adirmative value ; and the cor^ 

responding or greatest va1i|f^xis 102. 

The next value for a which ' gives ■ an rnli-ger is 3, this being sub* 
^tiluted, and we ^y = SI, whence a as S3 : now the diirercnce between 
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two of X is 19, the c^HtLient oIpj/ ; aiicllhediirc- 
rrncc of the two viilttfS of^ is IT, the cocflicitnt of*; tli^rc* fortify coii- 
bianilx .ulciinj; 17 to ilielast value of uiiil subtracting 19 from tliutof c 
we get all ilie otlier integral values. » 

fj' 

* =z 1';: I SI bi Lj Cu 

// = i-l 1 :ii 48 (»:. 8'J 9.9 

7. Suppose it is required to find integral values of a* and // in 
, . ♦ 
ilie cquaiKin y.t + \:»y zz loo. 

Then since the coelVu ieut'. ‘> anti Id arc divisible by J, the sum 9*-4-lf>//j 
and also ei|ual 100 niiisl be divisible by 3, whatever be the values t)f * 
and but 100 is imi vlixi>!l)le I>y J, without a remiinder; therefore iiifliis, 
nntralf siinil ir ca^e , the unknown t|uantilies .i aiuljt cannot be ftumd in 
wliole nunibrr', 

S, How many dilll rcnt ways is it possible to pay 1()()..£'. with 
7 shilling pieces, and dollars at 4 a’. 3d» each ? 

100,4'. zs-atooo ^ 

7.S. =: ‘”‘1 ( |»cnce. 

\s. :)d. = :il 3 


lj‘t X dcMiole tiw numi)er of doll irs, and v lliat of the 7r. pieces: 

3'heii .>|jf + ‘Sly = ‘JtOOO 

Or, ilixiding Ijy 3 17* -I- L’s^’ := s »ni) 

SObO — 9^7/ . lo-lly 

"neiie.* .% = — - = 1 <0 + • 


p,jt — — a ; iheMi 10— I ly ’ I7fl; a&jl; 


17 


Now, lei 


rut 


4- I ' I j ^ ^ ^ 3/» — '4 ‘ 


OJ-hIO 


It 


■— 1 c "b !• 

And making ' = c, n'c have ^ ^ c q Now if f = 1, then 

o .■> 

4= €, and n = J, wnent e ?/ = 4 the least affirmative value* of y ; and the 
corresponding or go .ile-i wdueof x U *lUi. 


Hence, by adding jI to the valueof^, iiiHUiibtracting 8 t from that of 
A, we get the following answers, biuiy bin nudib^p 


Az=b'4 ] 380 CL'6 212 128 I 4i 

l=z i ! 'ij lOb 137 20S 259 

VOL. n. 
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9. Ta find a whole number which bciqg divided by 15, fehall 
leave 7,' but when divided hv 19 the rem.iiudiT shall be 9 . 

X T X ^ 

I/abetlaTenuire.l ininiln •r ; tiu-n -- ^ inu-t bo whole uuni- 

1 .1 11* 

bers, by tlie nature ij-u -HlioM. # 

* — ^ l^jli 11 , Uy*!; ; tljon X — 7— 17.', .ii-.il x =r 17t/ + T,v, !.ii Ii 

I j 

*■ — *♦ f^)</ - '2 

being put fur a: in the second evpicviun , and ue have — a 
whole luiinbor: 


I 5^, .j /y j. o 

Now put — — =ib; till i*. I — 'J = and */ ^ ^ - ; 

iA 'J 'If — ^ 

Again, make— = c; lh» n !/> 4 - 'j =i:.c, and ^ =: 3c -J- ‘ — j— 7 ; 


'jc '» 6/4-1? 

Next, let ‘ — ; — - = </; and we vfi l z= : 

4 , 

r/ -f- *'’ 

Lastly, make — - - =z /; ; thrn <-/ = 3// — J, 

Therefore J = Mi — J 

c = r/ + — 1/^ — - 

h =r. 3c 4- d = \Mi — G + ?,k — 2 = 1 j// — 8 
= ^ + c = 154 — S + ]// — 2 = 1M4 --10 
A 17} ( .i ;i — 10 ) 4-7 — uSj 4 — 113; Wliere h 
may bo any affirmaliv^ integer whatever ;conse(pionlly if it be 1, the value 
of jc w'ill be the least possible, (vi/. 1 PJ). 


10, To find m what year of Christ the cycle of IndIction was 
-10, theGpldcn nupibcr or Lunar cycle 10, and the cycle of the 
^un 8.|p 


n'hcse IVriods are found thus; Add 3, I, and 9 to the year, and divide 
the sums by 15, 11 ?, and JS, respetfi^ely then the rtmainder» will be 
the cycles. 

Let a: denote the \ e.ir : 


Then 


jc4-d— 10 


or 1=21 

• 1 

.t — V 


must each be a whole 
lu^nbor. 




or 


y 4- 1 
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« 

® ^ ' 7 jc 

By tlif prcrcdiiig it' t = '.'s:)/; — I I.J, ihiMi v , ami - - — 

will be whole nunil»fi> ; iL* ri lb:*- Mihif.tui'ng that value iu the ollici i'\- 

CS.'/;— li;. 1 Jiij/V-nj , , , ^ . 

prt*^«^i oil gives , ' S * a whole number ; put this 

= /?, 

»/; — . I J 

I'heii — 1 IJ ='isa, ari*l .-«■= * z= K'// -J- ’ — f*. 

*) Ji ^ H“ ' 

la-l - ’=zh (an iiite-'Ci) ; then// = :«/’ + — ^ . 

Agam^ putting = IV*'*’' ^ e i- 

Aiul il - = ^1 iheiic = f/ + y 'j where if J = 0, then e = I, 

aii<V ^ = I, whi{ li givis h = ami x = 1.^.7 l!ie reijiiiail year : which is 
abothe lea’ t possilile iiit-’gial \ line <'l x. 


1 1. Suppose tlic ipialilics of ihrcc ingreilien|s arc ciciiofcd by 
10, 15, aiul 16 : liow many poimils of each must he taken to 
make a mixture of HOlh, with llu* quality 12 ? 

Or, if 10, 15, and 16 pence are the prices per pound ; what 
quantity of each will make a niixture of bOlL at 12 pence 
per lb. ? 


Let X, y, and 'Icnute tlie k- [lertivi- miinlM r, of poiiinK : 

'I lien * + V + s = V <, 

And lilx + l.’x/ + O'. SO X lj|, SS ?W 

from llie last equation kubtr.a t 10 times the 
lOx + lay + ^ 

lOT + 10^ + 10^ = ROO 

there remains ."jy + ti'^=l‘’*0 


whence y 



Lct-=fl; thenr = 5u * ' 

5 

Therefore y = 32 —6a 

And X is 4R + « (or &0 — (^* — ~ •‘’’"J 
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*• 39 

Here a may lie any ])osUive number whatever llKS^Iian and therefore^ 

the prohhm is unlimited IjuI if the valves of flu* nnkrmwn quantities are 
resIri' M'il to integers, then, expoundiii;? bs I, 3. 4, and 5, we get the 
5 following answers, wliich are all ilie<(.iest]on admit'i ofin whole luiinbers. 


10 |ji> 
y = *2 \ 1>(; 

xzr !0 

12. How much gold of 15, (S 17, and of 22 carats fine, must 
be mixed with 5 ok. of 18 carats fine, so that the coinposilioii 
may he ‘jO carats fine? 


ir.i, and , ;i!r Inc ie‘.j>ee(i\tMjii.inlir'es, nr.d fl ~ j oz. d'lien lioin 
the 'i.'iiii' |)i me pie-; n; ■ 111 4 line snUji ion i>» loiinded, we sliall 

have ITy -J- -4 - IHn = j ' (1 4* >• 4* 1 + rO, 

or l.‘)^4- 1 ly 4* 4- ISi/ = '.‘ u -f '.’O/, + jiu -h ; 

\^eiH e = .‘X + :' .y + , 4/. 


Now it IS manifest wiiliMiit fartlu'r pioie that the inimber of ari'^wers 
will Deind^’finite, Ibrx.md ^niiv h:i\e .my i uHli\e x.diie^; but ilthe> arc 
wliole miinhers, both must he cseji, or l)ol!i <)«id. to givi. , an integer also; 

Thus, If t X =: 8 oz. and 1 / = J o/. then ^ = JS 0 /, And if 


X = .‘s and ^ = 5 ; then - = 


_ 2:> + i;» 4- 10 j 


: 'j:> o/. &c. 


13. Suppose a mass of Gold, another of Copper, and a third 
which is a mixture of those metals, when separately immersed 
in the same vessel-filled with water, expcll 8-2, 17’9 and 11'3 
ouneos (»f ’ respeciixviy ; now if caeh mass weighs 

100 of copper is in the compound mass ? 


,1’hc Specific gravities of the metals will be reeiproeal' y as the numbers 
8*2, 17*‘', and i 1’5, or as KJ, 17P, and 115, which, iherefore will denote 
the ra/csoi the two siii-pltN, and the compound. 


l-ot A be the copper, and y the gold in ilie compound mass, 




Ami I79jf + 1 15.V +( 1 J/»^ 

I'hercfore 64jr = 33 (160 — a) 
And * 07xss6230,or»5 


= 5280 
54*4 oz. 


— 33jr 

the q^l^tity required. 
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In this manner iHls.saiy Archimedes discnveicd the quantity of alloy in 
%. Crown that Hicro pfirii; of Si( ilv had ordcreil to be made with Gold. 

The Learner will perceive that the three last Examples belong 
to the Rule of AW gallon in Ariihniciic. 

14. Suppose 9C0 troops are t(» be drawn up in three columns 
of march with ll, 14, and 19 men ii¥ front, respectively; now, 
how many difl’erent ways c.ui this be done without any *brokcn 
rank; and what numherof ranks will each column consist of 
when ihcjr depths arc the nearest po^^iblc e(|ual to each other? 

If X, y, and -i: ih'iiotc the iniinhcr of ranks in tln‘ n‘».poctivc columns 

thill liA + lly-f 1‘teydO 

*\rid clividinj' the* wholccijuatioiihy I -i-r+ - ^ =s 87 

whcnci* A-fy-f-:; = Ki 4- 

Kow, if y and :■ are any positive whole iiiiinh(*rs, the expression 




mint be nei^ativr; 


thorelbro let., 


O — 3y —a» 

.. =-11. 

• 3 — 3y— 

3yzz\ la^ 3 Hz 

y = 3a + ~ + I - Vi—- 

a 3 


that i.i 51 = + 1 — 




But it appears from the c(iualion^=i3/i+ + I — C 2 — Ih.atfiinust 

Qa 

be 3, or some multiple of 3, to make ~ a wIk.Ic iiiimhcr ; tliercfore to 

obtain the least integral value of 2 , make <z = .3, and h zz (\ 

Then zszn A * 

whence « + I r tn^j^iibbliluting these values ^ 
ia the orig inal equation, we gel x =s 86 
Consequently, if a 

then 7 = 4# 

And M 3K 77: 
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And the other values and jr are found by constantly adding 1 1 {die 
coefficient of j:) to tllela^t value of y, and subtracting 14 (the coefficient ofy) ' 
from that of x. In tiiis manner^ by making z e^al to O', .9, 12, 15, See, the 
^Multiples of J, we get the lollo\ving28 answers : 


6| 



.0 



l5j2Cl37j l.sji<'| Tmj'j!) 

lO 


lO 

2l|32|43 

54 1 

6-3l49j3JiJI I d'-sU^bo 

IGl 

2 

59 

45131(17 

id 


II 11 

u 53 

21- 

.5)1 to 

1.) 

16 

27 

.5S 

IS 

19 

30 

tl 

21 

22 

33 1 

a = 50 


2:1 S 

11 

27 

1.) 

.521 

18 

4 

123 



Ilnice it appears that 2:5, 22, and 21 are the ranks in the respective 
columns when their depllu* are nearc'.t alike. 

And a similar mcthorl ofsoliiliun may be followed v hen more than three 
unknown tjuantities aie concerned* But different expedients will present 
themselves in the course of pra< lice. 


Of iTiOPHANTINE PROBLEMS. 

f ' 

134* These are nnolher kind of ii^tdtJtcrininate Problems, 
called Diophaniiiic, from Dlophantus of Alexandria, an ancient 
Greek Miiihcinalician, who left a work on the subject, which 
cliiefly relates to scpiarc and cube numbers. The Problems, 
for the nio.st parti i^re of an abstruse nature, and do not seem 
to admit of any.gcq^ral method of solution. Wc shall subjoin 
a few in order to give the learner an idea of this 

part of Analysis. 

Examples, 

1 . To divide a given number n into two such parts that the 
difference of their squares may be a given square a*. 

^ If a be the least pdrt 4 .jjten 7i— x ij the other: 

V And (« — a)- — *• = -r: differAce of their squares : 

W heuce, by tlie quvsdott,iir — 2;iaf =s a- 

or 2 tix = n- ft a*; and jras- the least part : 



#1^ — a* 
and n — — ^ — 

' ^ » 2« 


|^I0PHANT1N£ PROBLEMS. 

w® -I- fl- . 

tlie greater. 


no 


an 


_ /«* 4- a*\* /«• — rt\ i 

-(-^r) ="*• 

Here a* must be less than n-, otherwise the problem is impossible. 
bup|x)se // = 3, and azsL*Z\ th^n — ~ — = and — ;7~= ^ '• and 

(i lift 6 

the two parts are 4 and 1? * 

^ 6 0 


To divide a given number n into two such parts that th^ 
sum of their squares shall be a square. 

Ifx ilenolcs oni* part, then tt — x will be the other ; 

• And (n — a)* 4- Jt* or /r — 2wjr -f- -Jc* must be a square number : let its 
root be w — ax ; 

'riien w’ — C//X 4“ Cx- =: (n — «x)* = n* — 4- 

whence, Ia rtnlucrnm, x = ^4" ‘^***^’ • 

And « — —,-= other, where a may br any assumed 

O ^ J f 

fraction le^s than unity. 

Suppo.iO tin* L'iveu number (;/) =r 8 ; and kl a = ^ 

1 0 S 't 8 ^ J ’ 

Then ~~Y =1 :j on^^piut; ind — ~ = 3 the other. 


3. To find two square numbers whose difference shall be a 
.given 

l.ct 

(1« — ;y)- = ;v/ 4- pr 

diU’erepee xj/ 


number d. 




jx 4- iy, :ind — \y. denote tl. 'roots ol*41ki It^Uired squares ; 
'j'hen (j\ 4- 


i 

Therefore xy = d (ny ilic qnrsiion). Hence it appears (Iiat % and y may 
be any two iinc(|Util numbers wliose produc t is Ihc dilhne nee (/: for should 
tliey be e-jual, then Jx — \ij = (?. 

Let d = ri, * = 5, itud » s= i j iheii 5 i S . 

' r o squaqtt%ff0Ee (lifTcrtiH-e is :* . 


(hj)'=‘r" " 
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4. To divide a given square number s’ into\\vb olher squii^ 
numbers. 


If be one of the squares, the oilier iniisi lie v* a 

Assume (wx — f) * — a * : tlieu w** * — j//m -f. V-' =: a- a . 

Audi by reduction, wc get x =r ) ; therelore \ ^ 

'W + 1/ ^ \//a ^ l/ 

one of the requia‘(l squares; and i* — ^CV^j) other, 

where « may Ik* any number whatever, miil\ excepted. 

Suppose 4 is the given wpiare (=z s") ; and le( j/ z= ! : 

[jFIirT) J = “•''•-■I. 

their sum being ^ + ~ = 4. 

‘ Jj 'Jj 


5. To divide a given number consisting of two square nurii- 
bers^ into two othe||^quarc numbers. 

Suppose the given number is a* 4 - ; and let x + a, and ;/x — i> de, 

note the roots of the required sciuares. 


Then (x + a) * 4- = //* 

or X* + 2 ax -j- « * + w*a * — 


whence, by rt duction, x = 


— ’2u 
«*-t- 1 




m - f "^1868^ 4 w */7 — . j » — Ofia — fi 

Therefore x + a W^ hT t i and wa — ^ = — — • 

I «*•+ 1 

A J aL - ^ + « *A — ff V * f hu'^^ua ^ IsX 

And the two requfrea Sipiares, ^ j , and ^ — — - 4 ^ — J * 

where « may beany assumed number except I. ^ 


^ If the given number be 13 (1 i>} ; Ihcii a = 2 , and ^ 3 : and let 

Jhen the two iqiares are and 

« 1 . 324 J „ * 




Etrry numfa||||teAnot be divided into two rational aqnami^ 
For]etthenumbcr.3bt!ii^PS.ed: th«*iismce iiis not the aitihJof ulo in* ^ 
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tegfal squares, ascnineitequulto two fractional ones, or suppose 3 =r-^.]- 

~ = -T;— ; now multiplying each side by 3 gives i' = — , there- * 

lore 3»v- h- 3/»- must bij|^ square, but no two integral numbers can be found, 
such, that 3 times the sum uf their squares is a sqwe number whence it 
appears that 3 is not resolvable iiit(^two squares. And Euler’s conclusiou 
ill his Algebra is. that when a whole number is not the sum of two integral 
sipiares, it cannot be the sum of two fractional ones. 

G. To find two numbers whose sum shall be equal to the sum 
of their cubes. 


I'his admits of one solution in integers, viz. when each of the numbers 
is I *; for 1 -t- 1 = P* -f 1 1 Hut other ansuers may he found in fractions 
tlius, 

hot X and V denote the two numbeis; then x = and (livid- 

ing the whole equation by » +>i gives I = =: — 


Put fix=:t/; ihcii 1 =:X" — whence A- ^ ^ wliicli 

iiiusl be a s(juare number because x^ i.>a stpiarc ; and consequtMitly 
1 must aNo he a square, , 

•J.et n- — // + I zna^; then //^— fi:=za^-^ I ; 
and completing thj^sqiMie, n'^ — 7i ^ — j a 

w hence n — J = v^(n ’ — J) ^ 

The problem in now reduced to that ol making rational square 

number, which is done by l^xawp, 3: for it wc assuii||Qii|^umbcife wiiose 
product is = lialf llieir sum will be the value of 

3 3 * * *} 

Thus let 1 and « be assumed; the 1 x - = -and half of 1 is 
• 4 ‘t 4 4 

7 . „ ‘ I 45 J, I 

= CO “f = C*' 

1,1 I , 5 

Therefore « — = V'- = g, whcucc « =: * : 


Now, ‘ = a “"** * “ ,f y or »* =s 2 X 

+ W 8 

^ IJriue - and s are two fracUdUj^ering (be conditions of 

7 i *1 ‘ 

theprobiVui.^^' , 
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“ ‘ \ I ’ 1 *5 ' 

If 3 anti -r are assumtfd; tlien 3 y - = - : aniWc gvl — ;incl 

* t- j 4 " Ij 

vbidi aiv tw blLq- fr;jctioAs irbosc siu)} is r()iiul lo llic sujn of tJu'ir rubes. 

7* Sbiuild at be icquired lo find luo nurfflbers whose d)Jjer^ 
€Hce is equal uAiSkltff'erenc^ {i^ ibtir cubes: 

'\2 V3 

TJitll * — jr^ — y ; :n2d 1 sr — + xy i'n*- 

ting MX as before, wit ni l x* = ^ xwsuniiti^ fr -r « 

4- 1 2 =^“* {asquaa'), — 7 ;» wlwrr iLc «>ol 

v'("- — must bt: ffMS tbriii but /;r'a/tr tJiau J. 

JjTt 2 nod * be iJa'ii* ].>rodu< t bring J x Qr ^4 

1% O O ^ ^ 


Uki 


.1 

iJ ' 


IP 

Ju 

ss 


aii/l =r 

lli(‘n fori* w =: 

/(---I 

^ ' Jal# 4/ 

l)0«V 



\ ^ v‘.<» 

= A*, wbt'iKr X 

16 , 

= — ; ami n« 


/i- 

If 

/i t 



1 6 

1 .^ 


. Tlji'ivbuv 

aud are 

two fractions 

T?' 


it 

t J*l 

J:> 


e is 

e(|ua! 

lit fin* diifi ri*jii:e 

of llifii cjiilxs. 

And ill like 


iiiaijiuT jJi'V.rri be toujxJ. 

6. To* find X' rxtioual orlieii x* f 7 and x* — 7 are both 
rational «]» 

III •(- '±: X Id.'’ U' •tivUioJ by (a -(• 6) 

X V>« ^ d: (a — wliivli mu-.t alM/ Ik* Miuans 

when (a -|- />) x diuriejiirc oi' iwo sijuares IJ 

and ubose S4iirf’'‘iv ?j a'^aiv; therefore if « =: 16, and = tbrn 
(</ •{> X lUdO (a Mfiiiiv;, anil ^ cousc'<|m'iilJy 

.'>)=2 i 7 7 ju* two squares; nnd a = 

=- the.aiMver. 

y 4i40U I JO - "■ 


* #. Tci 6 imI rat'ailki value* of * wheu a* -ftar and ^ » ««aw 
both ratioua vquares. 



B \ v r I N E t e M$. 


1S» 

Ltt sr^ 4 - zsi llfcii * + I s: »*ji, anti ass aU* put » 

•** ‘ ^ 

> ) ‘ , * ’ 

.=: j'jr*, tliis givi's •— * — ; naw llw^rtwo \dluel i^f A iifM Irt Ci{k4i 

I — r . a' 

I ! ' » ■-. • 

or ^ rnr^ 'vvlinuc vv liiive r* -h .v^ wlvriL- an) »' 

iiiav bt' auy two uih .^u iI s rts = ?. 

^ Jfa::z 4 ,/f=z I, f/=: J, (rxaifnjjte 5 cX piv^t rit jirlitir) tbc fw« fiop» 
luuli pvc antf (orr * jndA*> f«o Muiarf:'v wbo-ic s»wi3a?, wUniir* 

\ 03 "rv 

a =: "V — = - - . If/i =j: tk'Mi a — — I» li»Le manner oCKcr 

' ’ 

aaluts uuv befouii' L 


10 . If loyjf’ + 1 //\ lo Giul ihc least inligml vaUu* of X 

and y. 

Jn llie equation /Ya* rt ^ =3 il* A iv Jbe Miin of Iwo Mfiian^itw awl if, 
=: \, tbe>lH>rtt^t metlnxlol hulutimi sicius liiai of assniuiit^ tviu mteg^al 
M^uaru'i for a* anil li; this be (b»ue t^vo)K;a\»; tluis. lii tbe g^veti 
ei^ualioii iOl^a' 1 = 3/*' (wliere iol^ m iIm/ Mint of aiut if j = I, 
Hail rO£» X I* — 3* = lOv or 109 X I0‘=s:i» ; iKe ^mn es^Uowevtr, 
fnan these ei^iuiliraM would be irdlous. B%n m»u c tlv*‘ prc'ibM-t of the muo 

of two M^iiarts by iIm.- sum oi' two S4|u.im U tlw* %mi» *d I jud '? > 
is the least integral 9(|uare wliicii is tlu* •^aiw c>l two iiiti gral h-iimt's, 10^ y 
23 mnd be the s(nift>r two inU^raNc|iuri'9,t[ii ^e are .’.EtfO .iiMf Ji’.'i ; but 101 
X**’* nitist also l)e flu* «<rriii <h two inl<*f(llit sqir.in^, and ioef 4 arc 

tlu; two M|uares ; l(u'ref(»n; loPx « V'— 4 (4 Mj^nre) 

jre have »0£* X (^’) “ ' ~ 


Iht answer Is now obtained by means ofTlic^j^ 5, p. r23»tbii9 let jk= y, jr 
' . ttf'i 

ts-~ , / SB ^ ss , J? SB — I, Its I, (/# es m) ; tlim J(gM 

+A)’ ± » = (-</* +ir^}* g««. I<» X (--/ + f = 0- 

. . , . a5 , «5»* csi 'ajL 

Again, make » =: —./ss rp* (— = — •. 

s t09 ai befurr), and froantraime ex^xniwiin we (pt 
109 X 8$l&25* — I s S89UI8V*. Ncx(,1lPPa and/eackss 
yaall^'eadi stSdUs^, B and A each sa<i— Hiiaad we'lwve 109 x'"' 
l>lUM944«iay|||^l S l»S(nOCTi986S49*. 


'124 * 


ALGEBRA. 


11. Required the IcuRt integral values of x and y when 
+ 101 = y\ 


In the. equation Jjfjf* ±: /? = .v* H is a prime number it cannot 
mult from the product of two iiii^^txccpling 1 and B, Let A = 13, 
fss J, #ss— - 12, ^=s I ; then (Tlifco. 6.) }(/* + beiaiise 13 X I'' 

— 12=s 1*; make and the least integral valiif< 

0 — I *, 

ofs are 1 1, 23, 35, &c. and the emresponding values of x arc — 1, — 2, 

-0^13 

— 3, &c. now /j 1= must be greater than 

53" to ciu* /i(or 101) ; Miereforc take r=r35, then 1i =:. — p cs — 101 

the negative \ Ano{A'B, and — 3 is tleMorn^ponding valueof.t, therc'fore 
Ax' A* == r» X .V — 101 = 1-. Now In make — U'l (or D) positive, 
it is ncees^ary that /ip--\zsLg'^\ and hee.nisj 13 (or A) i^* tl)e sum id’iuo 
integral squares (04.!), 13 X25 me.st he tije turn of two integral squaie>, 
or 1 3 y 25== L' 1+ I = 1 8'+ 1 , t licrci'ore 13 x 5 " — 1 ss I K* ; henre, putting 
fs^j, — 1, ^ = 18, a=3,^^=i, B =— lOl J fhen (^heo. 5.) 
q- Bif becomes 13 x 74‘^4- lul *07 *, the answer. 

Tlie 5 a :d 6 Theorems here referred to are from the /iiyii Gj/zc/a or 

lliivlno Ali"'hra, translated from the Persian by Edw. Slr.iehev, Esq. 

The V an easljs inve l'yated llui|f iiiiiiT /ft* = and ///* + A 
sr c \ ( i lu n. 5.) \\c iiave }i = tr — Ax\ and A =: p — ///*, whence /^A 

— (,/- — ,U') and adding -/(^’ V + y^)- In each side of this 

ccpiatio'i^we/jjEl^'^Bj; nduclion) A{gx + /f.)- -f />/■=: (Afx +/:>)». If 
rillM'r /» or A1?t L'A will e\ideiilly he //.'/. ’/ziv, un i when bolli are 

negatiM’ U bee()me^ piuu 

Again, (Tlun), t».5; because * = and B =: — ^ 

wc get ^ B ^ A ^ = 

4 (4/^ + A)s*+ ^Afgz + A{g' — _ 

W , .-u- _ 

i. 

Stlt .</■* + S = anil|i— i =I /y*, tlirtfforp by wluribitio!!, 

-b _ (a±jIC\* - ,, 

^+.f- r-~p k . } 



OPH ANTING FROBLEMS. 


^ m 


*Tlic MX rullowiHgTlicorems will frequently be fouod useful in probrcins ^ 
which relate to square* numbcnC ' 

l| If Huh, and «- + h'*, dcnolo the roots of three square niiin*"^ 

bors; then ('2ahy + («- — = (n* + A*)*. By this Theorem two 
square numbers may be fountf^Mosc sum or dilfi(*rcnce shall be square 
numbers. 

C. If d he any mimljcr ; Iheii + (//H- 1 ) *) X ((rf + 1)* + (tf + 2)*) 
db(d+ 1)- X 4 will Ik* two squares, whose roots are i?d* + 4d+ 3, Uiicl 
Jd^+\d+\. 

:i. If flaiid h be any (wo nii/rtbers; (lion (a* + b^)^ dz (a* — x 
w ill be two s([uar^*^, the loots heiiij* a'^ i Huh — /»». 


1. If h*, bo Ihreo ralional stjuares so that //^ + then 

(u- X, Ih’jc, (u^ X.’ ‘U*)h, and 4a6i; will lie llie roots of three squares, lucHv 
tiiat (he sum of every twuof lltose squares will be a rational square. 

S. If /#«• ± = y', aiul Ap±ii =s then A{jgx + /y)» ± s 
{Afx + f,y)- : " liere Bh ib pdcitive, or negative, according av the lign* 
ol H or h are like or unlike. 


0. Apaiii, if Ax^ + /f = and Ap + A = mid making 

/:+-# = r, and Ji = -Shon Ax^ + /i =s (^~t-^Vs= V*. 

b 


Of arithmetical PROGRESSIONS*. 

% ^ 

135. Th£ nature of Arithmetical proportion ltd progreision 

has dready been explained. (Arith. a^rf. ^gl.f It is by the 

help of anaytis however, that wff i^nst discover the diderent 

relations which the several terms hatlii one to another : besides. 

algebiaic fonluiiae an better adapted to practice, and mora con* * 

dse ih«ff itrb il emmciatioiil. 

» * 



Ifir . ' AtCBliRAr 

136« .L(A first term of an arithmcli^jJ progrifsswiib.* 

common difilrcnde of the terms. 
fTOe last u-rm. 


n the iniuibcr of 
s the sum ot all the u 



'th'cii*y,y I- d, f I Qj, .fWWd, ,/•+ 4d, &c, win be an 
tacending scries or progiession^ ; 1 2-2. Arilhr) 


2 f/j j — J — 4f2, &c. a (iesceiKlmg 

&.ma. 


one* 


HcFK'cit appears that ihc ia<t term is al»vays “ /’ I (» — l)d 
in ait ascending progression, aiul f — \^n — \)d in a descending 


187. The sum of all the termyn an arithmetical pn^res^ion 
n equal to the sum of the first terms matiplied t>y half 

the Dumber of terms ; vis, s zz (/+ /)^. (132. Arhh.) 

m 


Lct'/ + /+d-f/+ '.V-h/+ Sdznsi 


Then :/4- \^d^s,viz {/+/+•!«/) x - = orf/+/)- =#.. 

,And ir the * 

And s or od) ^ = s, that i'> (/+ 

/+ {Ig 1)</) ^ or (/ +. 0 •=*• 


% 


/ ^ow, from the equalioiis/ f ^ — l)d = /, (/ ^ / f 

and {/”+ i) ^ = s, the fbllowing tbeorema 

or’’ f(>n|iiidj|B ^aK readily obtaiy^^wbere it is to be noted, that when 
the desceniji^' the lugns^ the terms afiecled , 

■ whCir paiHrtt'ijt^bai^, or / t^n for /, and. vicy«eiy% 
^h^^rnis bdog^idaptod t^pa BKCDi^ 



Jl^i|||lMETICAi 


METICAI. riieORCaSIONS. 


Itt 


S«f +/*+«+ + 1 ^- 

, * < 

I—/ _ r'—J^ ^ gfw — g « __ 

~ * — l "“ gl — ~" H*—U "“ «*— « * 


< = /+«rf-rf= -+i 


>{rf= 


, s= =(/f+i»rf— l< 0 "= Ci 3C^i±^'[ 


/-/ 


+ 1.^* 


■/+/ «/ 

•V'r rf 

L't = r, then 

Ja 


n •' y »•» greater than 4. 

"=‘''5;-r----’;^=* 

«=: + r wlien'^ Is less UiandL 


I3i). A fetv ciram|)1r.s will show the use of ihc9c expressioni. 

t 

i. Required the sum of the scricb l + 3"J-5+74* Jcc. 
contiaued to SO 

Herr / = I, d^U, and p = CO, \vhicli^|||j|||^8^^ rorm r is 
{/+ i»d — ld)n givo j =r ( l + ‘JO — I ) 400 Uie SUM 

UcMCc it appear:, that the '.uni of the odd number I ^ ^ 3 !|||||f 
CMitiUiird to fi terms, !s always =: fi^. 

■ t 

^ What if (be ijih. term of the series 10^ Oti 9^, 9f &c» ^ 


Tb tills progression yts 10, d = i, /i i'Vr ; and the c^rre^jtnndirjg 
^ire^siirtb hi -ft ' Oriuchf when iffe signs of tl;^ teitns -♦- d ^ 

eMM ^Maeria beioja'toeefiding cme)'tHK'omdr7ris/»--#id^iJ 
^ iss Ju<4V X i 4 die itqukrd term. ^ 



ALCBJSUA. 




’3. Two detacl^enls, distant fitnn eacb'b)IieirS 9 lea(pi^ £nc! 
both dwigning iid^ bccupv an advantageous post tqiudisiantirom 
other’s w |p)p, set out at diiTercnt times ; the first detnciiment 
incriiMng cver^ day’s iqarch one league and a half, and the 
secofid detachment dccieasiiig each 'da^’’s march two leagues; 
both detachments arrive at t^!|^i|l|pe time; the first after 5 
day. ’ and the second days march : ^Vhat is the 

numW olf leagues marched by each detachment each day ? 

The whole c)istance inarciied by each clelachnient its 19( leagues. 

Therefore! for the first drladnnent, ^^^avc//c= I * , w = 5, j= Jf>«; 

and to find the first terra or distancT raa^lHicl the first day, the expression 

s 1 .0 * 0 

is y =2 — -I- *£?—*«£/, or— “ 4- 4 — ^ rr. ® league ; whence 

ft J I u 

^fd’ ^10 rcsprflive distances marcheil each 

day. 

And (he same theorem or expicssionanswdri for the distance marched 
by the other detachiiu*nt on the first day wlien the signs of the two lu»t 

tfimi flie changed; for dzsQ,nss4,ssz IPJ, whence /= ^ + 

^nd = l4-4 = 7j lea;,;ue> the first day's march; therefore the 

Till 
distances are 5^, 3-, I-. 

.S' » 

.^ 4 * A detachijlb|> of dragoons being senMpiftcr a deserter, 
‘marched the fiepl^^ ^j |iile 8 . the second I 9 , me third 99, and 
w OB^ inerstt^blgihedinance 10 miles each Jay ; in what time 
did th4 overtte him, supposing be travelled ut the rate of 34 
voSk^ivy; 

• iThw ii readil^answerej by means of the expression s s= ; for 

tiw aiimher^^Jays will be the number of terms, and 34n is equal to s the 
whole distant tiaveUed ; therefore substituting 9 the first term, ^rj^ s»e 

iMtM or s 34, sthence S9 the number of miles 

wUeh the detaehi;i(|Brf ntMvficd ontbeiast day ; conwqucntly thv o*v* . 
toolithcdeterterin6il;ns. ’ «k '< 



Al^^MSTICU. »ROG9ESaiONI. . Ii 

5 . Ml kwtt Loodb^focRpioiiith, and ^ 

the saiqie ttmc a party of hone* are ^oidercd ftjjnjpw^^ tG«i 
Loodon : the foot march 1« milea the first ‘*iT JiwrV ‘ rr‘*‘"t.> 
IS the third, eonstanlly kisening each day's jj^rphr^KttltsS*' 
hut the horse travel 8 milea' the first day. and mdfeaie^filt i 
inarch 4 miln^ery day ; 

travelled whm they nieeV%^^)yniouth ia aif nt|ha fomt 
London?' 


In thh example wr have tbe tnm'nf a dffcendlnf % f 

and an ascending S ^ 

Jbe firht term of one gHmsion cs 14 

* ' The common diilerence of the terms ss 1 

Till fiiMt t nil ol the other tents , ss I 

And common diiTertnce s ^4 

And the number of terms (or da>ii) in each progresiion ifiitheioOMts r 

The formula adapted to case is n ss *-* i|||^herefere 

jf 8 and 4 are stibstitutejd for/nod d lie get ss e 1 | 

s: r: Ad putting x for the miles travelled by the lootj the dMasoe tiv 
veiled by the h^ Mill be 217 — jt =i; whence it = |^ 

9 

— r 35 |^( — — 14 number of termi, ordays travel 

IctI by^the party of horse. 

But the expression ’ifss 4 . ^ 

4 which becomes /s 1 4 |iid — |d whafi/vpTtW^lmi of a « 

^ * 2/ + d ^ ^ 

desQirnding progreisionp and in this case r ss 8&d 


Kd9. Jf^d«dW»**pria^/r* l4,andi*^,tj^^ 

the auialv of 1111^41^^ ,f 

▼OL. ll,i 




tiHi.|ton«' 

s " ' 

dV ^<2URj!fpP?UMB£R$.^ 1 

‘ 140. ThAW, nunjbers resdltfnnii the i|uais of arUhmflfcal 
Miii^ at4vcalled figurale because the units in eaA term 
may ?|)e>^^lS»ed as ioreVrc||U geometrical figure or dU- 
IptMjiai Wiangle. a square, or f^P^agon', &c. Thus 3 , 6, 
to, &«., ascrierof triangular numbers : 


,♦ ' * * • • • 
• • • • • • 

lOjI, 15 


t • •' • •• • 

} *,3 » 6 

, Let tuy number of uiiits be dispt&cd as in /g. 1^ the 
^rpe^iil^utar ranke.are one more in number than the hor^ntal 
.^d^Jinw thf diagonal line A B to divide the numbei of 
^anu iiitq ^*’o equal parts. 


1 3-4 3 r\S ‘6 10 15 






. «\3^ 4 * 1 aV- »o w 

i\i^ V 1 ^ H 3 4j\a 1.3 6 . 1^ 15 

'tt . 

1 #■' 


a 


! *! >'U' ' * 


l> 


15 f-1 


LS5, 


plSl 






, piogKsik^ 1« *.^‘ 4, i)f ibA. ^ 

‘‘ftese ]b«% disposed as '** ^111111^ stm!>^<^i4li^' 



rows the Itff^of'AB coil 
the l^rct order: 

t Thus 1.. =: • 

, I *=.* 
l + t V 2m :t 0 
I ■+ 2 + 3*4 = lOr 8u 

Again, the sums of the horizontal ranks oo tbe'IcA af llw 
Fine AB in /g, 3. form the fourth order : . 

For 1 .*. =*^1 

I + 3 . «'A .... “4 

1 f 3 f j v*. = 10 

1 4- 3 + S + 10 ’n 90^ &c., 

• 4. 

j ^ ■• 

'And so on, for the scrcral orders.* 



i 4 i: , 1 ... 1 * I* I.- I. J. .&c, 

*...: I, 2 , 3 , 4 ,t Ji 



,' ‘ 3 .... I,* 3 , 6 , 10 , is/l 

, 4 .;.. 1 , 4 , 10 , 20 , saT'dte^' 

* ^S.f.. 1 , 3 , 0, Sd,>T, 0 , &C* 

;^| 0 M it appws, that the last mn in anyordef is^|||n)ft^V 
t6 tBe sum,(^ all iIk; .tom^ui ^ncztinfe ^^ (^^ ..\' 




A 9 ^ + 4 :+/iiihe •‘WtttL 

•li&fhejH»,^^'i^^'ditr^ tom 

ntotiro^qSlrflrtsi botn/g.t, dliii.Mm oif ajil ihe^idtiil 



I3« , ALOEMA. 

P‘ 

(r + 8 4- 6. 00 the' left 6f AB o st^f the sum of all 

the terms io.the^gure » for eacfiivertical row on the right hand 
,of AB is'doijiUte the corresponding horizontal row on the left : 
f.tbiii'.S' 8" £ twice 1 f 8 j 4 f 4' + 4 = twice 1+2 1-3, &e. 
Ip like planner, the sum of all t^e terms on the'left of AB, fig. ^ 
is = of all the term^ in tha^^re. And in fig. the sum 
on the left is of the whole, &c. * 


143. Now, let n denote the number of terms in a^ertical 
MW, or the number of horizontal ranks; then n + 1 will be 
the huptber of terms in an horizuhtzl rank, and in fig 2, n -+ 1 

» + 1 

is the last tgrm in that rank or series : therefore (137) ^ 

2 


(n -+• 2) will be the sum of the series 1+2 + 3, &c. or of all 
the terms in that rank, which multiplied by n the number of 

horizonul ranks, is -- ^ x (» + 2) x: «, the sum of all the 

terms in the figure, and f of that supi or — i — x |h + 2) X 

a 

* n X X is the sum ofall the terms on the 

left of AB, or the sum of the series 1 + 3 + 6 +• 10, %c. con- 
tinued to A terms. 


‘I.-K 


144. To find Ae su|^of the series 1 -+ 3 -f &'+ IO,*^c. to 
n + 1 termji^ j^i^titute n + | for a, and » x x ” — 


^ the sum of all the terms in an 


becomes / 5-Zt^ / 

i 2 3 

horj^Hitiil rank (fig. 3), which multij^ied by n the number of 

, » t-'l ^ 0 + 2 « t 3 

9 3 

terms which compose the figure, and 4 of this ^ ^ * 


ranks. ihles X !L^x ^x » the sum of all the 


* V ^ ^ tlJ 8iiai-t>f 

all the tc^ on the left of AB,\<»$um' tif die scries tb '+ 
10 t- 20, &o. eon^uod tp ^ terms. .* c 



HriKeh a; 
* 


kumders.* 

' - - I 

B >• 8 




2 B+1 

®‘ i * 3 


-*■ A." 


iitc. fWDtinum to 


5 factort be the sum of the serie$ which orJet 

of figii rate numbers : and t6..f|ct9rs ^ve tlie sum ip ^ 

(^der, &rj. - s 

145. These series are ns^P^in compuMng the nhbkber of 

cannon shot in a pile. The jnl^-arc usually triangitlt^iiariuare, 
or o^ong. The triangular pile has an cquiliitoral triangle for its 
base, afid ends in a ball at top ; and the several layers or chiirscs : 
of shot form the series 1, 3, ^ 10, IS, Sic. from the top down', 
ward, thV last term being thtrtiunibcrof shot in the course neat 
the ground. . • ' , 

Now the series 1 I 3 f 6 I- to, &c. is the third order, and 
its sum or the number of shot in a triangular pile is " . - « 

where n Is the number of courses or the number of shot 

3 \ 

in the side ot the base. 

Suppose the mimUT of rourH'S in a triauj^ulsr pile or pyramid ft 40: 
ibcn —X X — = 1 1 J80 the number of shot irisuyha piic. 

146. The square pile is a pyramid having a Sfjuarc for its 

basep^and ball at llic top, this ball with the 8iicccft.sive 

courses downward constitiuc the scrief^f squares, 1, 4, 9^ 16, 
e5, &c. the last term being the number of^^il^^the bottoxn 

course. , 

..IL’ 

, The scries of squares 1 -♦-4 + 9 lf> -4- 7.>f 8cc.^ tn » terms 
titay be resotVed inloV I + i 4- <» + lo 4- 15, Af. to u icrim'^? 
,t^two series... 1 4* 3 4^ ^ 4- tenm 

' ‘ sum 1 + 4 +9 -h H» ^ Vf.>. 

S ^ , ti n 4m I f| -4- '7 

Che sum of 1 3 4- 6;+ la&r. ton terms is - > and 

1 forWf ^ the sujJl^to«j;-;-.' t U;ni»s, and 


« 71 4* I w 4- ? . 


ssi isiliesurooflhcieriirsofsqoafesl +4 4 -s^+ 


i - ’ ^ 

cofltioued ten terms. 







•^ii 


ALGSBitA.' 


SapiiOM^Srihot in th(*^dPd[Mli^ bbtt6in'CW&rilf(r^^itt ms 30 the noro* 

■'■ ■' ""S «■+ 1 'e«+'t • ‘ " 

berof ee^ve^Wfd^ — g - . y.a 9*55 the’iwmlKBr of (hot u the 


,tJ47> 1^'«liIong pile stantls m,* rectangular base ; tlienum- 
. '.berof 4^^ any course bcingf^d by multiplying the, num- 
ber of itiiM in one of its sides by "the number of shot in the 
other side : amj the whole pile is composed of a series ofr^an- 
^ gular courses^ the sides each diminishing by 1 from the iKse up* 
wards;.thtercrnrc'if if bethediiFcrence of the. shot in the sides 
any course^ the pile will cud at^ij^ in a rank of cf + 1 balls* 

Thus, if t!ie sides of the bottom course contain 12 sliot^ 

Then 12x7 = 8^ 

11 X <3 = 6G 

10 X & ~ the shot in 

9 X 4 s 36 the successive courses. 

8 X 3 =s 24 
7 X 2c= 14 
6 X 1 s= 6 


The wb^le foai may he found by resolving the series 6 -|* J4 H- 34 -f-OO, 
Ice. into two other seiie^. 


Thusl.p4+ 9 + I6 + 25&C. 
3+10 4vi5 + 20+26 &c. 

+“hi 4,rtM 4 50 k c. 


i 4 + 9 continued U> h terms h p « 

last term of the series 5 4- to + 16 &c. continued to n t<y^ns 

fiH d 

is ficf; of the same scries to n terms Is n x —5 — • (1370 

*■ 4 ' \ ^ ^ -* 

'/ ' # ■* “ * ' > 

^ Therefore the (um^ both ^ “^J^*** "V— 

~ j^^jauatrftlieici^ofybiyttcoii^uerfte^ ' 

tniin, wIh^;!^ Vihe numbec ofcour+ q|,tNli4ia^af ahot jn Ira* ' 

4i4c if tbe^bo&om'jipiitMi and4|lie(tiflmnce«thr«R|llbcr<ifaho^^ 
tbat^e aij^ the ofto. 



,)P1C(J11ATS NOMBERS. 

% 




LettheiideioCj ^Ifiittcijn odi^ cq||^ia j(!S aad 95 

Then«s95,Md#e=7,«ild> r.rrg— » .-J> ^ ' j!*” ' 

becoTithot in thepiie. 4 


manf 










148. .if the pilots broken/^Q^he number of 9hot-de6cient, . 
and idso the whole number contain, 8upposip|^;^om*‘ 

tplet^then the difierence will be^he shot remaining. 

Suppose the shot in the sides of the bottom course of a broken pile at^ 
32 and 25, and in the upper couatoOknd Ifi, then the shot in the side* 

of the next course v*oM he 22 m 15 ; therefore #/ = 15 the number of 

% 

courses delicient, and d = 7 ; and — . • 1— i-— i-2- sr 2080 the 

1 V y 

number of shopdcf.c iont : now nuinher iu tin* complete pile (found 
above) would be7S(Ui; ilK'r4-li)re7800 — ~ iOSO'ss !>720 is the number of 
shot in the hntkcn pile. And in tins manner we may proceed when the 
broken pile h triangular, or S'piare# ^ * 


14g. If s be the number df shot in a complete triangular pile ; 
and wc would find tlic number of courses or the number of tliot 

w’ f 3n* f 2a 4 
0 


in the aide of the base: then 

1 J 


^ St Of a^ S8*-h2n =: 6.y ; »and if » t 1 he added to each side 
of ^k^qua^i^ we get k’ | 3«* | 3// + I ~ Ci I- a 4* I : now 
a’ 4^a* 4'’^3a l ia a cube whose >i|bt ia a^+ i j - therdpre 

a 4~ I = (6r n 1 )S ^nd since the valui ^jy^ ibestricted to 
an integer, C# 4- a + i will be^c integral greater* 

than 6i. 

, • . 9 ■ , 

Let ihe aumlier of allot in a eohiplete' triangular pile be ll480V,(1icn 
11480 X tis 68880, and the cube neilt greatet^ wbofe ’ibut l» 

4t jae t||| iafl8(i | f a=4d. - , . 


Ig^thc'-cop^tei^are pile sl^ h(^ 

4e V’- *'■ '' ' * 

* ,aii<i atlduq^ 

i{8* -f 1 to each of the equation, VOS 4 k ^4*' 
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8» + 1 = 35 4- IjM* 4- afa + l'. whence n h 1=:(35 1-1 Jn® f- 

2{n + 1)’^} Bnd n I- J^\yill be equal lo the wt of the integral 

cube next greater than 35. 

• .«• 

Suppose s =94.55 ; then 3s =s 283(T5| au<1 the rube number grenlrr 
:? 29101 wlwse root is 31 = r; 4 - I ; whence «= 30 the number of c•olUi^r^• 


Op geometrical PROGRESSIONS. 


151 . Let ybit the first term of a geometrical series of quan- 
tities : 

r the common raljp of the terms r 
Z the last term of the series : 
n the number of terms : 

.s the sum of all ihe terms. 


Then/, r/, f'/, f’/, r" V. * geometrical progres- 

siotPoT aeries of quantities. ( l *16. A rith. ) 

Hence it appears that the scries will be ascending, or descend- 
ing according as the ratio or multiplier r is greater, or less than 1 : 

And that the last term is always = r"“ ‘/ 

158. To find the sum of the progression : 

Let / + f*/ -b = *, this multiplied by r 

tf + f*.f+ r\f 4- rV f r»/&c - rs 
l^f .... t r'J = rr-— 5 the remainder, . 

when the upper scries, &c. is subtracted firom the lower : 
Butr*/U the last tei^a multiplied by r, or r^^^fxrzzr^f: 

Therefore -j/+ f*/sss r"/— / = 
m t ‘ whcncc ^^'^" = 5 the sum of the series. Thi» 

prodesa Vs exactly similar to the arithmetical operation. (Arit^ 
jirL 152.) 



‘K 


. % 

OElly^RlCALVj^OGkKS^IONS. ^ ^ ISj" 


• !%. • ,.L ' 

Now from tqi(|.,iK]GWons. r /«=; / ; 

■ * ^ f — 1 

wt obtain the fullowjn^ Uteorema or formule : 


ifi .', 


153. 

* 


* 7 ^ 

rif 


/= — ss r X r + rf— "• 

rf f .1. / f* MM fUttl 

_ , ia,/X 

r »'■*• I _.'■/-/ A'—' 

*'/ ' ■♦■ - ' 

Pul the logarUhm ofjs Q, th(\/i^. of the/i^. 6fr : 

QP , % 


The’ logarithmic expressions for the. value of n arK^i^ 
from the method of raising powers l)j^ means of logarithmSt* 
explaih^ in the Arithmetic, l6l, 187* thus: ’ ' ' ' ' 

' ‘ ' ' .w'^/ 


> > 


'=: /, therefore and l^eauke the 

logarithm of any power of a nuntber ^s eqnal'|yyd^l^arithm 
of tha;imiQbef inultiplid by the index or jdanoting^" 

the power ( 187 . Aritlj,) thcrefot!fcj(ii • l) rn hgi k tfeci 

‘ , . Q 0 " * 

g, whan«tn--.l s^iotnzz l.i Vf 




‘V.-, ■ . 




Aa4 the othtir'^ivnidD for'iiia found in li|^aame t||itSher ; 

tfoi..,ii. ■ 
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154. Some Examples explainuig ike use of “the preceding 
Th((<i;onis. 

1 V.’har is ihc’^sum of the progression 2 + 6 54, &c'. 

tConlipuul to 10 .ernis } 

lim* /= ", r = 3, and » = 10: * 

And .» ss / X * = 2 X = 59048 the sum retired 

'' r — 1 3 — i 

^ .111 . , 
2, Required the sum of the series g I ^ 1 ‘g’ continued 

to 8 terms ? 

11, r. J, »• = ', and « =; 8 : 

1"* - I I — 5 5 » . 

Then .t =/x — J = i X j- = i X -V = 


3 \Hat is the sum of 1 4-' 1 7 ' 8cc. continued ad 

o [) Ml 

inj^ilum ? • -t. 

Ii Uh* terms aro supposed lobe iiifinite in number, the last term must 
If = 0 t tluTi'lmuy = I, r =*5, and/s 0: 

And .f — ~ therefore s ss — ^ # 

IJlllie an^t^wr. 

'* d . 

Or Z/fv/v, Ji </ = the second term of the series, then r =^.|hichputfor 

ing ser'ts inflnityijj^ntiiiucd is equal to ilu* square of the first term divided 
? /t he iffiiervuce w tlic tu >i and ssjumd le. ins. 

OS s 

4. W>.it is the sum of the series ~ 10o5^*‘ 

nitely, continued i* 

Ileri' fss~,rs :-^, and thalast term / ss 0: and r— iss p-^- = 
“”^■'10 10 *. ” . 

VtW'aniwnr : iliit series is the decimal *S66 3cc. or ^ mideed a dedmal. 

, the. vi]^» 
d Jmiai'^3$56» &.C. 
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This decimal may be resolved into the series , 4. — 

^ 100 ^ IQUOO ^ JOUuuOO 


Rc. where / = r s tJj,, and / = 0: , 


JOU 


Then s 


- 1 yA = 25 = 1 




9V 


11 


llic anwer. 


Hence, to tind the vulgar friction answer ng to a cirruiating decimal of 
this kind, make the hgurvi wliich are re|t<MU'd, the niiMi r.iior, and the 
tame nimiljcr of nines, the denominator, and taal will fonn tie I. action* 


t ’V 

riuis in the prcceu'ing example, 3n are the two ligurts repeuled^ whioh 


3n' 


placed over two nines make 


r 1 1 *> s 

And if -7 1 1!2867 142 t^c. be Ihe decimal proposed, then * tir z is 
the (Hjuivaleiit vulgar fraction. 


G. To find the vulgar fraction answering to the dc^al 

'41666, &c. 


*416dG &:c 


• — ^ ^ luc 


luo 


Jl 

lUUU 


lUUO^ lUOUO 


^.Krio— +— 


ThesuAlftlif.*' 

V ■ I WO I f'lO i/uw 

Therefore ^ M ^ is the vulgar fraction sought. 

4 

7. What is the sum of the progression * j + 9 *“ g j h 


^ootinued ad infinitum ? 




• V 

Here/ss l,rss — and / ss 0: 




the a/f/wtr. 


8, Required thP sum of the descending series 1 — # + 4 “" 
x* 4- infinitely continued ? 

llTtU^rogreisioo/s — *,and is 0 1 
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Therdbfei =r ±: — ^ the dilsikr* 


For bj^actual =: 1 -- jr + -f- 

” i + Jf < vJL 

# ’-I:. 

9. If Ibe first term of a series 4)0 2187, the last 128, ajidtbe 

• "-'2 ' . 

ntio what is the number of terms ? 

'3 *•,. 

H«fe/= Sl«7, I = 13*, and r == j.' 

■ I _ JStt log. 2107210 

} ~ |i87 . log. 3^mi!) 

^^^%.-2-7&736t=«. 

,|.... log. — f 823909 =; X, 

Q mm 0»7fi73rt| Q 

■5=!;3Pipu9 = ‘ ’ = Tf + ‘ ~ 

Icrms. , . ^ 

iW learner muKt remember that the iftMces of the logarithms ai« 
ficgatWe; whence, in divuling the^*|lfQby that of the positive i 
which is carried to the negutive 7 make *2 negative, and therefore one 
logarithm Is contained in the other 7 times. , * , 

V 

But in this ^e the use of Hegntive indices may be avoided by making 
tlie last term tiie hrst| and nee versOf and taking the of the 

ratio r; thus; ^ 

Let /ss 12di I as Clll^andr =s* :4^ 

I 9 3*339849 

*' / 2 IOj8tO 


I ^ zz Q 

r ss\ i[^. 0*176091 =1 


■ * . . . ■ 

^'WKiAi the last term is.ss 0, the/^ber of tijns^qj^^i^ 


' thf f 8 rViltVt iS then^Wof tetmi P*^ 
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tl«e / (the lart »«ii| t*" 

nite, or iiifioUfily sutiUl quantity ; ih^ore ^um|^ of t|r^9 must 
alto l|>e infinite ' ^ .\*i *' 


* f u 

We nay also remark, that wlie n the number of terms are infinite, the eip 
|)iession r s f give lha value of the ratio n ^ 

. ' *• . ' . ' ' ■* 

155< When the tt.umbers are too great for tbe^ragarithmic 

tables! ^he value of n or number of terms m^y be fomiijl from 
actual multiplication, or the powers of the ratio r, ^ui ; . 

• « '(aT 

. Suppose the first term of a progression to be 7| the ratio 3, an^ the sum 

• ^ ^ TS S 

of the series s= 3661 i COJ.'OT : llien from the expression /s 

get /the last term = C4 4 0741)08 07, which divided by 7 tlie first term, gives 

34S67844JI = 3^^ , now 3486784401 iaihe 80//i. p(»wer jf^fSlld ihcM^ 
fore « =s 81 the number of terms* ^ * ' 

Ifiti. Like powers of the terms of a geomisirical progrenioni 
also form a geometrical prognt^ssion* '' . 

• ^ 

Ijtt aJ^arAr ar^ kc, be the progression, fi being the first term, 
and r the ratio ; then oT + eTr" -f a" r<" q. ifr^kc, will denolr the Mh. 
powers of the terms; wliicli is a geometrical progretsiori; ibrcrii tbe 
first term, ratio. 

And ^ continued to / terms, is^e 

I,,.- 


r"— I 


-'£mj 


]57« Theorem. If the sum of the 
progresflsioh be denoted by s, and' the sum of theii^uargs hy p; 

a* "f" p -y 

then wifl, by g've the common ratio of the 

lei;mi;'iuui the remainder will be equal to the aluh of %e pro" 

gnitioif miittiplted by twice thg SItt term. ' " ' 

' ' 


^41 - 

Ir4‘ 


A f 


■ li^l^tlii^tMtierm, aiirtheniio. 

f A* + A +4 

A •• r +1pg t^iW P( the wrta); 
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And2«*r4vf«*r* + 4fl?r* + 2fl.*r< +.2tf*r^ssj* — p; 


And »*± ■ 
r—p- 


■2«VJ+2a*« 


VKllidi^ 


'•'r + Qa^ r* 4" 4fl* r ^ r* + ** 

by actual division, gives riH lhe(|uot}eijt, and IfnSrfeniufiider 2a (a 4* *4^ 

ar^ 4* <xH)« And a siiiiilur couciusioii is obiaincd wiUi any oilier number ot' 
terms. 


■ Exampt?m . 

Let 242, and /ajp: 29524 ; t!ien5a+/^=&S088,and s® —p=: 2901-0 j 
J*-H« 88088 , yes' ,,111 , ^ 

*>>«" aSiJIo ^ ^ ayow ’ '■‘'‘'"J f'** ‘>>“8 

tbe remainder 968 by 212 (or.r)giv4il4 or twice the first tei,i|or the series; 
therefore the first tecj||, is 2| tlie ratio 3, and 2,0, IS, 51, 162 the scries* 


Or PERMUTATIONS ANi)f5MBINATiONS. 

158. When a given number of things or quantities staml in 
any order or position^ and that order is varied by changing the 
situation or [Aace of any ^ne ot the quantities or things^ it is 
called a Permutation, 

Thus, one thiog or quantity o^ffliid to aS^it of on^^^j^Sfftibn only s 
Buttwothings^hi^ 4^an bevarieil,for a may stand fust and S seconc^ 
and vice verH, tlms ab 
ba. 


. And the variations of changes are 1 x ^ 


If the* numb» ^df things ,,ere three^ as a, c. tbw c^ch 
may Bthad first two times while 'the oihei> two < dtapge ''.f)ho88» ^ 
;8 can be varied 2 3» or 1 x.S X 3 tiipaea. 





PERMUTATIOKS AND COMBINATIONS. 14^ 

Four things a, C, are capable df 6 X 4 'i% l Y if X 
S X 4 permutations; for each may stani} the fir$t«^^br the last> 
6';}^e« iA4aac^ssiyeor^er« 'tbefother-%i^ beiitg^ vari<^ as 


ft p * ' 

4^-^ IS 

'1 


Tlius altcd 

abdt 

addh 

heda 

aehi 

(id**c 

aedh 

hdea 

bacd 

hdac 

dcab 

cdba 

bead 

bade 

daab 

chda 

cabd 

date 

cadb 

. dcha 

tbad 

dbac 

edab 

^‘dbea. 


Aiul^ ^ thijgga Vvtll admit of 3<^X 5 or.Jl X2^3X4X5 
changes' ; for each may occupy the Aik. place ^ times aucces> 
eiveiy. Hence it appears that the permutations in » things are 
1 X 3 X 3 X ,4i&C. continued to n fiictors. 


1. How many changes cait^ ru^jon 8 bells } 




fit 


4 /iff' 


llt2x3x4xixGx7 tlic amrer. 

' ' ' v‘' 

H. If 6 j^IuBjns of troops are in ‘orde^f march ; li|pw manji 
tines can^Hlli^lcdfer be varied ? 


;4 Xi X6=72Q 


3. How.- inahy-' variations .or ^ chan^ 'can italco^^e id the 




i.V 


letters of the.'wprd permutation ? 

• t X 2 X 3 X4 X 5 X7 )^8 X9 X lt> K1 1 =39916800 tbcwrmvr. 

'13SU ^ the or elections of quantities or things 

' we hnder$tand.the different collections that can .be formed out 

i-.: J Ir L;*'- 


^intr’r&^rd to thi^^ordiilr^ as in permutatfons. 

* a T 


Vi uiiisinj (fimiiuMi .OMY 


.■ i te' V-; V.. . 

lil c, are the .^i^ttti^, • aoid that each coU 
(ptmsists them, then ab, be, 

y^jjL iiL .i. i^Lt "^• 


fOr^;S< 

[ oc^'aie diiseel 


hkpoiii^iDatiol^Jlo two ohiog alike. ^ 


■C \ 
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i ; • .rf, 

160. Ti^nmtigeke" the mmhm.,.of cmUm^ms. Flllt, ' 
•appose t|i^ninb^r of-thin^ in eadfat'-ODtefa^h&ioa^'tp }>e two: 
then if the nunx^ <^-quantifies or<t|pgs 
it !• evitUiptnhei6: canj^ but ' 

;^exty let the quantities a,l, c; theh fince cqpa'. be pqn»> 
bme^fijU) titch of the two fomer letters a and 6, tl^lhumber 
of cop^mations.mll be increasell by's ; thereibrrifae niimbt^ 
-of combinations ofg quaq^ttes in 3 will be 1 + S: 

■ .%' thii8' <ii,^c,Ve^ ■ 4fc„ , 


When the quan^ies or lj)ings are augmAtcltq f®r, a, Ji, 


.e,dt the nuiq^j 0 / combinatibns wilt ^irorea^ by, 9; 
for the additio^ letter d may be connlbincd'^wiih each of; the 
formei**tbree, thereby f<irndng three njpre ^^ mbinalion8> the 
wtole nnmber^eing' express^ ^ 


And by reasoning ^ 
whole mtpber of* oqni^a^^ 
+ sV>-d^'4;an( 


ler, it will a^pearifoattbe 
of 8 in 5' qoanti^ea wt 'be'.' 
k\^ 1 + sr + 3+4<4- 4, Sec. < 

Therefore if n be the number of thingSi.j^ number 

of comlnnitibn;, , taken Jjjj^by two^ill be ^ I 

f8 + t^i^^ I tcrafe.",; 

*"ilL 


x^ 4 * 4t 8^i<'tha9(i.^er of 
hers (141), and the sum Wheh continoC^pl^n termi is 

(144^^|t£mfore subftitq^og 

l!'%. f 




PERMU^TATIONS A.H0 COMBi%ATIvKSi r# 


ra^ hi ^ bii%j^j;nbi^lio{i^a&cV'4iit if the^^niities m 
four «i»^ mpawd 

k, A'6'«i»Bbma- 

tions ia letters d, ^■; .1|(srefore*thf whole 

ndhiber.of cophi^otioni ^ s-’in 4 thiries WiiLbe exortssedbf 


^ ■'«t, 


..ok', 
aU, aid^, 

■ '■<. 


And quaptities arc,jii^ented to five a, h, c,' i, /» 
combiiratlons'wilf Sc increased by 6 (or 1 4- + 3) the oom- 
'binationl of 4 letters ;^fiir/maj|i’ be com^eii 

witli e\^ts^of lheipj thmfoi^ th^^omb»||ibns iy his case 
is dUno^ by 1 +-§: ■ 

■''abc, \ ' . 

' \a!)d, acd;iili^ . 

abj^ dcf, bcf,' bif, eilfi,- 

■■■ 

.,f ..-.fy. . 

It therefore ' Appears ^thpt* ^g^pations of 3 in 6 things 
fii}ll#l.f*3Hy6 1- lOJ™ W + i3;iuid 

inp quaptjt^ 1 '+ 3 + A ^.Jp+l^^f^eontinijl^to n 2 
t(B^8 ; is the fd. order of ^ratc numbers (Ui); 

'^'^ce^^lBliHi^tih^ n ~ 2' fo?n iti the npcfal expression 



»~'l . .ft 
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A* 


jn ^*—1 


* Hence the oombinatlons of two thing* in n.thin^, ^ ^ 

offc"'- 


&c. &c.. 

Therefore unitersffl'if, if m be Ihc number of thmgs. in':eidi 

,, .. , » w— 1 «— 2 « — 3 » — 4 - 

combination, then -r- — ;r • — • — r" » c®"* 

tinned to m factors, will give the whole number of . combing* 
ti(^s. 


Examples. ■ j 


It Hotr roan^combinatlons of 4 letters m 
’ I lore w s= Cf, and m ^ 4 ; 

TWrefore f-k X x ”'^« fk ’ & ^^4 = *» X 82 i< 

ji = tlitii/umr, 

2. How-tnary d.fTerat ban^t^'be held -^ihe of 

cribbpge, if 5 cards is the ddsl ? 

>■. i? S'', aT,l(pf;3:5- -'ll ,. 

•'4 ; -i'. >'■.» X^X^Jl^xS 7 

2(J X 17 X 10 X j 9 X' 1 J.«s ^S9i|p tbe 


I 

3. old captain, who had offieii^pifiP>.Su^e8sfuI|||k.i^ 
biin4t ' ijr.sat„ reward^ h^idpectel for his'jiast'se^lsej de 

. ... ... • • . f .'I’ftuir - i.' cj. _j<"i <> ' i 


'aihd'a''l^hirtg 
n^'i v ithhisH tta'iStny^hicli 

*' x'^' ‘ . 

BtliifiCia.'lenuai ki i2it72iASh (he Mmodl! 





fERMOTATIOHS ANB COMBINATIONS. , H7 

» " , , , 

• ' -TlfiU ’Beside ttie preceding, there are Other kinds of cio'mtiina* 

tioDs, as the of quantities, or whm^ num- 

severalij^ctts, 

&cf. Thedi(rereptiCas^t|Dwever, are toojiuuinsrous to be brought 
u.nderhpy «neral rule.: 

< • .V \ "*■' 

add a few misq^laneous Samples with the methods 

ot solution. 


many wa^ can^inen be cho8(in> 1 man being taken fronr every 
rank'?* > • ■ ' 

Since each mai^^one ranlccit^ be chosen with each man^ln another 
rankj the numbei^ifvof that can be fonSed out of two ranJ^j wlir be 9 
limes 9 o4|j^"^^anirbecause^|W^ man in a third bS tivkln, (er 


combiiiett)ry1& each^pfah^wSr the number of threes that can he 
ckdiirt from three. ranis is ^ x or 729 : again, >each in the rank f*an 
be combined ^ eadi of the 72|i^^ therefore 7l^ or^’ as S5GI 
ii the numUr or compos) tfons, of the arts wer.' , ^ 

pAnd.iftheranks^or sells) are unequal, tbe riumber of compositiens will 
M feuiijd in tlic saline n^nn^^i|et>jrl^siipp^ 5^ d^’Sp.and 9, are in 

the 5 X ^ XS X ^ (instead of 9 x9 x9 X^) 

tbe numolHP^H^Uionss 

.9. Ho^rany chaogtj^' or cnamps are tnere i^uirowjii)^ 4 

dice? 

In rach^lhk, and each combiDaHoD to b>. 1 
Fi!^ eV^'fank, theA^ihthe prelwing example, 6X6X(*X6or(i* 
hcnuihiw'MdiSieaiddhrovviior chances. 


':j{<ii4«t4hiereibfethreesett»(;f.^|fiere^ in eijfhsett»to 

is 4a0|6/|j^du^<lll^lnUe 
npther, |ii« taiMNlHloDS of the twos in one a^t^, 
X 4^^’tbeRto the «1 k^ 
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^Again, each>ipgle one in the Zd ^ can be combined wit4«^ oriM 
48 threes in tbc^tber two«'^tlralcing 48 X4 «%e com* 

binaiftMofE 8ett»tal|W'^ colweqtWhlly 4|M|t4 x 3*r*59dl!^>»8» X 4, 
via. the square of theWnolilie^ bt tMh<9 niul4flrA’lS^!'4|o ntiitilbClr'ita each 
composition, istheqntdwr. 


4, How many cha]l)ge8 can be rung with 4 belies out ^ ^ ^ 


The Cl 


$ 


8 7 

flnalions or4 inS are =:»#70, which multiplied by 

!•« iJ 4 


1 X 2 X 3 X Ihec^iMiges in hiajke IGSO the 


6m How many dlfTerent m^bers can be made out of ;in unit*^ 
8 twosg 8 threes^^nd 4 fotlrs^ figures time ? 

To solve this probleft it may be nwfis^rry \o consider the cljanges or 
alternations that cap take place in aform of this, kin^ ^bbe where there 
aie idVeratibings of ^one sortg and several ot anotlier. 

If there are three thiiigAr«(?i twoof themiftting a(^e, 
are their varit^ons ; but when all are diOcrent, as a, d, e, the permuQitionB. 
wW be 1 X 8 X 3 which is t X 8 (the b'hanges in 3 th{n||^ times greater 
the changes in ax, the vanatiuns In aac are tbcrefore'%\pnased by 


tuf, CM, ceo. 


1V2X3 , 
l x i '*'♦ 


And if dd4f ^ 4 things where three |re alike,, 
dddf, dd/d, dfdJt fddd, oi 1 X 2 X 3 (the changes' in 
than 1 X 4 the* pertn|||p|ions wl^lsll four 

^^^tly •" ^ l ^wittde^OtVthe varifttlottlt hi 

forms are Combined, it follows th^^c vaMatioi 

•vrirklrawl liw 1X2X3 X4X3 X Y 

expressed by (j x 2)^(1 x 2X ‘ . 

mutationt fai 7 thi (tiie'iiumblrof(e|lr|^|j||ie 
product (i^be respective jjhaugesi things, 

anddL 


itiona^f^p 
limes lefo 
it, conse> 





rERMUtATlOMit’ lAl^D' cpHjllNATlOKl*^ : A49, 

’■ " ■ ^■’’ ' '■ 




Ji.* 





S« 


, ••* ••• ••• ••• ••■•••I <••••■•• ■•■••» s« 

•Ae wiMtioiB ln,4i%!, oii% ^ are 4>iB I2» r r, - 

V 'l;''ii^fore5--*' x‘‘'-6 S=’ '.' ^ , ^‘'. •• 

^'.' «A ' Mwoetofcombinatjofflii,;' * * 

, ' i."f i.. 




!jj^^;«um /,y 75 t 

figures' ^Ih’S^variatioiis. .i^'-' ;" • ’ * vA' '' ' ' ' ’' 

' * ^ *Si '^b J"* \ ' ^ 

6. nu^^ made witl^t^e |me 

figures (13^3344^4) alt 

MSBiwer.; ,A. ■ ■*■ . ■' .•<;■. ■' ■ ■ it, 

it , l^.To find all the comj|iogitions intclhd numters 

that c toM'form c'd by m^s oi^9tc niiK digits, taiing them bp 

_ ^ . '|r/ ' 

.^h>g ^i4i^hg4fii^6letiii^erbfi^j^iiAib in 3 

t "'5' ■?’"'' J "' ' ■ ’^’ 

n^camplc article, the compogitioni of 2 in 

^ts 9 X m 9?, of 3 in%iree ranks is 9*. of 4 in 

» *^ 

oy naml^'(tffi^^l|igs or qn^titic^ tbfi suM of'aJtt^ 

i»’s, vtU-be'tfae 
lil^lon baVipf jT^r 

e^ <lf temw ; and thMuni 


^=i 435 » 4 l|(i| 
tomeii in irhicli 


twos, 

H • 


2 » , 

9*;% 


Kt 

Wi 
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ALGEBRA. 


The doctrine of permulatio^g, combioatlong^ 8c^ is of con* 
siderable use in several parts of the mathematic j particuHirlp in 
the calculation St aitiluities and chanc^^ 

Of NEWTiON’s BINOMIAL THEOREM. 

* 

162 . This is called the Binomial^Thforem, on account of its 
being a general formula fur readily obtaining the powers, or roots, 
of any expression consisting of two teiHs. The method of de< 
noting the coefficient admits of ^lune variation ; but: 'one of the 
most commodioas^foitns is the following : 


/ s t\« I ** — ^ i . * H— . I tt- 

zza '-rr^a 


1 


"lo . ” « — 1 w— '2 


^ flan 


i 


m 


If (a—b)* is the binomial and » is a po^tive integer, tw 8^ 4th, 6lh, 
tic. terms aip negative (lOiij. 


I^n this theorem the index n may be any numbei;;, whole or 
fractional, |)ositive or negative, and herein consists its principal 
excellence; because if li is a prope^action, wc^^in,an ap- 
proximating ^ries fur the rootW the binomial 
fractional cxpbnent. A few examp||j trill be" 
out the^metb^ 6f substitutl^i 

' 1. To find ihcTube or 3d.^power of H 



by that 
to point 


•ir- 


t' 


Herein s 3 or (S + 
tnd the coeiheientof the, 
n 11 _f-3 

T* ; 


m. 




* T* ^ ^ ^ tbp coefficient of the 3A term. 

? * jT" ?s 95 coofficicnj^ of the 4^, term* 


TheDefl»e>-h3«®“' 4+3i^>.f 

^ J*. ' 4 ■ ■ • 

beii^ 1} b the required cube. 




B I HPM'I A't> tRBOB^M. . tn 

To find an approximating series lor the aqnate root of 

x*+'l. (lOT^aw/. 3.). <; 

• ' 4* ' ■' ' 

TheUxpressiOn'-lr (**+ |)"or(*‘+l)*, ^heieaW, lae}^Mdnas|.. 
<j" as (a*)^ tz X Ihe first term. ’ i \ 

>”-?■' «rf-’x¥ d? “» 

M term, Ac* * # 


Hence*+'l ^ +-n 3 s'*- -jljj + ic. is the series require. 

9. Let it be required to convert +*^) 

into a. series.. 

, '¥■ 

r ;. T. ■?■' 

* mxi^ I ' '*■*" 

.'Here «jgh--3. And-a'^” or ^ is the first term. 

|t= — 2a'~^i 5? — T the second. ! 

i=;+3«-^J=.«;+ third. ' 

*»«, '<—2 «— 3 u . , “5%^* ♦** .U r _.L . 

,'f%^ ‘ i’»*^j7thefimrth»arc. 

“ I* +• V ^ -s: +*c- »>»«*«“ 



lawofeitfiktinuatiOAismaOT^ .' , 




V 4. ^Jro'^a^nJ ^ or (a ^ * ^ a 


•encf. 


, ■*< .■' ’ MB 


k^ '■ ’^7. 


^ «. y-v*'. 





' ' 'wi, ‘ ^ ’ 

«=— i<rr^i=- i, the , 


»■-■. '■ ■ 

^ * f; '"'■••’> • ^ » 

- n «- 1 . 1>S‘W . 

T ** -'.vri' . ;r* 

Whcnc,^^ r* -'• - 4-. +'§r «“=• • { * • 

\ ^ ,'1S- r W ''‘' ' 

S, A trinomial.- qiiadrmomial^i^&c, may be raisc^ to any 
given power by ^ridering tjo b^ttwre terms as oncfabtor, •■-• ' 

■'■ ' . "•’^' ■ ' >'' 'i' 

^hus(«,+H‘) ■(^+'4+r'T2-- 

/-* (4+ey.+ 2 . i ' 

l63^ Among the di^FTerent invtt^ktiofes .that ' 

of the preceding, thdbrethi the follbwiftg, 1>ymcan8*of the^n- 
tinned proddet ohinomial factoid, ‘ieems the most natural and 
>^eaiy when the exponent^^-d whole number : (Sirppron 
^BemoulU .Jis Cottjectmi*^.) ,»»' ^ 

Ma+ b^c;a '+ ^ &C. are a scries hfbitonilid facg^«iw"i”« 


the coefficieniirfe in tliepToduet (a + b) («^?J 

' ■* - ^'-a* . . ■ ' ' 


(tf+*)(«+c)=s<i'+j|"‘*‘*® vW 


M («+*)("+<<) 


' ■ *) .’Sfilf 

1 =a> +f j; 




^^tiiihotherqaant<><i,%'*<V ' ^ ' J- * 



BlNOM^L THKOUBM. 
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.'•f 


.A me coepic^Qi in tlieiS^ term die sum^all their products or com 

^ Tlie products combined 

« + i, a + e, (I + rf, I 
muii^^yie^e^in the (iioefilci^t of tlie alw be denoted 


fcc. the 


by«; 

<>: 

numb^ofth^«Wb^|jafl5i»j^obytwittU>«Mter%^yj^^^^ , 

(160;). 

conliisitidm thras.%yit^|^i^^ y 

NoW^pp^e, d, f, &C, to,be ot^'eqtial i; 
then>+,i) (eVc)'(«+;^ V+iO. <^ ^ + e ♦ 

(a + S),l^.= (a^iriyy^' '.,\ .;, , ’ , 


I^j^lll^'Wi^'^^beinBtheiJoihb^ 6cte«^k. 
that tte.i^iedtiifo in Uie.S* ter»?> n 

^yfCnJ'^i-riln:'''--.; 
BLn:- ■ ■ * • , ., ,. . 


i*. . 




*•** wiccdww powers of a, 

'"'“ ■"”.',i!d^..2^ + f.2=‘. , 

te^inatr^at r 4‘'1 ’ 


3 ■ '. 



ojf tili eoff* 
ifficteiitly gCQira), be- 

■ 4 * , 
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ALGEBRA, 


But we now are enabled to determine the coefficients when the 
index is a fracUon ; thus* 


Let I + i be the binomial Then (1 + ^)** = 1 5* + 

a ^ 3fi^ * * * 

' 'g ■ &Ci w being a positive irtegv't : Now if extract the 

wth root of 1 -i- nb + 5* + *&r. (m being a posi- 

o 


tiveintegei) wc evidently shall get the expansion of (I+i)” 
Thus (Art. JIO), 


111 , I ,, ft w , mw , 

1 + ub + — — b^ + b^8cc. (I H i + 

* ^ 0 ^ Qm* 


m) fii 

, , . . in’w® — ptfi^ . ^ # , , « 

1 + » 0 ^ At. (I + — A) 




&c. roe/. 


ffi) ^2 &c. nmaindcr, ► 

^ 2 nt 

+ £^5f.+i: i. fa. . 


n ' «*— wm — 3w«* 4-2w*;/,,o 

Nc.»lfe root I + 5,»+ -J„i- ‘ + SSir; — 

found by extraction, ii» e.\act)> the sm? ^ • ’""g — 


— — 1 „ T 2 

w m ih 


+ #• Tf. 

m * 


£ic« the result by the Thebrem vrith the 


fraetional index - . . ♦ ^ ' t ' « ' , 

“Or ^e mth root of l:4f\ ntayi^M «^tedia%49ine 
manner ; 



■ Thus, 


BIllOMtAL THEOREM. 


,I5S 


I 4/4 (I _ SLill ii ‘ . gw»-3 iw4.‘^ 

^ in • ’*■»/- T ...oV 

i ■; 

!-•-*'+ - 2 :— A‘ te. W (I + i.)"' 

-w ' * )n/ 

. , ! MJ JL l • 

^ j ^ j rimMftSr^ * 

[ 

1 + ^ ' • 

1 + 6 - 


6 »&t. W 


S>iw*— 3w + I 


6 wi* 


f«) 


ij a(i + i - 

?/i ' 


2 m 5 — 3 m+l 3 /: 

+ r-. 6^ rmmnder. 

()?/r 




• . ^ 

And llie root I^+ - - *’ + i;,~j « 

■ J • 

that jglven 1'licorcm with the index 

Hence it appears that the Theorem equally answers with a 
fractional index.^* 

N. B, Hi exlmcting tl\c mih root by the rul«y ArU 1 10, the powers are 
raised by incaiis of the Tiiroretpfiw being aji integer*, and we take the 
lerms^U) the root for the divisor f now w the 
/irst is t, the 6rst or left band term of^he divisor will 

be m, whicHt'^lll^mt iine^sary in makii^ the divltaon. 

And that Ih^Thcorem alsd’giva the^pow-r, or toot^^jfebcn the index 
>|Ss nrgativei-jnay be shewn ihusi^ilfce (I =s jj, if i 


^ /'0 + *) 

' ' * * H W* W * ^ 

be actually (Uvided:^p+ 6; Qr ++«6+ — ~ 6* 8lc, we gel 

i — y/| + '2li"/* 6* &c. the series chained by 

fhe-Tbea^ii^lr:l^j^tivviD(l«x. .,■# ’A '"" 

, This celebrate* Thcorm.hai b«n d^tjjiotytrated variou* 

■, ways, prf ^ i»< itt>g invegtigatio'n^^a1frac6<ww1adgjt evi^tau " 
]y defiei^s the index is an 

co^bi^ with thie ^ual method o^ extracting roots algelj^pUf 


'i 
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3T7 • too little, or less, than 

7 


= ~ the 3d, too great, but nearer thao the last. 


3 + 1 


47 


7+ I 


1 S'! , 

rp; the4r/i. too little. 

3+1 267 

7+7 

W] 

' 5 

1 07 

- ‘+r the 5//i. too great, but nearer 

3 + 1 304 

7 +1 

2+2 

' ^+i 


761 

2385 


than either of 
the preceding. 


I 


T(5 1 

= the fraction proposed. 


3 + 1 


2385 


7+J 

2+J^ 

6 + i 


1 + 1 
7 


Here we may observe that the approximations are altefiajfely too great 
and too little, but their valiiu's become nearer to the of the given 
fractioivus the numerators aijd denominators increase. We shall now give 
the method of obtaining all the other approximations or ejej^resbions by^ 
means of the two first, and tiio quotients that foljotl*: 

-•r- 

167* Letn, 5, c, See. be the quotients found in succession by 
reducing any fraction ^ to a continued fraction. 


ThCD -s: ‘ 


« + i 

i + ii_ 

3:hm 

7Tr«i«» 



CONTINUED FRACTIONS. 

And * is tlw firsl. expression or approxtinatiou i 
u 

1 tS — : — • the 'id- 

fl + 1 ! 

t ; ,r^: 

I --iLl..'— the 34 

« + ' «w + « r « 

^+J , . - 

c 

1 - ^±}±L - — tlic ith. &e. 

a ^ I uUd + ad^cd^ I ■ ^ 

t+\ 

. C -f- I 

d • ^ 


1-59 


Jlenre it appears tliat tlie 3rf. expression is found hv muliiplyinp Oie 
numerator and denominator of tlie 'id. I>\ the Ihini (pioiieiit e, ind adding 

1 tlie nuincraior of the first expression to the first of these products, 

and the dcneniiuator a to the second s 

f 

And, if the terms of I he 34 expws»ion are multiplied by the fourth quo- 
tient d, and •heprodm ts ai"/me led in the rajne manner by the terms of 
the 2d. Uie result is the 4//i. expression and so on • 


Thus, 


’;ic X ^ 4- i ^ 


I)^|f “ ” «/«+«+e 


the H, expression 


: the 4/A. 


T{uk <d> + • ‘'7Aof+"«A+ ad + cd+ 1 

* - ' *«• 


» ^ a" 


168. These expressions are convenient for finding the vulgar 
fraction answering to a recurrji 


Thus, lup^e the decimal -76923 &c. 


76923 , • 

ioOboO ~ -rvr 

* ‘ + i 




1 



Here the three ^^otieo' 
expreasion, gi 



iiese being subslhirteci 
uired fraction. 


Remarh rit is iTf^35^ws»rv the preceding 

romi.m.rediucing.i^^.£pctioh , The pro* 


cess 


onl 


^'finding the greatest 
common n^ure, formed afterwards 

by mt!a|(s.0Hhe cjuDtieDts; auWill^lowing b^ample : 

Vl60* diameter 6f a circle to its cir- 

mmferencei ilttrlyt in small j[nteg^^ numbers. 

Ifthe diameter i^l, the cffcumfilBencc will be 3*141593 nearly (^fr/, QGfi 

jileosuration) Hence the given fraction is 

1000000) 31415^3 (3 
3000Q00 4 

l4iw3V'lt)00000 {7 . 

■'00I151 ,■ 

. , ,.«8-*9) 1415S3 (tCnearly ‘ - 

•• ■• ■ 

. • • ’ 63103 •, 

' ' 5.1004 

/ ' ■ '1*^, i ' 

Th ^122222i- ' ■ ■ 

The quotient ate 4s: 7 ss-ff) and Id's e;'aoa if.'lke^o first are 

.i'^V ■■»■ 'v ■ i , 7. " 7-P‘f/ ■ , • 

lubititiitedln'the’SA'>«pre5aon>e }tave'-j-~^ that At- 

dUmedei assigned, wltiich is used for oioinfon purposes.^ ik 

v/S>-v ■ i 

■ Sy Uldng lh<^quoliWte, the ^ 


113 


a n an 


oximatioD ileaitr 


n.tlieA«qtion 


idea w 411^ fo iutve o^nhM with' 

Brounol^fyfte firs|^iir^^nt off i^O^ty. Ai^ 

f xieo^^^^l^plicatioi^si^ junce that '. 


gfwtiy .!l§|)i^ the ' 'jm M thtiu" 


ftM'AliAn /vf MAfa 


thA ft u jiil traBfa &e. 


./ A. 



|:C^RRING ^MES. 

re SO C( 
j given 


170.- RECOR^&b scHeslnre so constituted' eachJt^ioi'- 
has'a t»nstat)t Wdation^l^njie given number of |>f^ij|f|dg 
terms talccn'.always ’ ■ - 


f *: V 'f-/'' 'K' 

»,tc?a> — tetm, 

.iiiclsoon. ^ '-'i <■ 

, I ‘"i 

And the expression ex — x* iicjtllcd the stale o/nlalianof.^ 
the terms ; this^scale howevef, is sbinetimetf^ ^h^Htcd by^lhev 

coefficients onlvjlitas 2 — J the.ooefficients of -iw 

'• ' •, -v • ,.e ' V , ■ •» ' 

Again, suppose i^4-:3* ,+ , 5** are thMhrce first terms of 
series, and assuming 3 — 2+''4foi’ the'scalc ofthecoeffieie^ts, 
or 3a? — 2af* ,+ 4x’ for the scale of relat^dlff the t^s ; , - ^ 

Thcn'”3a?,j< (jat* the 35. '{3af*lbl!^. ifi®) ^ 

+ 4*’ (1 th^^lsj^ tew) ~ |3a?**the4M.’'t^oftl)«"feta: 

Also 3;: 
urm of the 



,;7b(n c3t^':s4f.‘X:^heJ-^ s. 



algebra^ 


loc 

whence it is evident that all the terms after the two first, may be 
exhibited by means of those two tji^s .and the scale ttf reb- 
tiom ' 

Now suppose it is required to find the sutn of the above series 
' continued : 

A 

Xjft 1^, B, C, kc. dehoic (he terms hx, ix^f &c. respectively s 
then A^'A ^ ' 

n 

c = ntx~Aiu(* 

D = C/x ~ Bsx^ 

B cz, Dlx Csxfl 
SlCo &c. 

here it is manifest that thesum ^ + i? + C/V- /> + /i (the first coluinu) is 
ecfiuil to both the Oliver columns added togedter ; 

Put^ + i?-*-^'+-&c.s=S;Ui0pi4.C;+/)&c. = 5— 

Tlie Stan of the ternisin culuintt js tsul 4»‘ -i* C + ft 

thea’forc the ?d. column s i^4-B h* (S^A)fxzz B Ain : 

iVnd since the series is supposed to be iufinitCi 

A^ 2?-ih C 4r fK, III thc3^.\CQ}umn will be ss S, 

therefoit the 3d!, pDluoin« or r^XA + C) sx* U sp — Ssa^ ; 

VVnd A ^ B ^Six^ Aix^r^Ssx^is the oglp’eg.iie of the second and 3d, 
eolumns^ which sum is t qnaT to the firsts 

or A + Six 

* wiicnee tlie^in of (he series iiifiiiitely.€OttUnu^. 

' v 

ft is manifest this ^presnon .' will not ‘give the sum of any 
proposed nunil^r of terms, tiecause if tbft numbea^ /ess than 
infinite^ the'Diixiib^ ^ftettus in thh 3d. eolomn wilL alu/ajfs ^ 
Jess by those in the ^irst orwcond eolhgin^ and 

8e(]qe^y A + a -\ C + .^c. in "the Sd. eotumn cannot in that 
rose'S S. ' Aiuf since >t is tnllpeesihle to find thesum of an 
infinite number of ai^^^n qtlantUies,- it follows that a ix-f 
ex* b &c. must be a^odfisergiog series, that is, » seiici wheire 



RECVRSlNeSEKlES. 


itw t^s conate^tly ditRinilh or approadi to'the limit o, which 
may b(^ considered ft!rthe|eagt or last Mrm. ■ « 

. •. X ' ' - 

V , " 

If as 1 , 5= 2,I^E,andts 1, the series a ^ (x 4 .cxs;t. 8 i^ becomes 
I + 2x + 3** + « 

4 , w< ^/5t_ I + S» — S*_ I 1 

I — tt + J** * i — 2* + «*"■ 1 — Jr)* * 

; 'fit ^ i y 

Wow expaoded by ^division, gives the proposed 

Thus 1 -.2fl|+**) I ' , (I +«X+ 3«*+ 4jc*<flcc. 

t — Cx -y i* ' 

H- 2* — ** 

+ g«— 4«»-fcg«» # 

+ 3*1 — 8*X 

+ .1** —6** + 3** 

+ 

*1- 4jc* — St* 4- 4x^ 

It therefore appears, that summing s^curring series is oidy 
discovering t(ie rddtV or' fraction front which if was, or might 
be derived, (7S ) : " > ‘ 

' . ^ \br ^ * 

, ' ' ■ '..I t. ^ . 

ThuSg Suppose Ihe series to be 4* 4* I ijr* 4* &c* where 

the scale of relation of the co^dients is I 4» 1, »fz» the coeflkieiU of any* 
term (after tbe^o 6rk))T!i the Aim of the two preceding coefBcicnts. Then 

/ ss I, and s ss,1t«1tnd thelatlerbcingpositirc^ the expression 


becomes 


1 4- 2x ^ 
i— 


S, the sum of tlie serlel infinitely continued . For 


■; ^ 4- by ectual divisions 

17S> Ihord^to 6 ^ the ^imotaoyiuimMr (njof termst of the 
aem 1+ Mil-8ff’r^^*-|-jhc*(foreEample), it is totbe (dnerVed 

thi'al the is'nv* apd Cebs^uratiy tfti iems which . 

fbllo|w,wUibe£p,4- 1)jb* +(js+ 2);«*^ *+ (« + a) **lt* + 

&c^%iieie4bat^<^ of .^tion of ^ ooefficici^ is '2 ^ l <* 
before fiherefdire enbetitatineffi 4*’Y)v and(st f 9)w n* 

* , 4* 



algebra. 


specHvdy^ for A and U in the jiexprcsaipn — nnc 
wehave^ - ‘ ‘ '• ^ 


I *— ix -f- SX- 




su(h of scries (« + I) *"+ («+ i') / ?■ ’-k 4. arf 

'■'*& ' - . ■"**' ,. .^' 

Now it isevUIrnt tliattheditJcrefjeeytheejtor^Sioiis for the two 

>iU,l^, the expression to ft^bni of «iicn»s of ffic'IcriM,* 

'tot i.' w+' 

' (i — jt)- 


whicli is tIic((xprcssioi] for t^ie suni of;j tcriiis of the series 1 + 2a -J- 

173. If tile scale of relation . of coclBcients consists of 
th^e terms f ^ J;-* then, procc^l^ as in 1 73* we get 

thfrfollowingfiexpresMpn for thffiiim otaH^’^ 4- c** '+.'&c. 
imnfint ■ 'r » ..= 

' -' -.'V 


• r» ' 

riY, 4- g + C— (4 r»- 17) 4st-^3f i«* 


sOale'ieQnsists of n'lterinA. die 


Hence it appears that whfii the sOaUfi^sists df tl 

expression will be iv. ' 4u' 'iil'' • • 


' ' ' y 


* ■ itn* ' 










i Which is a gfehfepal,Theor?i^^'f'^ejp5hm '^^^ 
oorrii^-series ; 

the tctosmayifr founds gufe^tlie 


signs w thd'scale, ofr iSlation ftp fec#^'u[>|ised* to^feiSitive, 


w -A . I 

care«iust.b^:ta|t«S» dThe^nc^a^e occhr#^ j 
if^ioa acc^rdiD|||y» 


Of>HB DIFFERENTIAL METHOjy. 


*' 

' <4 a 

''M. 


174* Tm|(u ^method of suBimihg seriej^ &c. by meusot 
the successive' differences of their terms. 

■ ‘ ,.‘:n , •- 

Let 1 7 31 84 ino. 4(>3 :,^4^ I7l6r&c; be a series of 
numbers: Tbeh't^ng.^diffe^ce of thf*^ first ^.yeo^d, of 
the s^nd and MtSi iff the third i4^|ibarth, and agidn:^e 
differences of those dtffereiu^} *0^^ on, we. shall hare the 
followbg orders of differences ■ ' " , 

■ • ' * . ,v . . 

■ J 7 28 St ' 210 4^' 021 17 IS^tc. 

Ij/. order of dilTcrences 6 3J 56 126 ‘SS9 * 462 792 

2d: order .15 . 70 120 210 330 

’3d. 'Wr. 4f 20*^'3S 56 ' ;; f 84 '•120 

415. order. . V.. 


_ . ^ __ ^ 

5VA..*prder,,*j«:,,’^jrsV...^^ 7’'/' i 


;i4 21 


36 


6iki order. 


••sf«*leaf4*****4***<^*4* ^ 

/ ' , V >1*' ’ ‘ > 

•,(' ' 'f. 

, v'-V- T<v»< . i.; s 

ig^‘4* A Of i, &C. 


1 


a series; then 




» l5/d 'order of 6fc. h 

2rf. order..k^...rt + 

3d, orderM.^v.. g*^3/^3d -c,8u:4 . 


+ (fg- 4/4- h, ^c. 


Uh, order 

5/A* ord^,. •»»..•«« 10c + 54.^ Ot itc, 

-t-A' ' ’ ' 


J^r '.. ' .' '.Cx*'i.a4' W* 


vev^^cndl|<|i 




W -D^ '■ ■ 

Vs' 

^<,-25 4-4> 




1>*“ = d— »+»— a 

if' W-S/+ iWiilV+5^'' 

4rc, WLe. 





AtOEBRA. 


Then by tnmposition we get the value* of 
»=•« + /)? 

' d ss 3r — 3A ^ J5" ' 

- /s54<f-ft+4^-'a f i 

g s if— lOrf + lOe-i 




Ara 


4i ‘ ' 

+ (because 

‘ +Z)* and a. ss tli^fore casa + Si)* + 

. ' ' ' y 

Also* since Si — n as 5 {tf + D^) 4r 

we have 3i— 3A+fl^3(a4*2Z)^-h Z)”)— 3(ii+Z>*)+fl=a4iD*+ 3/)^^ , 
whence dss‘a + 3D' + 3/)^* 4- D? 

And in like manner we get \ 

/as« + 

Hence a si a 'V^ 

; ^55 0+ 


j» i «t , 


iss« + 2D‘ + i)V 


■ ‘ ,. ' 

• - — - ; -v, ■ • j‘‘ 

(A) ds:o+3/)\:f3Z)" + 


•, y = a+ JZ)' 4> BC” . 
g =stf +ii)‘ + N)J5" + i^sp‘^+ i'-' % . 

' - •' , •>■ ./•■ ' V 

where the law of continuation is evident * •.■ ., , ,. , 

Hence it appear* that the coefficient of Ai’jO r'^ » ^ ,♦ In the 
txpi»«ini» Cor the (« + !)<*• t«™ of 'V* tfcecgjljBcients 

of a iBnomiai railed to' te ntla poi^vjte'at U, the («,f jHlp^ is 

_l , w — f , w^r «— s ftUi a* .'t?< ■)" 
a 4* riD -f Mo— 7— i)f +•♦ Tfl** V — Cw ; ; v , 

• U , H- u * ^ 'V' 


Thus, for example, if ^the htimber tenba^ ii jEr 5, . Ac 

. / •! infill ■ 5 t 1^— - 

(«•*- l)iA. term is a4*5i> — ;/) +3. * - a ■* ^ ^ 


or 

&c. 


'■V,;-'f 


or 0 + 3i>’ + toi>“ the value of* the 
Thettfim substituting n IforUhthditlh. tenrof'^ieriesa/lkCt&Oi 
will be ' ' ' ' jf.*’ ; 

' ' M— I « — g 0-^3'VHl . .,1 

0 + (n — I) Z> +/——*,* —r'-|||^ + — ® ■;+*rc. 
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. > 


iTOi 'A'geilDral ^pressioti for the sum of any number (ft) of 
the terms of the series,^ is readily obtained from tl>^ aggr^te 
sum of the perpendicular columns as they stand in tlie exptes* 
sions (A) : 




■ 


Thus,thecaefficieiito in the columns a, a, &c. SD\ 3D\ &c. 
are the several ordetijieilfigtifiite mrmbm (141 ) : 

, V [ ' / , ' ‘ 

Now the lum of a + a 4 - &c/io n terms M fm : 

of 32)^4* ftibd to fi'««<Pil terms (144) ^ 

of D”+3i)”+6D'*^itC- to«-^9termtist4a^7-.2!^ i)**: 

.fr • \ V. ■ 

of D 4-40 +100 4 -«c,to«— 3term»U«.— — O : 

Itc. ■ . See. ’ 

And the aggregate must be the sum of « terms of the scries fi-t-A+c4- SceJ 
viz. «;f +«; 2:^‘ D*i . 

«-3 ijiii I «— 3 >t— 4 -IV , . 

, ‘f' ^ 

\^en ihe'ifiiT^i&iC^afe finally. =: O. any term, or the sum 
of any number.^^elinn)l may be ai^rately determined : but 
if the the result is only anapproxi« 

mattoh:*thiS apprag^^ value' however, will become nearer 
and nearer |he trutH* w -i^ difierences dimio ish. 


' .si' . 


-ff . 


(7 ' 



series 'i; 3, 6, 10, 15, &c.I 


t<;.' ;-9j'6 IQ 15 

4 ?56, . 

V . .V j/f 




Herl 4 = 5 !*^ 38 ^ W* sa I ; tliCse being wibseltolc^ in the expression 

4) 0*4* ^* &0# give 1' 4- ( — • ■) x * + 

n-*l . n^ + n /_i__ „ _ n'-h'T ,..1 

— ^)4" ^ r^4(;l 35 -7j — = 5 : (wncft n — li) — -j— 

tem^requiredw ' 



-• iAMJEWi; 


S.^To find tKe nth, terirf of the series i 
i W‘4,. 5 X 6, 7 X 8i '9 I0,/&C. *** 




].'49fe 


y h 30. 56 
’ 10 .;, !8 26 
. 8 ' •■ 

^ 'O' ••‘V •,, 


iai 2 * (4^^ X liJ^V ^ X«= 4 >^»*t)ie required lew*. 
3. find ^ n'^fms ^iie.sefiefi of cnbes l ’ + 2* 

i- • -i.. .-j ' 


. . 

' * .'"a^ 


s' '27;<' 

db. diff.:..::::.. ^ 

1.0 S7 




« 6 

m ■•'««'* 

. ( »' 0 » 




Jaihifi ^ s=^W*1sf%, IMHaf 6 ; 




,c *«m reqSk. ^ .f T 

> .'if" ■ -■' ' * 

Hence it appears^ that;J^^r%^^ any ^er^^of 
;ries of cidlei l^Ji- .2*' Hr 3^ + frp'pi 


,19 a ^gw^reliumper/ 

■■'^1 -Vi''.. '.' 

4> ' Wbc^ the dc 

in^tcly f9tt7ii^ iOwirj^tn^iif^ 

ralts, lp*-#V rfe»!r+ " 


ell^her, '• ''^.'-0:"\ 

(i^it 


i ;v h diff,.:,. ♦ ..2iw<ii#sm V ■ 

♦. diff. S 2* '24 ;jf 



ntiftp • Ti#t MElrnbo. * 10® 

Hi ' ' 

- — ... . -i iiQdt'Z^'st 4- 9T4, i)«« » — ?(», DW e 

+24,<ifBf«. ^•■": '"•**■ i ... ^ ■' 

#And W -)00 X 8 —^ 925 ^ 4394.^5 X974^i^-7bx8C* + 56 ><g#«=3531C 
the sum required, .ijj, • * , • ,-., ; ■ 

And in the.B^c manner, the sumS’ of stties 'of higher power* 
may be determined!.’ - 


177. Hence we^find. 


'?V 


t‘ + 2« + 3* ,n‘ ., , , . 

. 1* 4. 9* H • V,- . • 

11 4 / 914 . 3*.......^i = .2l+.*5L±»*j;s 'V- 

14 + 2* +34 .«4 

\>v. 

If^'supp^ W'^.'be its ii^eVior [ipiijrs 'may be 

rgected as inew«dei||^ ;tn '^rtf^f ihe greatest or highest 
^wer,-^C8U|^i^y i;K 5 ^^^^ infinite quantity wTthe^jext in- 
ferior 'ffo'i^ei' talcen^ alii' li^iftte number. of .times, ^nd we shall 
^t an expression ‘tof l1|;e^/i&t0i 'of an iufinite series of pdwers 
vhoae topts aif^ afl^ii^^ pro^dion, having >9^ infinite 
>r indefini^y;ininirq|i|^fH^ comiitbn diifeituce ; ’ 

Jhus, M jtttjig.Ew* +n in.dW^pr^ion for th«.sa|ii of a series of 

ptoccetl- 

4^'^* gteatertteriikoi 


^’®****' "TT i>*»t«Bt is *1- 
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Heoce it apprars that the expression for the sum is, found hy adding i u> 
the indexi and dividing liie power so increased b\ its^index ; 


I Thus, the of the scries of squares is “ 


. ,/3 ^ ! 




rn ' 

of the series of cubes — or ;; 

•> 3-^-1 

of the biqiiadr^...' - or 




'&C. 


We therefore conclude tliat the sum of an infinite seilrs of a'’ powers will 


4 : 


he ** greatest,' And 0 the least Icnus of the series. 

The differential method is also npplicd to the interpolation of 
series, the quadrature of curves^ &c. •' 

^ Or THE REVERSION of SERIES. 

"s’"’" ' 

* value <*f the, i^t' or unktiowii quantity iu 

the terms \>f In infi/o^itc series Is expressed by another infinite 
series m which that toot,'^ is not found, 'the series is said to be 
Reversed. ' i ' 

Thus, stippw a, and let itbe required 

to revert the scries, or to in an in^to series expressed in powers of 
« with eoeiTicients. , ' ^ 

By transposition, ay + Jy > ^(c. — x Us O'. 

Assume .v==’a#*+ it*' 

Then y' = (,i* Sit'.)* s*:'>x« + Sec, 

And ay ^4- al^'Scfm ‘ ■ '■•■’S’' 

+ ^* = .r-r: 

' "I* — ^i^-* + ^ T. J, 

+ 4' = y ,, 


•*» » =r — * 




f'. i)x,4- (i4i> + + (uL i- W‘MO + c^4t t " X 

+ (u/) o'ai^Jx^ ftc. i 


iwwia* 
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Now tb^TRun + cy* ■+■ «/>•» «ce.— » ss 0 (or equal to 0)} but 

to niak^tlii* wliolc expression — 6, llie cojcIBclcntS.of x alk^Ut power* mutt 
Danish, or eaclj butoiloe as 0; ■ 


tliat is, 0 ; wli^nce ^ =*;;• 

M® 

a/? 4 -W»ss 0 ; whence 

^ SbJB , 

«C + 2Mll+fe(**=0; whence Csa.— - * - 7 *" ■Jj"* 

‘ A-;' ■ ^wv^ ' 

* J-;, Sriter-Si*— a*< 

^ aD + llAC-^bm + 3«w*il + rf/f* s= 0 ; and i>SP ■— *- 5 } 

Theretorc yss- *--,«»+ “ST" * ~ 

To revert t^e scries y + 5 ^* &c = a 

Here o =a 1. 4a?='i. «*?*,*. < til,*, /as i» itc. thttlf |ei^ i^^uted i 
the jibove sejri«, we have . ‘ 

Thblaw ortwiiltcries fi)r tbe.yahie of y la not, perhapt, sufliciently evi 
‘ dent from the coeflWjpl* 1 . 4 . i* /j J by catenrfiug the power* « 

{Ax + £*»-•- CV + beCft to anoUrtt t^m, we get £»+ xie '•“* 

eflicient of the 5/Ao term j v 

henqj! y ss x —• ^x? •¥. SJa* ~ i^x* 4* xie** 

,'..r ' r 

It tlv^ibfe ^pean^^^t the coeflWent' of tfii . wth. term 19 tlieproduc 
i 'X-' i X \ X '7 &c.i^B]^o^ j6»«'fa4tbni,l|i(tto 

t 5s 3 • » '1 'h\'J ^ . .d •>• . ’ '■ 

,s»' ■ ■■'i^ •■•'"'f 

♦if the ii;.y — |y* +.j|^ — + {j>» &o. = x. 

■• di±-^h 




11 ^ it 18 required to revert the seriei ay ^by + ejf 

+ dy\ &c. 
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then 

' Aswraejg^ A + ^i? ^ C*> + .Djf» «fc.?^;'' ' ■ ’ T, 

Then ?+ aC"*‘.j4-«ite^ sie.* V 

+ W»*» +»4»«*‘ + ^ 

• ■‘•'W-C ' ‘.'"•*rMijlR**1Sif 


e>*a! 


± ibAB^xiSa. } 


— OfSS-^X'T ' ‘ 


Now 0, :^Jn tlie ^re^ediog article, we have 

*. =? 6,* whence ^=s i: ^'..^ "*' j ‘ ‘ .. ' 




xB-^hA^ =2 0, whience ^5 = — 

aC + 3bA^i^» — • 

‘ f ‘ **“. ^ i*'* ^ "''Ife’* i<<» 

■■ V *.= 




To revert ^ series 


-T. v', . ' ''iT • ’^'4^*^ 

, ‘ t;**'- Tb 

3 .-'A' 


Here • » I, i sas^, c a= ^ wjl*^i';'dl,<|jAy te 
• .4: ^ly.. t 

the coeffici(‘nt;Af^ W 


HC> CV^llVIClIi ui A" 

;i«eontoi»^|wodi^^9(j»ct47^ 5 ^.hl^ 

' K/ * — * ^ . 


•'t.' 

ed to as tnaD^£ 
tbi||;» the continued 
the efficient of^^: 


9* Jevsso^ 







17s 




,Jf,* 


are 


•.WbaAVriil^^ri^v^n in the Ust j^n Articles respecting 
may M^e 4ii Asttintroduv^ion. ttAhp study of t^^ PArticular - 
branches of the tti%at>, vrhiob.M oWof' th^«^i|flif>us And 
intricate in the scj^cc of Alg^w.^^: .. 

Cfp 

. '^•" .4 . -. ■'■.|i^#., • I*'* 

tso. An £qus|}^|^^|.r^^ye^|;P^hy t 

units in the hi^esf'|||^easi^ork|^ua^d^'^an^^... ^ 

TbuSj if *■ =*a*, x%‘^ havf two may 

be either Vtf,^or -o/V'-f J - ' . 

- S:i- , -r^;, ' ■ , , 

Let X* — (a+b -jf^x'+iab + ac + ic) j = o6c, 

^abc =0 

be a eii|bie- A$^%^geiera|i^£hy:^a|eo[e^ C* ~*‘o) 

b) X ^0- ', - i' ^ L \ . 

l^en it4!'^idi^>^^^%^^ to >q, ibj'^rc, for if 
itber cf th^«|^|^^iE^|^u|is^taj^^^t^/ttie whojif expression 
..III JJ:i.’.-u j: *^' ij^uation mustjjbave three 


will 

roofl/'^ there' 

■^iUusqate^ttoinMi 
tionWooMa^:^ iMS^yi^Vo, 


a 3, c s sl^iben :^e equa> 

r ..*1 ^ '“i; 




. . I' 



second term 


^ tK sum of their products 
SS^X 3 + 9:^5 + 3’'"x bi ' ■ "■ 

And UiiSi'l^ term their continued t>rodact, 9 X3 X 3> 
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181. If ( 0 ? + fl) X (X h h) X {X f r) =: 0, or + (a + h 
+ c)x* + (aj|. + ac 4- ic) X -I a^c z: 0 be equation, 
then the tliree^oots will rvidently be nejjafive, 
that is, x^ z: — jf n ;r — — c* 

Hence also, 

if (a: F a) X f;r— i) X (jif—c)rO, the three rootsare— a, + b, I c: 
and (jr f oj x (.r+ 4) / (jt— c):lO, its roots arc -a,— 6, f o 
&c. &c. 

It therefore appears that cidic equaltwis may, have all the 
roots positive, or all negativV, or two may be negative and one 
positive, or two may be positive and one negative. 

1 82. When one of the roots is discovered, the others may be 
found by depressing the equation, tims, 

Let — (<1-4“ 4 + c) *- + (ijd ic) e — aAc ss 0, 

or X (»'— A) X c) s: 0, b'i the t^piatioh, (182), 

/ * X 

and suppose + ais found to be one of the roots or values of x; subtract 
this from x and wc liave j then if the whole equatioDi or (x •— a) X 
(x— A) X (x— c) =r 0 bctiivided by x— «, the quotient Is (x*^4) X (x— t) 
■jsz 0, or X*— « c;r + Ac: s: 0, a quadraticcquation which will give the 

other two roots. . . 

If the root first discovered is negative (suppose — a for ex- 
ample), then subtracting — a from x, the divisor becomes ac + a 
instead of X — a. /' 

> - . . . '' ' ^ A 

To exemplify this in numbers: Lejttlic^uationbea^—- lOx^ + OlxasSO, 
or 1 (U ' + 3 1 1 — 30 =: 0 ; unu suppose 4* 2 is found to be one of the 

roots ; subtract Uiib fro^ x, and we have x -4^ the divisor,: \ 

X— 2) — lOa* + 31x 30*(x*— 8x + 15 x^qued^ratin, ' 
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fhercforc a:® — + 15=0, wlicnce *- — 8* =—15, and ;( as 4 rh 1 = 5 

and 3 ollner two roots. 

Again, if 4 . — Q3x = (50, or — 33jr K- ss 0 l>e the equa- 

tion, and — 3 one of the roots ; then jc + 3 is Uie '* 'Nisor,; 

*+ 3)ap^+ — 'JJa- — t)0 (a* — ;c— 20, z 'qui^atic, 

+ 3 a ^ 

— a‘.— C 3 s 


• — JO* — 60 . ' */ 

. ^.*,20*— 60 ■ 

mm. i 

0 

And at* — * — 20 = 0, or — jt =: 20, whence * ss’ J db 4| ss H- 5 and 

4 th'e otiier two roots. ‘ ^ ' 

« 

183. To take away. the second ienn from an Equation. 

Suppose x* + 2ax = i, where x w^the unknown quantity ; 
anti let 2 — a x: xi ^ 

Then (z — a/-4-2fl(z--a) =r z* — 2as-|d** + 2az — 2n*=: 

s* — =: 6^ or z* = b •+■ o’, a simple quadratic hi which z is 

the^tiiiknowii quantity. Now z = -4- a*), and r — a :z 

y'(A + o’) a = X, the same valtie of x as is found by com. 
pkting the square in the given equation x^ I 2ax = 1. 

Again, if at’ I- 3rt.T* = then putting r — o i= ;r, we have 
(z— fl)’-4-3a (2 — uf xz bi 

/(a — at* — 302* 4- S'*"** ~ o* 

30 [z — a)* z: '■ 4- 3<f2* ■— 6a’z 3a ’ 

30*2 4. 2o ’ ~ b 

an equation' in .Which a* the' second power of the unknown 

qusmtaty'z is waiting. ' ' 

'■ ■' \ ■ - ^ * • 

-i? ' ' ' V ■ * 

And.tf the eqt^a^pn was a:* 4- 4ix*’ = the tissunipd value 

of A(,wiJJ be2f — a-ifl^g therefore divide the corj/icient of the' 
second teroi ecptalion by jlhe inltex of the hiyhcU power 

of the unknown cjuantity, and the quotient is thu second 
member qf^ the afkumed root; but when the second term in llse 
equation is negative, that quotient musi be positive. 

m 



176 


ALCEBKA 


Thus, if 2a* =* 

St* — 3fl*“ = b 
4ax* s & 


^thcn z + a 


Li't the pn^||<pcd equation be ** — 1 2*- + 3* f 2 : 

Then 12 (the coefl^cient of tlie second term) divided liy 3 (the index of 
the highest power of*) gives 4 i therefore assume s + 4 ^ *s 

then (. + 4)* = *».t +'«-'+ W 

— 12 (* +.4)* ■ — lSz=‘^fte*— »»2 ! ‘ ^ 

3 (*>f^4) = tVi - f 

jS ' >_.4S8— 116 = — 72. an equation 


■where z\- w Ihe term is wanting. . ^ 

184. In a liii^ple cubic equation wllen one root Is rational, 
the other two are imaginary or impossible; 

Thus, if*’ = 1, or*’ — 1 =;0» then* = 1 the rational root: 

To find the other rootsi ^e liavc *,— 1 for the diwsor (182) j 
wlicncc *’ +* + 1 .a-^/wdrnftc etputtim : 

And*’4-*+ 1 = 0, or** 5 b*=*— I. and completing the squanp, 

we have *’+« + * = — t .+ i s? - i> wliWpc * + t'C- i)*^"** 
jf— ^(_.s) — j one of the impossible roots# 4 ' 

But — *— i isahotlieiqoaee«)ot'‘of5(’.4^»;%.l. 

whence-*-! = ✓(-•'l).;or*=- 

Therefore the three values ofx.^oT the three cube roots of 1, are 1, 

r__ J) — and — t/ ( - J) — i* 




Here follows the operation of cqWnglfecilasf of the precejjing rooU: 




1 fT 




‘ M*'' 


4- ij + } — ; I the cw^i?. 

And'in the same manner it may be shown that the cube of the other 
imaginary root ia also =5^ * ^ ^ 
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Cardan’s method of solving Cubic Elutions. 


185. If the equation contains ail the terms with cot fficients, 
the whole equation must be divided by the coefficient of the 
highest power of the unknown quantity^ and (he second term 
taken away ^183),, i ^ill then be reduced to this form + ax 
= ± *• 


Lft lh(* cefuation b<* ax 2:z 6; and puty + 2 = 


Then + 2) = ^3 + 3j/*2 + .Tyj * 4- .’4- 4- i‘3z 

I.cl 3^2 = — /r which substituted for 3^2 

llu'ii 7/* -f 2* 4- 3^2 + r) 4 fl + ; ) = 5 

becomes ^^4-2* — «(> -l-2)=?y*+s^=:^' 


And since 3uz = — <1. we have 2 s: :~7 and 2’ = . which put for 

^ 3y 

in tile equation ^ gives ^ j ss 5 , whence = 

, if ■ ■ 

an ecpiation of the quadratic form : and by completing the square we 
g(t^’==i5dtv'(;i«5 + i/y*),and|r = (i5±:t/(j^rt + 


And since 4 -s — ^ f)- ^3 js rr A — ^3^ 

tiutis, = + ;.'»)) 

• or** ~iiq:|/(-y«3:t. .A») 

whence * = (“•«* + -1*'))^ , 

therefore 

t (=y+;r)=s (iA±'t/(2l,4»-K|4*))4 


This inetho<l of cubic equations attributed to Cm dan was UiicovWMl, it 
seems, by Mpi^Fcrreus, aiitl AVc* Tcirtalea, All three were Urflian nia- 
thrmaticians who flourished rather early in the \ Qih century. 
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Oilier 

1. To find X in ihc equation :\r + + 0,v 12C1. 

Divu'i; the whole cjuation b\ 3 tl.e ci-i lii'. vnl (ii ioi.l «c h..sp 

;’ + a*+2*=S7. 

Next, to take awy tlie Qd. <crin •(:; i ’), let — j or 2 - 2 = * ; ( I i'^'i • 

tlien — ■’)’ s= — 'i-‘ + ■ -- 8 ; 

(;(2-'.V= ' 4(i.’-0!24-2t 

•,--i;(s-2)= 

« - I- I '.’ 5= W, or — 10: = 


lIcK-tf- — 10, and /' =: 7.7, I'l.sc v.ilin-. hei..L' •.ubblituleJ in tlici.!f. 
iieral exjui-^'.ioii give 

0‘M». \t 

or (,:7; ’ +(071, =P y( ~ ? 

>nIh‘ic bilh ihe i < r both thf* lowi r b'uib ina} be taken in all ca^cs, 
ihtMX'foic lTtuillin^M ho former, \w' Iwv ■> , 

or ■f207 ^ '71)3 = 5 = : 

Iv'ow r — 2 = X, wilt nec « s: 3 the value of x in the given equation. 

9. Ltt the equation be x' + 8* = „ — 309. to find r. 

' ij, . , - 

Here <j = + 8, and b =:;-- 1?95 whence, l>y substitution 

= (-r,1991-V398l9^-)T^ 0'3G 

— 7*3() =: — 7 the roSt, or |jiluc of 2 . ' 

■ The othci two roots may tic lUund as in 184, thus «*+**+ 399 =0, 
- z= a«— 7*+ 57 = 0, this qcadiiitic gives » = 3J ± 

2+ 7 

44 }); thereSste Iwth ace imaginary o. inipossibkt 
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ir,6. When u is negative, and less than -sV®*; (18-5', the 
solution bv Cardan’s rule cannot gcncrallv be obtained, because 
the (|iianilty ( — ^ Ijecoincs negative, anil consc- 

liuciuly its square root impi.ssiLle. This is called Ac irreduci* 
lie ease: Thus, let the equation be — 14i’= B; then 
— 14 ~ a, 8 n. ; these being substilutcci in the general 

expression, we get [S I- (— b j J* 

[‘2 “ iV ' T)'] * t 

is negative, and tlierefcire its square root impossible. ' ‘III thla 
example however, the value of .r is rational ; for 2 + / — f ■'* 

the cube root of ^ b -H ^ ^ ' ; and « — ^ | the 

cube root of the other expression; and their sum t 2 1 J 

\ 2 — \/ — I = 4 1 - a, where the two ti^galivc quaiuities 
destroy each other ; but no general rule has been discovered for 
extracting roots of this kind. 

Blit' when the equation has a rational root, its value may 
readily be discovered in the following manner : 


Let the ctjualion be — 'ax z= h ; jmt ir s= - ; llirn J — 




now \\lien llu* coertieient is reduced to its loui^t t«Tins, the v;ilue of z 

will be <'(|U4l to the cube root of the miin»*ruU>r diviiled by one of ilie roots 
or tat l()!s in file ^ dt\.« 'll nalor, (i beiuf;Hlwa3s t onsideieil as one of the 
factors): Thus, let — Wxzz w jjien ass lJ, ^ = IJ-, 

and z’ — j, z= 2 = 


443 


Ml 

35^ «'3“’ 


‘‘=" 

ior or t*' - !♦ X ' ^ ~ *** 

Si*” 33 3j* A a. 35* Xy ” 3.r3xl» ' 

• ' 


V . 


Again, suppose ** - ‘^xzz jlj-g; then o = -i, i and • 

, I6J IP* , I'J* . '«* , 16 

* - 3^7-717* = Fin? 33 X ij> + • 
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(w'l nee a' = i); for 
* 


16 * 16 ’ _ 16*(16 + 5 )_ 5 . 

aT ^ 3=*X i9"^3'-X 15^“ 3*X 18 3* 


hengo it appear*;, tftat in one case, when the difference between the root 
of the numeratoi;' and one of the roots in the denominator, and in the 
other case when their bum, is equal to;the other factor in the denominator, 
those two roots will (orin the fractional value of z : thus 44 — 33 = 8 in 
the lbrmur example ; and 16 + 3 = 19 in the latter* 


Examp, 3, Suppose X* 

* — — 4 


14x = 8;^ then if cs 14, ^ = 8, and 2 * — 

'7? 7 

- = y ; fof 7 + 1 =s 8 ; whence 


Exdtnp, 4. Let + 8jf = — 399 ; here if = S, ^ = 399, 2 * + ^^2 

lr‘ 

•p = • T95ir5i.x“7»* = - 

tbo roots 19, 3, 7| isikivn, nciilMsr tKc sum, nor difference of that root 

* '^xr . . -’• * s’* 

and 8 is etiiiai to the +m‘aininir factor: but . = 


* » ax ‘ 8* 

and 8 is c<iual to the remaining factor; but x a"* X 7* ~ 67* x ' ' T - * 

and wo haxe 57 — 8 s 49| therefore z ^ 

f '» 


s^— and » s=— 7. 


tf* 

Hence it is evident, that when — is resolved into its couipoueut factoTSf 

we can easily determine if the equation has a rational root Let .f. lojf 

= 4; then 2 * + -2 = js ^ 15 + < = 4*, but it should 

be the difference of 1 j and one of the otfier roots (not Ute sum in ibis case) 
to give z rational, therefore x has np rational value. 


It may be nmiarked in Cardan’s method, tliat w&| assume an impossi* 
bility in the irreducible vase : thus in the cquatiop x* — 8x = 3, we sup. 
pose 32^ sz 8 ; now 2 + ^2=x=^but3 cannot be divided into, two parts 
such ihui 3 limes their product |haU* be = 8* 


167 < Sometimes the met^do^ solving, aa equati^ may be 
discovered by the addition^ or sublr^ctionj of a ^iv^ quantity ; 

Thus, suppose -j. 6a;« + i?« = 504, where it appears, that if 8 be addfd 
t# each side of t,^e ^uatippi^ the sums will complete cubes: 
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Ht 


**+ 6*»+ 12* + 8 = 512 

wiience « + 2 = 8, and x asR. 


Again, if** — 12«*+48x= 100, tb^by fubtracUng64|^Uiecubeof'^j| 

we have** — 12** +^8* — 6'4< = 36, and taking the cube loots^ x — 4 s36^ 

1 • 

or jr = 4 + 36-j. 


The RESOliUTION of EQUATIONS by 
APPROXIMATION. 


188. The preceding methods of soluUon are restricted to 
particular cases which seldom occur in practice* We shall 
therefore proceed to the resolution of equations by approxima* 
tion : And for this purpose the rule of Qouble Position or Trial 
and Error (Arit)i^ 109«) seents the most general ajod expeditious 
of any. ^ . v . ' 

^ \ Examples. , 

1. To find m in the cubic equation or’ + a?* 5oo^ 


From a trial or two it appears lliat the value of x is between 7 and 83 
therefore let those two numbers be the first assumptions; 


then 7* = 343 
" 7»= 4^1 

.500 

frror.7\p.8, loo lilila. 


8^=51^ 

8*p 64 

5^»0 

errors 76^ too grecU 
108 

of errors s y 


108 X 8 = 

16X1 = 532 
184} 1396 

^otient nevfy approidwatioa. 


411 
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• TC,^ =s 4.'38*976 
7 ' 6 *=. 

« 4; ^ 7J6 

500 

loo Ulile it therefore ^n^pears that tfit Talue of X is greater 

than^*6 * 

No.v let T*0'1 and T*<n bj tin* two supjiositions : 

then 7 6!3 = 1 o-': » ^08l - •H?*4 j0728 

\ ^ 4 LT 3 T?i ’ i j • 

. 500 

ern/r Tir esiH too//7//e. error too greuii 

^ " J ‘3768 1# X 7 = 1 0‘'M !3o078 

1*37^8 19 ■ '515178 X 7*nl = J*970IC40S 

0*515 178 

sum T8^>47 l-8gt9t7) 1-1- HU.s isc sum 

((uoticiit 7 -li 1 7 second approxima- 

tioUf which is the value of x nearly. 

2. Let the equation be a?’ — 50J?* + 9x =s —*4103;^ to 
find X ? 

* « * * 

By a lew frial.-! * is found to be greater than'IO but IcsS than 1 1 ; now 

assuming these numbers, then ' “ 


10’ sa 1000 

ns=a 1331 

10 as 30 

3X11 sa 33 

+ 1030 

, + 136* 

5000 

40 X 11* as — 6050 

—•1970 

.. -»4686 

-4io;^; 

— 4to3 


error *33 iootiUle. 

.583 
sum 716 


error 58 S too grtatt^ 

, 4 ' 


10 X 583 |j|j^ 30 ^ 

11 X 133 as 1463 ^ 

716 ) 7293 sum 

qwotilnt nearly i0*2 tot approximation* 
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Now assume » =: 10'3 a^ain, suppose a as I0‘ 18 

1«- ''!'•= 1 0j4‘!!^7S82 ' 

3X 1 • .<’ =. 

+ li'':,‘5!7(('52 
50X I0»18'*=v ilP'-fl? 

— 4< ■ I 

— n 


10*2*= in6i-?og 
3X 10'2 sa 30-6 
+ insiidT 
50X10*2^— S20* 


— 41I()-I92. 
-4103 


error 


.VVJ'I (0«aT<B/. 
6'8J'’fS12 


error . <)*8»7 '32 too little. 


sum 14'039832 


* 

■i 


/*■ 






JO^ X' 807832 s="0 337S864 
» ' 10*lbX7-19'; . =7J-?1(5(; •« 

, ;4-089832) 

<juolient m‘arly 10-19 second iipproxiination,*'’-' 
which is very nearly the valui‘ of *. ^ 

i- 

To find the other -I wo roots we have x — the divisor (182) 

and — 50i* + 3»,..+ ill 03 + 0, the dioidend •/' , ' 


tlien 


j — 3x + (; 

^ JC3 - 10 


' ^ 

[x’^ — 39.8 U — 402:C639 a quadratic. ^ ' 


-:-39*»lA*+3x ■ . , 

r’ — . j*Cf)3Pjc ^(r 


/1 02T»n’..Oji4-4 (1^3 14.5141 


liy this opcralior^he karncT will pmeive that the true vnUif of x is 

somewhat less than 10^9^ the error in the wlioie eciuatioiiihning the dcci- 

0 

mal •113J41, “ ■* > 

Kow — 402-^639 «l|0, whence jf* — S.O-gU = 402'Ct539f 

and by cumpleLing^jilii^uarei iJcc. xzz. I9’9p3 j|t28*CG4:u =48 JG934, ' 
and ^ ^8^35934 ’^c "btfaer two rooitk Tiie^orc tne ccpial.t/ii has three 
possibleiogts^ two positive^ and one^iicgaiive. 

^And the stun of the thn*e roots, 10’i9 48*10934 — 8*35934 ss 50 tlic 

jCoefilcieirvli^ the secoiid term, (fto), 

' ‘ 4 - 

3. To&4 * in tb« biquadratic equation #♦ — lOJif^ + loar* * * 
— 70* sfci2670 } 
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^ The value of* X appeart to be between Ij and IG, Ihercfore assuming 
those numbers, we shall have 

15* =5 502fi5 10X15’ = 33750 

100X15*35 22500 70X15 = 1050 

+ 73 125 ' — 3iw 

34!IOO 

38325 

'12u7<; 

error 433 1 too /////t , 

164= 0553(5 IOXIo-'= 

lOOX 1 6- = 1?5000 To X 1 0 = 1 1 ‘JO 

-hOmo ^ — jjus'; 

— 420SO 

490:)0 

4g67G h;xiJ31 rsoMGlt. 

error 6380 too greai^ 1 5 X o3S0 957 00 

4351 sum 16531.; 

sum 10731 

sr 15«4 the first approximalion for the value of x; now let this 
4 be assuincd : 


I5-4‘» = 56241'865G lOX I5«43 == 36 j22-61 

100X15*4 = 23716 TOX 15*4 = 1078 

79960'8656 •— 37600*61 

— 37600-64 
42360^256 
42676 


error 315*7744 ioo HUl$ ^ 

error 4351....... too Uule, hy assinmug x =s 15 as before. 

Hiff. of errors ... 4035*2256 
15 X 315*7744 =: 4736*616 
45*4 X 4351 = 67005-4 


diff. of products 62268*784 M^nce . , ^ = 15-43 the second 

|^j)proximatioii| which is the value of x nearly. 

^ To depress the equation in order to approximate tlic other roots, the 
divisor is « — 15*43 ; 
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*— 1 100*»— 70*-42C76ss0(*»+j-43*»+ 1837849j(+«7eil 

*<— I5*43jr» 


+ 3*43** -I- 1 00** 

+ 5 43**— R3-7849** 

ipTsirTsTii**— 70* t 

' + 183*78 JO** — 2835-801007* 

+ 2763-801U07*— 42676 
-4- •:765*801007*— 42676*3 Sic, 


0 


Now i;3+3*43**+ 183*7843* + 2765*8=s0, or **+S*43*»+183*7849*=: 

' — 2765*8 where * iscvkiently negative; and from a few trialt its value ap- 
pears to be a little, greater than 1 1 ; if therefore — 1 1*1 and — 11*2 are 
made th^ first sii^positions, t.vo o|M;ratioi)s will bring out *= — IT 163 
one of the roots. Conrequcnlly *+ ll-fcj is the divisor fur depressing 
tiie cubic to a ipiudratic equation i 


llencc 


» 


**+.7-13**-H83*78l!)j+2763*S 


* + 1 1*163 


** —5*733* •+■ 247*782379=0, 


' or**— 5-733*=s — 247*782379, whence *=2*8665 ±v^{— 239*56 &c.) 
which values are both impossible or imaginary, equation therefore, 

has a positive, a negative, and two impossible roots. , 

+ 15*43 , 

— 11*163 •!) 

+ 2*8665 + ^(—239*56 «fc.), ' 

+ 2*8665 — V(- ^39*5(f &<*,), 

10*00110 sum of roots, equal t8 the coefli- 

cient of tlie second term, in the given e(|iiation. 


4. Let the proposed equation be (7*’ h 41*)'’'+ (20a^ — loa)* 
= 28 ; to find the value of a ? 

^ V _ _ 

f 

By trial x is found ^ between 4 and 5, therefore let those mimhcrs be 
the first suppositions i ^ 

'(20 54«— ‘lQX4)* s= ifi-73 
24*73 
S& 


,r;' 


' (7 X 5* V 4 X 5*)^ = 9.S 1 6 
(20 X5'»— 10X5)^ = 21*213 


3I‘I29 

PS 


error too IMc 3*27 


VOLp II. 




mror ioo great 
sum 
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4X:3'r.»9 =: IC-3ia 
5xy'j7 = 

sum of produils ^s-hm*; 

!»• )v:* 


4*3 lliL* lirst a])i)ru\iniiili<in. 


Next, assuiniiig* = 4*5 aiicl Iv^l, a.lul rcjM-iiiuir the o|HM.iiioii. we gi*^ 
4*311, 4*5107, 4*jl0G(» (he siicccvriM* \aIucN of tin* hist h' liig a very 
near approximation. 


N.B. In resolving these complex equations, the student slioiild 
make use of logarithms for rai>ing powers and extracting roots. 
Otherwise he will find the operation extremely tedious. 


189. Logarithms are also peculiarly adapted to the resolution 
of exponential equations. We shall subjoin a few examples. 

I. Suppose 3^ z: 19683; to find a ? ► 


It is 1 ‘viihMit from Anlh. m7. IS7, that (he Ing, of :> muitiplied b|f the 
cxpoueiil X gives the iofi\ ol iy(;83 ; 

that is a X of 3 = tf»g> of IPGS.T, 

.1 f of IfKiS.'j 1 :\o;opl 

therefore »= - , =■• 3 the value of*: for 

,, hg. o( J 0 1 4 < i'Jl 

V=i iy(;83. 


2. To find X in the equation 24^= 44620 ? 


—:,>3C,S~0C> Sir. This vahieof * liow- 

ever, is too great; the error aiisos. in consefjuenre of using logarithms to 6 
places of decimals onh ; (or the result by log'iritKms to 10 places wi.l be 
3*3GS7086o.? i'v.e. and since is c orrect in the (•///. (jgurc, the 

Other value trom logarithms to 10 places will probably be. so in the iO//r« 


3. Let the aimuion be a"* =r -lOuCO, to find the value of x ? 

= 4i)u36, bcnce x apj)caTs to be a little less than 6 : 

Therc'fore let o and 3 !> be tlio (wo first assumptions for x: 

= 4 tuo6 3*y %. 0*770832 

4r»0(in c5*y X 0*|70862 = 4*5480208 the 

irror ioo i;re>U a,^. = 5-9^*® 

' ' 46000 

trror \*)735Xoo little, 

sum of errfirs 1 J3J1 
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c X lOTJj = G1 no 
5-9 X 

•iiiiTi of products = 

And — 1.: == i-yn the first approximate of ». 

1 1 p.'J I 

Again, let o* and .j'£)9 be the m xt suppositions : 

5 99 

and5-yp X 0'777*t J7 ~ 'l-C:u7S7 \:c. the lug. of tr..JT2 = 5*99 

ern^r i)SS l<'o /////i? 

supp^'siliori (J error 5'M> loo greaf 

suinoi'eifors : JS4 

CXWiS==41.2S 
5 99X590= :3370*04 


— 5'yy.*» the approximation, 

* ^ ^ * I'JM 

^ Nevt, snpposi* 6, and are the assumptions : 

j*yy log. ()-777TSy 

' ^ I *995 

” and 5*995 X 0*777789 =r 4 Cd2815 Ac. Uie/t;^. ol 40009 =5*995 

4fi0i»'0 

‘ error .>l too lll/le 

supposition 60 error 59 (> too greaf 
' sum 047 

6 X 51 = 30G 
5*995X5911 =3573*02 

sum of products 3S79 *o:j 38“9*02 r nnrv ,1 « » • 

* = 5*9954 tliC 3d. approximation. 


Again, suppose^*995 and 5*9954 
5*9954 /o^.O*T7rsi8 
5*9954 X 0*777818 = 4*6(i3330 &c. the log. of 4C060*(> = 5*9954 

46UG0 


5*9954 


error > *6 too grrnt 

suppositfbn 5*995, error 51*0 too liCile 


sum 51'G 


51 X 5*9954 = 305*7654 
•BM 5-995 = 3-597 

^ '4 ttim 309-3624 


• 309*3624 
51*6 


5*09529$ the 4/Ar. ap- 


proximation, which is very nearly the tnie value of x : for a table of loga* 

rithms to 10 places gjm 5’995395* ®®^^*^^rs4fi0«0’l. 

.BBS 
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igb* But the operation id this methj^ of approximation may 
be somewhat abridged in the following manner : 

' If and j be the two suppositionsi D and d the corresponding eirors^ 
and X the number sought : * 

Tiicn (Art. 128, cxamp. 8.) 

* — ij : — s: : D: (AandJ>y division (00) 

, — :D^d:d 

or JD — didi: Six-^s when the errors are alike. 

And 

di D:: s — x : x — S, and by composition (SO) 

‘ + jD ; rf : ; 5 — *5* : 3 — jtf when the errors are unlike. 

'Jo apply this in the last example, we haj|^ 

j ss 6 d sz yjh error too ^ , 

S r= 5 9 Dzzzi 07 J5 error too hfiia ) »«»dve. 

$^s szT r sum iTaai = j + /) 

- As 1 1331 ; 536 ; ; 0*1 : 0*005, and G — 0*005 ss 5‘9:)5 first apprqxU 
mation. 



Kow, let 6 and 5395 betbe I wo suppositions; 

6 error 59d^oo grvai 

.5*995 error 51 too little. 

diflr. 0*005 ...sum 6*47 

As C47 : .51 : ; *005 : 5 1 X *005 ^ 

— — = *00039, a/id j’995 + *00035 

5*99539 second approximation: &c« 


Remark. It is to be observed that the correction or 4/A, 
term of ihe proportion, niu.st always be applied to that assumed 
number which gives the error^at is made pseof in finding the 
correction; thus in the first proportiom *005 is the correction, 
and agd the error that is used^ and therefore the correction 
must be applied to the supposition now 0 is too great^On* 
secpiently the correction is subtractive) but if we take 
error, the correction must be adde^ to the. Qther supposilljpn^ be* 
% cause diat ijuiefeciive^ 

■’ T W 

Thus 11331 ; 10733 : :0'l : ’ 09'3 the correction, and 3*9.-|.'‘093 
== 3''995 tbefiraUpproxiiDatiqn,w b^oi^. - 'y '- " 
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The student will also perceive that when the errors arc alUe, 
their dijj^erence'wiil be the first terl6 of the proportion. 


By raising 46060 to the 1000000th. power, the equation will l>e freed 

from the fractional index, thus, 9*99331)5 = therefore x 'Moxitw 

ioooouo 

= 46OG0, and = 46060*^^^^^^, or 9-993395’s>«S3«* =fc 

46060 *°®°°®®. 

* 

191. In particular cases^ the unknown quantity in an equa^ 
iion may be found by summing a series. 


1. 'Fhus, suppose 3x -h 'U * + Tx* H- 1 U-* S:c^ in irtfin. sc 2, where it is 
* inanifiest the value sf* must be less tiian 1 ^ and by adding 1 to each side 
of tike equation, 

t 

1 4- 3x -f- + 7*’ = 3 , now 1 + 3x + 4 .t* + &:c. is a recurring 

I •4*9x 

scries whose sum = - — ^ ( 172) = 3, whence I + 2x =b 3 — . 3x--Ox* 

1 — A — X* ' 

wliich quadratic equation gives x = 


2. Again, if3x -|-6x*«4- lOx^ •i^iSx^p $cc§"in tn/tn* = 100, then adding 1 
to each sj^de of the equation, we have 1 + 3x 4* bV -}* lOx^ Ike. = 101; and 

? I 

the sum of the recurring scries 1 ^ 3x-)- 6x*,&c. = ^ ^ ■ 


or — — I = 101, therefore 
(1-x)* 




1 — X 


= 101* whence X =s I — 


101^ 


3. Siq)pose X T- 5ic. in i/ifin. = -J ; thin re^ening the 

fcries, (ISO) « 

gives X =; * + which is a geoineiricarserits, 

and the sum ad infin. sz or the value of x. ^ 

^ Thj^iralue of x however, nia^^be found without reverting the series* 

, -the equation bex4-4x*+ +{x^ &c. ininjin, as 1, 

By^\ilttipg the SCT^ * = 1 ^ -H i ^ + tc. 


.^.^^^pose Ae given equation is •+■ tt*’ + tV^ + 
+ icci in itffinf fi.j to find Ae value Qf x ? 
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The coefficients constitute the series 


1.2.3 


+ 




2.3.4 


f 


1 


1 


J 


3.K3 4.3.G 5.6.7 


&C, 


In order to investigate a theorem foi (he sums of such series, 
it may he ol)servccl, that in a series of quantities, the sum of all 
the differences of iht terms taken in succession, is always equal 
to the diflcreiice helween the first and last terms of the scries: 


TJius, if the series be 21 H- 20 17 +i:. 

diilj'n-nces 6 +4-4- J-h J= 14 = 

Or if -2 ir» -4- .0 + j •+• 2+ o hr ilu* serie:*, 
cJifiTerences 7 + 6* -H 4 + 3 + 2 = JJ = j'j — 0: and so of others. 


Now let 1 a ab ^ abc H- aficd 4* &c be a series ofc|uantilies whicli 
continually <!etreasc, so that the last term becomes indelmitcly smalt or 
equal to 0 ; then taking the diiferences of the terms, we have 

1 — a^ = 1 -• 

= ^ ( I — b) 

ah — abe = ah ( \ — c) &r. 

abc — iibcd =: abc (I — d) &c. 

sum of 1 he dif/ereiices I — <? + r/ ( I — . 5) 4- ah ( I — (;)+ abc(l~^d) ScCm 
= 1 — 0 =r I ilie (litrcTtnce ol the first and last terms. 


’ Ngtw letj, bfCf &c. be e\ pounded by fractional quantilics. 


i/zi. suppose a = ~ 


_!"+/> 


r 

“■ p+r 

_f»+ 7 

“ . +? 

- w -H J p 

mm0 SS J 

fn ^ 


v4* p P+ p 
, w 4- 9 V — m 
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These several values being substitute:! in the equation 

1— — /') + fl^(* — c) + tfAc(i — </)&€• we Ii3ve 

_L !li "^’Tp ^ g / p— ?i/ v ^ 

V ”^y <i-hp '*^ 4 " 9 / *' + P * 4 " 9 + ^J 


= 1 ; 


and dividing the whole equation by gives 

, , 7/1 tri 77 / 1774 “/) 7//-*-^ f» 

1 -I- •— 4 - • •+■ — . ■ ■■ • " CiC '• = • 

i-fft P4-/7 w + 9 i'+'> r-h9 y4-r v-^m 

If 9 = *-?/’♦ ^ = ’‘P* = ‘^P* p 4 * p =1' 77 , then 

. . »/ 17 / * 77 / 4 -/) 77 / 77 /-t-p 77 /+ * 7 ) .»/ ?// + n 77 / + ?^ 77 /+‘'p « 

14 “ *“ 4 “ ■■“ • — — • — "7 ■■■ +*^ • — • ■ • — &e* 

* n tt /l^- p // //+ /> u 4--// p n + -7^ ^ 4“'^P 

~ — ; i(i| »= I, ih/n 

n- p — m ^ 

til ii: f 77 / 4 - •) ff' ( 77 / 4 - l) (77/ 4 ‘ 2 ) 77/ (tn ^ I ) f/// 4 - ^) 0 ^f + 3 ) 

* 7/ ~(/7 +T> "/77J/ 4^’i ) T7r4- 7) // (« + i) ( 7 / 4 . ,) (7/ + 3 ) 

— . which is a general theoreui for s-unnning 


//— I 


4 - &C« 17 / I 7 i/? 7 / = 

4 7 / — : — 77 / 

a variety of series infiDiteh continued*. 

To adapt this theorem to the series |)roj)r>sed, Ict 7 /=wi 4 * 3 , then 
dividing the whole ec'Ujtioji hy m (vi + 1 ) ( 77 / + we get 

^ I - ^ -I - ^ - + &c» 

t/i(rft’{-i ) ( 77 /-+-.) (///+ j) ( 77 / 4 - 2 ) (m+'j) (f/i+j) (7714- 1) ^ 

=z — ; — *-TT-r-Tf which, when rtizriL becomes- — 4- ; — i— ^ 4 " A ;► 
77 /( 7724-1 ) ( 2 ) * • J .4 3 . 'I,:/ 

&:c.=: the Mini of the seiies IniiniteK ointiiiued* 


4 . J . ( j 


Hence and x* = 32 , wheiic ' x = 'J, 

192. Though this subject of series is rather misdeed, we 
shall subjoin a few examples to show the use of the preceding 
thtoreni in the summation of particular scries. 

If 7/ = m 4- 4 , and llie wliole equation be divfdcd by f// ( 77/4- I ) (7»+2) 
(m 4[^)f have 

1 , i _ 

^ (9^^ )) (. 77 / 4- ('" 4- 3) (/// 4- 1 ) (m 4 J) (771 4 3) ( 7 - • 

.1 • 

n (771 4- i ) ( 77 /'i- 'jT (Cy 


* Simpton's Algebra. 

"4 ■' 



m 
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where the law of' continuation for the sums of these kind of ^ 
series is evident : and hence it appea|p, that if the difference of 
the first and last l&ctors in the denoiiiliiator of the first term be 
substituted for the last factor, the resulting fraction will be the 
sum of the whole infinite series : 


Thus, in the expression for the sum of &c. the 


» first term is 


, and the diflcrcnce of in and 


m (m + 1) (w 2) 

HI + 2, the first and last factors in the dcaomindtor, Is 2, whicli 

substituted for m+^ the' last factor, pivc& — t -ttt.x 

sum of the scries. 


This will enable us very readily to find the sum of any given 

number of terms of the s» 2 ries: (or example, to determine the 

% 111 
turn of the 20 first terms of the series - I- + - ^ &c. 

* 0 1 00 

The 21 jL term 1® therefore siibsliluting — 2i I'oi la'^lvcs 

or tfe sum of the scries iiifinitelv rontiiuied when 
2 1 • Ij 2 * ti ^ / 3 1 . aij . 23 

is the fu-st term ; now ^ being the uMc smn when is the tirst term, 


In the general theorem if m = 1, then 

, j.i j. JLH- j. '-g-o a. J 

'^«'*'«(«+0"*"**t"+U(''+2j^«(«+l) (n+'J) («+3 * » — 2 

an expression for ^e several orders of the reciprocal of figurate 
numbers iqpuileiy ^ntinued. > 


Thust UtissS, 

IfnsS, 

.. lfK'ss4, 

And so OB'for other ndues of r> 


i+|+-5 + | + 5&c.=“ therefore not 

. I 1 L 1 . • ■ f • 

' i 

* ■‘■J + 10+55*^35 "!{• 




% s 

•Of simple interest. 

193. A I. the corripulationa^ which nhtc to Simple Interest 
m:iv be roLi^ht arithmetically (Arith. art. lOf) ; Imt al*j,ebraic 
tlieorLii^ for the diircrciit cases will faciliuitc the piacticc coii- 
siiL’j 


.Let r -T- ilic rati- < f interest, or the interest of one pound for 
one 

p t;; any prii.cipil or sum bearing interest 
/ ir ♦iu^ tiniv in \cirs, 

a =: the amount in the time /, or sum of the principal 
ami I me rest. 


Then 1 : r : : p : the interest of the sum p> for 1 year, 

and irp ~ the interesi for the lime / ; whence p t'‘p (the suiti 
ot the prineij .il and interest) =r a the amount in the 
this equation gives tne following theorems. 

— p , u 

r — — the rate. ^ 

pt 

'' ‘r 

^ ~ j 77/ 

.• :j: the lime. 

a =: /) I ti'f} ~ ( 1 I- tr)p the amount. ’ ^ . 

A few examples will show Ihe use of these, explosion's. 

» 

i . \¥hat is the amount of 400L in 5 months at 4 per cent, f 


TO'iod r i as 100/- : 4/. U . : *04 = r. 

. . '* 
^.'v.^tfcerefore'rta: >(f4- ' 

^ s= 400 ' ;!!*»« 



^ And a 400 ^ X '04 ^ 'lOO ss 406<. J3s, U. tlie ion - 

liequired. 

llbL. 11. 


c 



g. \Vhil ii the 




.;'A;^4t^6^0«"t) =r P,= ‘ + 3ai «'‘=; t 

^li»S.‘fro'«i!«V'«?^ ’’ ihSe4?miii. -000^ 

L. * ' * • ' •. *' • 

3. ready woncy is equi^ent to 600/, duefiin 

jnl&ihil' Sdoce/iallowilig cent, disc^pt ? 


Iil,tb5tfcM!er .s5 *05 




^ 370£iirt^^'4 f 




*(18, 







; 194 .'.TH^oki^i^r^$f 'wft^-'of of 

eoriltiouDd ituMiKit T^y'be^0«iii4:iw».,a I^tHes* 


for finding demount of in/ft gTvcn |aei A^lh. 

intere0i ^ 

'*Thii8;'*<hc ioo/. \iify^t{H'Spt^^- 

then lOp '. 104 :: 1;:^1>04 tthe 
is the Me^. and 1-04, Is (he m« When 4 

tereit, '■ '• ‘ " 

.. ,Let rs tbe We, . ^ 

,.i. -.. 

, . . j • - / s:.4he: «»e myesrs^ 

y ^ -0 i'^jamqunUV , .: 

' '‘f ;V' ‘ . ■•:•?■.''■■ ',' 

rofindtheahnountof 

^ V' ':■'/. .5^ 

48l:f i: p'TpM 


■ To find.the;^un^y 

' ■' As I : f :: P = rp 

tiia Ait'.iiinHii*. ".li^. ,* * H 1ft '!< mP^ 


M 





196^ :f* itCCBaA. 

By means of logaritnnu tlw^'ejjpwslio^?' are the 

appHcatiom ■ ^ ^ . ' < . , > - v 

' ‘ ExainfUts. 

' y 

li . What is the compound interest, of 200/. in 15 years at 
pefient. ? s' '*' ■■■ 

' Ilcrcrs 1'05, pss 500, t = I3s * 

*■ rs 10S....:....fo^. 0-02II63 ' 

■ 15 . 


21189 ■ 

I ‘ 

, . 0'31783S.*^. / 
p = 200/(^. 2*301030 ^ 

theainounU.4l5‘3, hg. rp 

. pa 200 " ■ 

m 

tliff interest s 21 5 il. nearly. 

2. What will 50/. ao^unt to in lo 'years and 21 1 day| 
<i per tent, i « 

. # ^ ' T i 

In this cesc r :s 1'045, p = 50, ^ =: 10~- 
. ’ f 1045 0<0i!JHC 


0 00;'21I 

^ ■ ,50 /<y. 1-098970 

iicarly 79'§i9 /«u-. Js^oiui, 

3. , What ii: the compound invest ^242t 10s. forlMitil 

ye^ at A ptr^tnt'ppr niwi. the inten^t payab|i half wsarly. 

A- ••'vk-'i . } ' 

Wipo ; .* :^*jRXlh.e amount of I pound in l a yttHs. 

' ' ; -ji 

!„/«. oioosaoojes’ 

/> ' ■" ■■ -> vO'OaoOO 

^ p ^ 2i2‘5.„a^'tiy.' 5-3iM.yiljt 
ooimt ’2(17 74 y fhr^ 2*277 12 

M' 

rest =; ' 2s-2*/. , neatly- « 



COHIPOUND INTEREST. 




iw 


4. VRiit principal 15 vaai^a'at 

ipermit.t 

Here r s= r05, / = 15/ a s: 1000. 

r = 1*05 p;(tell8D : 


,*■ X 




15 " 


v‘ • 0^17835 lof. f 

a s= 1000 log. 3 000000 ' 


•iT'- 


A>tt.^lfH-OS St p fof. 2-6IJ!165 (Iiff./(y. -, ,. 

* ■ ,( ’■ '' ' 4 ,';'W' 

At what rate of interest will 460/. raisea stot^of 604/. 8i. 
, years? \ ; 

■lijprcfl = 864 - 4 ,^=: 480 , /as'jlS. 

/I = 864«4..../y» 2*930715 
ps=480 %. 2 681241 


15) >255474 A:|f. ! 


rate 1*04 log^ 0‘0 170^1^ 
Am. 4 ««/. nearly. 


pt 


#• 


6. In what time would bTbl. riuse a stock iX 1561. ui^ at 

j|j4 per cent, ? 'f ’ 

^ In Ibis case r = 104, f sr 575, a s: TSC’T. 

tfss756.7....&y. 2*878924 
/3 s575 log. 2^59fiC8 

rs 104 %.'....o-ono3d} a-ims^, | 

’ ^ 7 , quotient nearly^ 1he value of 

r, q||j[^nibef of<;f^requir«d.V.^' „ 

7* In whatihne would a sum doable itielf ktAjief cekfj/ 

* , 'V' V^'“' . ' ■ y 

^ U 2p h the 8irf(fii8it,vand;: aie expmion 

And a suo) nqijld triple itself, diri^P|p(1|» 

r JbF. 'Of 3 hv Ihdl iOft. rhir^Itlk «>si#W A- \ l ^ ^ ^ ^ 
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^ ■‘hi 


., , 'V' 

^ 195. yeariy allowance or 

paymenl|^^;(ei'in;]^t^er,' i 8 ^iMally applied to any periil 3 i> 
caliiBjPeri' •,; #. ' 4 . 

. ■4"^‘ T4, ■ “ 

I Whe\| the wnuity is payable iniipecliately, it is said to be in 
possestt^i bot should its commcDceinent depeni^pon a future 
event). or not bec^e due till altera certain number of years h|jg| 
elapsed) j|^rtli|bi called an annuity in revmiom ! , ' 

' ■.'tf ' A- . ^ • ' ' f 

If the anhttiify la not limited in respect of tibie'^tit supposed 

to coptinue forever, it,iscallei^^erpe/uiry. .< 

■* ‘ ' ' **■ ^ 

All thVcoiQpntatidns relating to annuities arc generally made 
scct^ng to compound interest.. V 

Lcfir = tl^'rare or tlte amount of 1 pound in I ye 4 r, as in 
compdund#tefest.., , ' 

' ^ OP yearly? «“*• 

> ),,o. Ac amount of the annuity whin it is forborn. 

MO‘;^';iis vidiie or present W^h. 

ihapant (fl) in the time 

^’c-'T^pihirodijit^ sum p in l years is pr*' (1^; ^ 

^ /'’Vy '• ini’ll— 3 years 

K 'The}liii^^^S^io^i^iim''in^ 


81^“: H5.i^^^is#,<»upp68inj^^ |ijhount^i«d|^ii% 
;)a}meilr,4iitli|P^||8 no m^ ^ s f. .. 





^AKMlriTICS. 


if 5 » l«3) -h' =, «. 

Ijich ibsoreja^ thcv^?f^'expr« 5 s^,|^|»^|j^ 


from^ 



•<»* 

I? 


r:;: 

■ : ■’ -• ;■■■ 4 

196. The prestnt. worth brvaluc of a,n »nn»ity (p) supposed 
ur,9ontinue;.l yearsi h found tii tlih folbiliviag.iii^^tfC : 

' Since 1 pound is the prwn| 
nd of 1 year, wc shdt have,^- 



r : 1 ; : p .: 

i ^i‘;^thereforclftheapm phecoin(»^U 5 el;,^n,^d 


whencef : 1 -p irnwf 


et^e ch( 
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Now this scries is a geometrical progreision having ^ for the 
first term, - the ratio, and ^ the number of terms ; aud its sum 




IS =: 


=z i- X =V. 

t r — 1 


In the case of, a perpetuity, where / or tlic number of years att 

supposed to be continued for ever, the last term -• becomes =0, 

r 

1 » T 

and consequently - X zz 0, and the expression is or 

r • 1 

r 

- the present worth. 

f — 1 ^ 


1 ) —“I 

F;(ioi the theorem v = ><--,> we get the other three 

cxorcssioiis which follo^^ ; 

r — ! 


I = 


“ p ’’ — 

17fr 


vr 


— (p f i')r' I- p ^ 0 : these four 
theorems relate to the valuation of annuities. 


Examples. 

if 

1. l|an annuity of sol. be forborn 7 years, what * 

amount to at 4 per cent, per ann. compound interest ? 

r*-\ 

llcre;»=.jg,/‘=10.|, and /ssTi ahd the eitpresMon p X be- 
comes = 3gt-9a/ s: g, the amoui^ sought. ^ ^ 



ANNUITIES. 


SOI 


' S, In how long tinje will SOL annuity raise a stock of 395 /. 
at 4 per cent* per ann. compound interest ? 


In this case p=: 50, <z = 3d5» and 1*04, 


leg. 


and t =s 


iog. r 


~ io 

log, 104 


+ 1 


log 1-310 
log. I’Oi 


0-017033 “ " '*'**”’ ‘■squired time. 

■t A- 

3. If 80/. annuity forborn 9 years amounts to 893/j what is 
the rate of interest ? 


Here/) =80, n = 803, and /=9: these subsUluted in the equation 
—arssp-~a, give 80r* — 893r=80— 803, or r"* — • 11 • I C25r=— 1 0* 1 (i . $ : 

To approximate the root r by the method of trial*aDd*crror (1 38) let 
1-05 and J-U6 be the first assumptions, because upon trial, its value ap- 
' pears to lie between those numbers : 

Then 1-05’— - 11-1033 x 105 = — 10-1093 

-- 10-1623 
trror -Oi'CS 
l-OO*— 11-1625 X 10C = —10-H37 


-0198 X 1-05 = -020790 
•068 X 1-06 = -007308 
sum 

% 

4 «^uniing l'05Q, and 1054; and the Sfc/. approx* Qfiatiot»j|dl) ha 
is very nearly the true value of r: tience 1*063 X 100^103*3, 
and^5:^ or 3/, €s per cctii. is the rate required 

4. What is the valiie^of a freehold estate which lebts at30/« 
per ann. allowing 5 per cent, compound interest ? ^ . 

^ot. II. > 4 n o ^ 


— 10 lf.‘33 

error 01. oh 

'OOOH 

sum * errors unlike. 


-■ 


'0279.OH , ^ 

ss 1*052 first approximation. 
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If tite yearly rent u con^ehid as a p$r^f^, ^ s i fti ; 

and the expreoaioD ^ 

■purchaw, 

5. 1^iii,^s'the present worth of looi. annuity to conlfcup 
10 ytaht allowing S^er cent* per annum edmpound intel'fcst, 
supposing tbb paytteijte ar^ made quartcfly,' (vizi " 84/.' c very 
quarter)? '■■’■'I,'’''''-' ■' ■ ■ ' ■ ' ' 'rt. 

Hcre'pil:(8j(|||ts-.40 (the quarters in 10 years) and rsl’OlSS the 

aino^to|;)'pooo4:>naquarterofa}eaf; , ^ r / 

fi* r*—l 25 ^ 1-61362—1 .. 

.wh««ase- X TZT= To i lT i n = 

the value sought. " j 

♦ ' 

- 6. Whataunuity or yearly income, to continue 80 yearsp may 
be purchased. for lOOO/. at 3j per cent. ? 

.Initkis .'case cos 1000/ fas r035. /as 30, whence, by iubstituti' 

' H-1, t St 20 1 


r'-l 


nearl^ the^aniinity required. 


1-035' — ‘l 


To,C}dcula,te the present value of an annuity- in rwer- 
‘,;proj|^;let^ f ^enote the whole till it expires (as before)) and 
. nttt&^i^l|lte6^^e it8 commehcement: ; „ . , . y ^ 


■ ; ; ■* ; "V'.^ ■ ■■ , , '• '*■ % ■ . 

X ^ the pxpimmi for its pr«l|i^)(MB^b. 

otijers majf be’ derived 



198. The Ebitt of aoj: namberff'even n^ iv^'evea 
fihbtr. ■ \ 

lb • 'A' . ■ ^ * 


nt^ber. 


. 1 99 v , Thenifore an. even numbei^^eniT)i^v n^liMtaS, time* 
w^II make' an even number. And eonsequentf/ lTi^f 'Continued 
product of any number of 'even numben will alib, be evei^ 

*’ , ' '■ "t -' -. • ■ • f ' 

’sob.^ An even number of odd orof Men 

so 1 • 'The diference of two of 'two odd ninhiic^ wiU^' 

be even. ' . ^ 

■ '■• , ■■■'■ ■». 

. S02. The difierence of an even and an odd^number will be 
odd.’ . 

li 'tOS* An odd. number taken an odd/nuniber of tii^ will 

make an odd number. f 

. V ■ . - - • . '.j/au;,'. w.'-' m 

. The last six articles may be considered.as axioms, ^||el*1h^n;jifropo 
sitions requiring lonnaldcmohstratidhi. ' . ’ • 

S04. If an odd'number’meaaureiii' an ‘odd number, 
tient^Will be odd. This is ^'deni ffuin spi, 'beiM^ 
p^nct of thi quotient, and dMior 

‘ 'll !■■’•'' ■' *' r. '■% 

• " 30j.^ If an odd, or eveiirnhmberimea|Ur^iia;j'even one 

' thPibuoti^t will be even, ' ^hts foUbwf fi;i)bi^H.^|(Khf . 

' numtttf eappot'fndaurii^it i 

■■y 




9tt^ Imttsu^Another. it ^lltmfio.jBi^it» 
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Let d be the measure or^lvisor, aud g tfi6 quoti^t; then^gi wili ht^ht 
dividend, and fndg a jnultipfe of It; and nig, that ia/dl‘hiies&ores the 

number and afso its multiple md!^. . ; 

208# . If a nuiAber measures two other numbers, it will also 

‘ ' Jr • i 

measure their sum, and difference. ’’ 


Let the measure be tt, and a and 6 the other two numbers; then ^ and 

S j I L 

j arc whole ^ijijStbers (by hyixjthcsis) ; therefore Ihclr sum -j-* and also 
their diflference uiibt be whole numbers. 

Corof. 1. Hence, if n numbet d measures another number and 
also a part of it 6, it will also measure the remaininti part a, (Arith. art. 40}. 

Carol, 2. When then the numher is an even number (i?00) j 
therefore, if a number (d) measures an even number (a •(- b), it will also 
measure its half (/> or b)* 


Every number having p or 5 in the units place, is divi- 
siriji^y 5. 

2)0. All prime numbers (i. e. those which can only be mea- 
sured by 1) arc odd, except the number 2. And such numbers 
3, 7, or 9 in the units place, 2 and 5 excepted. AH 
other numbers are composite or the products of two or jiiorc 
numbers. 


211. The least factors of every composite number are its 
prime divisors. Thus 1, 2, and 3 arc the prime divisors of 6, 
or 12, ■ 


?l2l The least common multiple of two Or mor#.mtTi|ih^ js 
the continued product of the highest contained powers “^‘"' ' “ 
unlike printe favors. v , / : 


leii^ 


Let three numben;, a, b, c, d, /, being the priiQC fac* 

tors, all uniil^c; then a^d^te/h their least common multiple; 



PKdPERTfES oVkUMBEBS. 


^OS 


¥br dividecf t*y>!llier 6f1ts fectoM, the quolicut is not 

V)^^thrc^.nuAi^rs:.ai^ V is divisible by 

those number, it must contaiif n*, d^f anti the factors because fl, d, />, c, 

and /arc primes, for which rcasoirio uumbtT can imuihnvliftand.^^ 
except t?V*^/or some multiple of it, tlierclore a V'w/is the lea'tt^^ from 

this expression, tlie rulp in Aritii. arUAQ, iS'immedlately obtaincdl' 

' 

To give an example in numbers, lei the (east comtnoa n)ulti|^ of tlie 
ninedjgits I, !?, 3, 4, 5, 6, 7, 8, 9, be Required; 

The numbers when resolved into their prime faclbrs^^l l>e’- 

I, 2, 3, 5, 2x 3, 7, 2^ 3’, . ‘ . 

and the cpnlinued product of the powers of the unlike factors il 

1X3X7X2^X3*=: 2520 the muljtple requirtjid. . ' ' 

The preceding rule is simple. Bui the grertt difficulty con- 
sists in resolving large numbers into their component factors,: 
uor has any direct method been discovered for. that purpose. 
^^When a number is composite, one of the factors must be its 
" square root or a less number, and ihcrefon^ if the number ^odd 
(to which it should be reduced) the odd numbers less its 
square root, are the most convenient divisors for resolving it 
into its factors. 


C13. The expression ^ 0 + 1 

an integer^ or a fradtional quotient, according as n is a gjntne, 

nr a composite number: thus if n ~T, 

1X2X3 X4 X 5/ (7—1) + I _ 7S1 .. 

„ then — ' =5 *y >3* 


' % 






h 1)0 a large number, the operation of^bbt'^ihg the 
cont|^||ed product of all the jnferior nnmbm wilf be' too )abo* 
rious to make the theorem useful in' cleiermig^g Whether the 
number n be prime of composite, ijee Wa.mg lileililuU* 
Algdk p. 818, and Legendre Th^oHe dti Nmll^pi 1S9« '' 








ftijlcc. 


S14. Jfn beputtsa^ij^oj^'anyo^^^o^ifeTS 
' ^ie« 6n + i, sndr,?!^ — ^- 
priin^unibers grsi$itw4bah 3. *901 .it must be remarked, that 
neither 6n -t;’ t, aqrifiA-^ 1 are always prime numbers : Thus 
if a fti’iheu 1 l'=r49/htmd 35; bbth composite: 

or if n'^'O', we have 6 «-^ 1 = S5 a'coritpbsite irrtirobir." Ac- 
cordiapto Fi^mat, the .expWsion^S'' •+- 1 should ^w^ys be a 
prime uiimbelr, if any term of the scries 1^-3, 4, 8 , 39^64, 

&c. b§ substituted for x : Euler however, has found the theoKm 
defective.^h«m‘«.38, for 3**4- 1 = 641 >: 6700417* . , 

If the tfiuii of the <h|its of a number is divisible by 9 ^ 
the number itself is also d^jlplle by Q. 

Let/Zj €, dy be lie digits of a number cohsisling'of 4 figures ; tlicn 
1000a 4 - 100^ •{. 10c 4 . (f will express the number : 

9) 1000a 4 *. 100^ -I- lOc 4 . d (IIU 4 - 11 ^ -f e 
999a 4- S9b^-¥ 9c 
reik^jiider a 4- ^ H- c4-f? 

. to it IS ovident> when the remainder or sum of the digits is divisiUe 
liy Imthts 'iiuttibcc htielf must be so too, whatever be the number, of its 


figures'.,. A ^ ^ 

property is founded the irroof of niuhipiication by casting away 

^ 91 . Jt . . ' . ' 


Slk iTic difference bet^eep a number consislipg of two 
■'’dlgUiland 4^'pt^^berfo™ed by the digiu, w.hcn iu.ap' inverted* 
"order, is' always 8 tpoetj the difference of, the two digits. Art» 



of tW odd numbers 1 + 3 + 5 h 7 


•>“ ‘iVF* 


i'v . jrehlklone of^dio 

geomlPKu^^es ii .4,«fl^"l6, &c. or the Mm ' 
more terms of the said^^peoes. 


f 

4^ 





h 

177.) 



FR0FERT1B8 OF NUMBitRf 

• * ' * ■! 

sum 


vrovCRTIBS of NUMBlFRf. * 

icr of .jlsnei of cubes r + 

The sum.of two BjjuBibers ^ffcri^g,,l^.iU » ^bar.tothc 
lij^reij*^ of their' i^ares., , n 

n and « + I be the numben^Then S« *+ * and 




ers^tiieii »» i « 




•S a I.- The powers of prime numbers are priminhwl numbers 
•Tceot their roots or powers of the roots. This is endeitt Jrom 
„t. 219. 


.)i 'i-t'-iH- 


939. If a and b be whole numbers, then 


a*+i' 




a 




c + i ^”**,.. 0 — 6 


'jjr.v 


ire both integers when n is an odd number.; and -jqp-j- and 


— g- both integers if n is an even ori&^‘, fM). 




“A-'*' 


>' sa^* ^ twice a number is the sum of two squares, tbe^m. 
her itself is the sum of two squares, ' , • . 

' • *" ■ .a 

"' For suppose « to be the number, aDd*Iet2«a*fl*-K*; then 

'2o»4.0e* _ «* + 7tf(; + c* . t* ' 

andass— — ■ ' " ^ 

1^4';.': ■ ■ ; ' '■, 'v;''*:./: ' -/J ' 

' 534. The product of, the sum of two squares by file sulh oi 
tw^ squares, it isUo the sum of two squues. . ; , ‘ ^ ^ 

. .Iftf {o*+**) X (<*+d*)=T C‘^+«)^ -hfej^4i?J*. 


pr^qci of tprsum 'Of four squim 

U ;tbO, auOif.bf, fou^^uari^'J^U,^-^;- 
bstrai^;^' Eute'rf Legn^ 

-..vv-v" 

t. d'lSewBfieigf t^ i^be ii 
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227* If n be any prime number, ami N any numbemot 
divisible by n, then N” . -s- 1 is divisible by ' 

Q2S. If 4« !- 1 be a prime nilitnber, it is the sum of two 
squares. And when 8« + I is a prime mmibcr, it is the sum 
of two, aud also of three squares. , 

221;. Every prime number is llic sum of four squares. 

2?0. Every number is the sum of lour, or of a less number 
of squares. 

Euler, and ntluMs liavc llif-.t* properties; 

the deiiionst ration'? iinwevcr, arc t j*) loii^ tt> In: luliiiiUi il in this 
place. 

231. A perfect ninnicr is equal to the sum of all its aIi(jiiot 
parts. 

Thus 6 is a perfect number, iis aliquot paru being I, 2, and 
3, wliosc sum J + 2 + 3 = 6. And 28 is also a perfect num- 
ber, for 28 = 1 1 2 4 4 -f- 7 14 the aliquot parts of 28. In 

. thejast proposition of Euclid’s y/A. book it is proved, that when 
the sum of the geometrical series 1 h2 14-i-8+lC-f- &c. 
is a prime luinibcr, the said sum multiplied by the last term of 
the series will be a perfect number. If therefore, n is put to 

denote ijjic number of terms, 2** —1 will be the sum, and 2”"“^ 
the las^ k*rm; consequeiiily (2” — 1) 2'*“^ is a perfect num- 
ber whciiV — 1 is prime. Thus, if 5, then (2*^ — 1) 2^”’' n: 
31 / 16 := 49C the third perfect number. 

232. Amcahle numbers^ are pairs of numbers having this 

property, iliagi^h is equal to the sum of all the aliquot parts 
of the other : ^ 

Thus 220 and 284 arc amicable numbers ; for the sum of 
1, 2, 4, A, 10, 11, 20,22, 44, 55, 110 which are the aliquot 
parts of 220, is 284; and 1, 2, 4, 7 1, 142, the a'iquot parts 
of 264, when , added, togciher, make 220; those two numbers 
are the least uf the kind. 



ADDITIONAL EXAMPLES. 
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The two next amicable numbers are 6232 and 6368 according 
to Euler, i|Sfho has treated the subject at very consid^able length, 
and given a table containing 6) pair of these numberS| in a 
miscellaneous tract, published in 1730. In this we are informed 
that Stifelius was the first who took notice of such numbers. 

i 

Many curious investigations relative to the properties of nimi- 
hers are to be found in Legendre Esiai s'wr /#/ Thiofie de$ 
Nombres : Gauss Disquisitioaes Arilhmeticce : Barlow^s TVrtfo- 

q} 

233. .A Collection of Exercises in the several 
Uu LhS nf Algehua, fwi;httiiiig^fitlL Mtiltiplicatio/i» 

(X— X =3 A* — U*. 

(.Vv - 7) X (7* — ,)) = Jjx* — 7 lx -H o. 

3. (— r/ — A — !) •(<* — 1)t=z — (iti I, 

4. (3i/* — 2/y) . (I« + 'M>) = • ^)a-h — ^ C/»*. 

5. (<i* - - M b^) . [a h) nr flJ .f- 4* 4- A*. 

C. (*» ^- ‘. y- + y*) . (* —y) = •> ' + — V/' — J'’- 

7. (a^ + xy + *y- +y’) .(* — ?) = — y'. 

«. (a< — AjJy + * _ *yj + y-) . (* + y) =: + yS. 

!'• (» — ?) • (•!» + ;->s= + I's* V •• ' — A- 

10. {\a ’) , {\M— Ih-) = -;««i — 

11. (L’i -'.•<;/> ^+ lrtV) . rt/} + ;i(rc )= 

+ Ha 1 0«3iii ’+ 


Divisioji. 

Quotients. 

1. * + e) — c> (.A— e 

t’. — 16) x'' — til* — 124** — 61 (*' + 8*’ + 4. 

3. 40* + Hak ■+■ b’) Ha* — ‘Ja^b — l3rt’A* — - Mb* 

4. i ’ + e*) a" + '-'a’i* J|- M — f* (a* + 

lb*) la'-b — ^rb* (Ja *4. 

6. a^^x) a’ — *’ — 1 (u’ 4- a*+ *• + 

7. 4— y) 4« — 3y* (4* + 4*y + 4y* + y* — -3;-^. 

8. 4*— Sa* — 3«4) 13 <iJ 4+ I9a*4*— 20rf< — ^ (la» — 5<?4. 

S K 


▼ OL. II 
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- — 4 k/'*/; + — — GO' , ^ 

=sl« — 


10 . 


5a^ — 4/f*/> + bab^ 


*2x* +Sjc lx-(^ 


11* 




Jf i Jj4y ^ j; 3^ 2 _ y 


- z:; a; + 7/. 


The divisors arc under the (li*.i(l%nd^ in iht* llir# i* Iasi cv iinph* 


Fractions reduced to iheir lou>v.st teew^, 

, x^-^Axy+\f 

*3 — 6*^+ ^ 


2 . 

3 . 

4 . 

5. 

4 . 




^ ah — ■?/> ^ 

a- — 3 <//; + * < 

// 3 — 

IO/i^+20/7<^+I0/i3^> 

/2 • •• 

.T ^ afr — /» 3 
‘I//** — 3<iA + A * 


7 ^a— g 3/iA4 - tJA]; 

* i/23— J8/i«A+ll/iA»— GA3‘ 


1 

“ A — Tj/’ 

_ jr»-- /m 

— TT'/r* 

— r:'‘i2'' 

■“ A— /7 ' 

— - ii*‘ 

// — x 

^ l(>rz'*4.|()«*A 

^ r.<2»+A* 

’ "" 'h/— A * 

7fl — ^LV; 

j/j* — 3flA H- JA ■ ’ 


Improper Fractions reduced to whole or mixt quantities. 
\Qxy — r>x*v* — **// 


1 . 

1 

3. 

4 . 

5 . 


t>x:y * 




X — 1 


i-*s • ; 


1 — * '■‘^ 

I— 5 *+ 10*»~ IO»*+5** — *» 

IS « 

1 — i?*4*3f* 


— iVj* ’¥Ai/- 

■>-iy^ 


^l,* j^. a -.-<21 



= * - ' + - 

= I -t- t + A». 

.f... = 1 — 3.T + 3 a* 

= jA-Jy. 

= « 4- A 4- 1^ 



AODITIOl^L EXAMPLES. 


Min quantities brought to improper fractions, 

. . ’ I * . A’ — 


J. 4 + X + 


2. fl — A + 

a + 1 


3. 3,t-T+ 

4 . 

J J ^ X 


5. +*y’+^^ + j£-- 


— li 
* — 4 ■ 

— ab’\’ it 
rt+l • 

JU«— - 4 ^? 

3 x-^l 7 *' 

y— * 

X* 

:x-=-y‘ 


c. 1 +, + .X* 4 .a 3 + X<+ 


7. 1 X — + *^’ + 


t * 
1 •“ A 


Fractions reduced to covmon dejvminators. 


. X * X . X W. 

’• «’ ? •■"“! 4 


6x . 3 x 

u> 


1 ^ ‘.’O.- Ij2 I'^x , liu 

2 . •-. and = -Jij. XT' 1;o • 

?/ 71 , 7! Hn acn . ohn 

3. and - = “T^* ‘7 > ~* 


(l b c ut'C uhc aou 

a b . c ^ 

4. , and -7 = — , — , and — . 

6 . uc iiO uOc atKr , abc 

be . cd h^c ^cd 

/i. ub^ — , and = — 7-, -7, ancF^-?-. 

a ab aO ub ab 

^ 2x*-*J8 I ,l SxCa — 3)»' X .:c— 3 

6. — y and - =— r: — TT^f H — tt i and rrrr- 

I *4*3' X— 3 X A- — 3x 'x“ — 3 a’ J* 

Edition of fractionSn 

* 

* 

, *n Cn 3 m , 4m • ir.3M 

*• - + -3 + T T =|p- , 

2 , -t- + i* + 2 Jx. 

3 * -j- + •; + ■— j- S=V**+f ^ 


= 2-5X. 

= V.*'+ f 


ss s 



ALC^BRA. 



fl-^ • 

a — 2 

5. 

-"-=1 ^ ^ 1 

fl + + l; 

."ja'H- i* 



6. 

a-b 4- c 4- 

a"^ — ah 4- ac 


^ ^ J-f-a ' 

1 4- ct 

7. 

^ — *» _L j + 7 , 3 jf 

,J,+ _ +41*+ - ^ 

- >n' + *i"- 

8. 

— a —2 — A l* — 1 + „ 

( AV'— ’**— 1 5* 

‘ •••• 

- 0 3 

— i:)2 

9. 

n-\‘ z ^ z — a 

(;/4'r'! (c — z) + (w— r) ( 2 —//) 


ft — i c — 2 : 

VI—') (‘■—2) 

iO. 

1+^ + 1* + "^+.. .... 

^ a 


a — X 

11. 

1 1 ^ i’ + 

I 

a . a* g. ■{• a>^ 

TV! 


Suhtraction of fractions. 

I Is::! 

' ’ a c 

^ *--7 7 — .r 

. ^ - 

%>• —•...... 

m n 

4. f "7-*^ 

, €i c a -^_o 

a — c u X ^ 

^ fl + 4 fl + /i 

6t — 

X z 

— 2(»*<,*+Cc< 

7. (fl + <) (fl ^ r) — 



(ji — njz 

//;// 

— + 3 

“ 10 ■ ■ 

4ac 

a- — c*' 

_ («+ / ■>) (■!: — ») 

*Z 

* 

= + A 


Chilli plication of fractions. 




m 

9 . 




X 


b 

t 


— 


n 



X 


/I + 


« 

J 

= (6 — 
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fl9 


1 V *-=1^ _ «* — >* 

^ a + b ~ C« + *)*■ 

, A*** 6z ?jry , - 

4. X “ U* — to, 

y -i * ^ 

' 'if — 4ux + 4a^ a — ■ \!x 

5 J — X — .t“ _ 

‘ 42 ^ 1 — 2 “"' 42 — 42 ** 

^ a X-* ax^* 

'• I T : = "S'- 

ate tti'L 

ti — 2/;< _ w— 2wi 

^ 2x ax Car 

s. X ~ 

a (c — />) ’ (/(c — t) . ad (c— 


»i+2 


Division of fractions. 


Divisors. 

Dividends. 

Qtioiienif;. 

a 

i ♦ 

€ 

_ he 

a ' 

ad 

5. m 

X Hh C 

_ A + t' 

a 

m {i t 'f 

* 


_ rr (., ^ h) 



X 

c 

tt^ — 

c* 

_ a 

L 


«-4- 1 

— + * 

6 

tl 

jX 

«• rf 

I|3 

c 

a*d — ahd + lfl>d 
■■• “ ««— A 


a — c 


7* j.' *"*1 X ‘j 

« 

* (i -t-t) («~ i)' 

5.t — 

■• a+ t> 

(•<+ ")- 

4X- 4- 4jr;^ 4y« 

•" a + h 

. (« + ” * 


_ (,+/)"+■ 

{c — rf/'* 

(e -</)”" 


— fia 

m 

n 

t 

- ’• - 1 » ' 

;/a 

V 

1* 
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Tfdcliofts resolved into injiuiie series* 


1 . 

2 . 

3* 

4. 

5. 

S. 


I 4- Jf = 1+ 2x + + 2x3 -f. Ac. 

^ - 3 ?4 

?■ - + ^ + ? + 


a^ z 

6 . 

JO— r** 


J 


1 — • fl -h fl* 



• 

t^*)^ 


'-ti. 

/I .eli 



^ ^ ^i-+8cc. 


= n; + W 103 F 10^ 

= 1 4. ^ ^ - «" + ^ 

= I - + - 7 - -.;r +*=•=• 


/J* 


..,>V^, . '>-1+ '^+ g-Vicc. 

■•‘v^r- > + «» T fl‘ ^ 

fr-f' 


SIMPLE EQUATIONS. 

1, Givon + 4 = -* + 12 — -* ; n-quiicd Ww. « s= 13J J- 


2 . Given r + -J^-4*+ 7 = '‘’5 

CO 


••• *• »,,»d 


tAns. ^ 7 U’ 

. 3. Gi^cn t^*+V('f>+*)= 

4 . G vin *• + ✓(«" + **' = ^ J' 

5. G;v-m *»’ + rt* = 7^7* ■> '^‘i- ■* ' “ ✓(- 

ah ^ 

«. Given “ + i = + 7 * acd— be* 

,, • 4*’+>1 <i 4*— 12fl*6 

7 . Given + ■!*= ^ 7 ^ i « * ?• ^»‘- * = 

<fr -t-g« 

' «/ + 

bm — in 
k-da- 


8 Given n*" +4* ^ 
<&*— > + «=0 ) 

rc(|. X ? .••••••! •• 

.,Ans. X := 

a. Criven Av — 3jf = 24 1 

11^ — 7* =14 ) 

^ .-v 

req# X and j/ : Ans. x — 

i(^Giveu ax-Utap^‘ ) 

*, ^vrx-Pftwi 5 

rc J and 3/r«.. 

.,.Ans.x = 





▲DOITIONAt XXAMPLSS. 




11. Giv«i« + ^ = rf } «q. *andy?...^«.*=jrj^. 

cx— v = * > ^ 

_ ed^d 

M ^ 

12 . Given «s * + y: t *-y *-*1 „..q.,,and yL^«v.*=^l+2*. 

X* + ^ 


13« Given V + > + *7 = 




re(|« y ?. 




. ^Uts, y zz 6 '| 


x-^ab 


. Given J* + {v ) 

^2 ^ ay — U =: 36 v. rcq. x,y, and i?... 


3. + J*-iy = 47) 


^f7 


Ahs» « = 60 
3^-5^ 


Ans. {a^ + 

^ x» 


^Involution. 

1 « What is the square of^r + 

2, Whal is the square of Jx — J Ans. J** — * + J, 

3. Rexiuired tlie cube of 1 — 4** ? Am. 1 — 1 1*» + J*« — 4»». 

.• -x , V . . v' 

i. AVhat is the J/A. iwwcr.of - + 1 -? Ans. - + +b. 

or X* jr* + v**-* + -IxV"’ + V* "^ + C. 
•.. Wliat is the square of *" + y" i Ans. y + >y -x" + jr** 

Evolution or the Extraction of Roots, 

1. What 1$ the »)uarc toot of ** — 4 x’ + 6*“ — 4j+ If 

>f«r. a*— 2X + I. 


'If** 

f. Requirti^he square root of 4?* + 12s’y + 13*®y *+ + ji*f 

Ans. 2*’ +3zy +y*. 

3, WW^3fhes«iuarerootofJ*’+ Jxy— ^j»+Tf5fy*— ys +-}*•’> 

^ >4«t. 4»+iy — S*. • * 

4 . Whatisthesqoarcrootoffl» + ** HI* ^ 

** *♦ , fB .5*' 

^«r. a + itc. 

y. What istfieaqoare root of x*+fl» » " 

I--;** ^ >«*«♦. <r a 
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ALGKDRA. 


6. RequlAd the cube root of— 

7. What is the cube root of ** +’ 6»* — -KUs + ti6* — » (>4 ? 

^ ^«.v. *« + C*— 4. 

8. What is the cube root of J** + l-f’y — 2*’+ J* + Jsy’+y”” 

iy’+sVi * — ' ^ I* + Ji' — *• 

9. Required the cube loot ofa^ — 6. 

. . b Ifi 5/-» lOA* - 

Am. _ — &c. 

10. What 18 the !i/7i.root of a ^ 

WJiat is the square root of a 

Am. « *(l + ■ J t &c.^ 

Surds. 

1. Reduce TJ to the form of the square rout ^ An$. t/ j(>f. 

f . Reduce J yz to the form of the cube root ? Ans, 

3. Reduce(a 4- 6) (a — to the form of the square root ? 

4. Reduce 4^ and to equivalent quantities liaving a conimoii index ? 

Ans, and Il’j'**. 

5. Redupe and to equivalent quantities having a conmion index: 

♦ A/is. and 

6. Let 3"^ and 5* be reduced to iHtuivalent quantities ijaving the com- 

mon index \ ? * Ans, (si 0*^ and ‘Jji, 

z I 

T* Reduce and b* to equivalent quantities having the common in- 


dex 4? 


A^is. aiid(i0^* 


Muitiplication of Surds. 

]• What is t||||j|^ntinued pioduct of *^4, \/5, and ^7 ? Ant, 140^ t 

2. Reqii|b^d the prothiet of and ^ Aus. ahy/ab, 

3. What i» the product 7 jr y,cx-? Arts, abex^i i 

' Required the product 3 X 4^ X 14^ 10 ^ 



•.%^;^W(Tt^4lr.V|lXAMPLU. . 

3. WlatWfc'iBSiAWf .■oi>-*j;'. 

'fr *' * ^ ^ V ^ Jt d 

«. ' WEat a 

t* Required Ibd (i^uct (v^a + ^^{ya -»‘^v'i) >t„'' ^ ’iil^''« — b, 
S. Haired &el>«^uctV (Sit ; . <. 

-?''■" ■’■ ^ .y- ' 

9. Wl»t is the product **X *4r ^ 

, ■'. .?*‘- • ■’'. '■ 

1 0. Required the product (l^+ >C ‘{2 — 1 ^ 2 ) ? J ins* 4. " ^ v 

11. Required tte product i#4(.-*)‘. J6t$. (*(*(*i(-.i)*)*. 


Division of Surds. 




ill'll. 4 

Qiioiient a 
Quof. 


Divided by a* f _ i^toiieni a sjrj jj 

j^2. Divide ** ^y’Tj Q^ot, *».. 

3. Divide by i*t ^|w<. 

4. Dl¥ide:|v?,4,ibyjv'l? ; I 

5. Divide 4 iC' ^ ^ (J)* • ’ j<:3i 

e. Divfdeif + V* by * — i/*? 0lif. *+^4 -i 

7, Divide ^SO •••v'lS liy VSirr |^3? .v •’,' S.^'j^v^lS. 

8, Divide (a4- »)■ by (a + *) 't Qvo/, (a+^'TT' 

9, Divide 8 — b^Jlbj '<*• • 

Surds ridueed to their simplest ter^^» - . , ^ 

'' ■'>1; 

V. "RpWw iteftmoleft leiinsi ->'- AftL-&.M7% 


Surds reduced to their simplest , ter , 


'< .>,i,>: • : 


3. to its Bioilf simple lerins? i#iift|X18^» 

to its most idis|plii?|i^ f 



'fl§ .. 

“ '' ■'*<* ■ ’ . 

Edition and Subtractianwf. Sufdsy 

4 / ' 

I. Whalii^thfeliiim ofisiooi airl r08»? 8X »*. 

.a, ..^.;.'of27^ and Uli? Jns.lOx^i." 

3, 'ii*........- <if 2 1/ ?' ^Mf.(»’u+24**)^^. 

ofSv<,243aad 10t/3f3? -<<«». l£>It/3. 

oft/^Ta-xandi/Sfl’-*? v;/«.(a<i»-t«)v'3jr. 

<s. What is the diffeiwce of v'^tS i/ 1 13 ? '^/w. 41/3* 

7^ ; of ? 

Ms, {la* «« 2aa) v'i*. 

’ •• of 8 and 

’ ^ * . , » 

...J.. of'(|)l .«a (|,)*! -to. V, X , 

i powifM% ,o,f^d$ Roots oj Sufds* 

K What is the square of (w"*? Jfts* a-x ^ 

2. Rei|ulred the cube of 

5. What is the Jth/power of (a + bf f Am. (a + *)-. 

4, WlatislhpquareofS— 1/5? ^ ifnj. 30 — 10^5. 

j. WhatistKecubeofSi— Cv'** 

^ - ■ .(i;o.27** — i4aV*+ 

9 a" 

<;; be raised to the «th. povrcr? Ans. «*'• 

■ v-' b* -. 4- • • 

’1 j 1 

- lit^uired the 4th, power of ^ ^a » ' Am. 

• 8, ^ Wbttit'isthe Mlh.joot ofa t Ans. s', 

‘ ' I . ."■ ’ it' 

' 3. R^niredtlrt^ rootof a*,?, ■ , 

10.' What is the squWjoot fif >9*r" 6i» 4* ** 

iUi. Whatii^|||j}^«arerootof,ljJ«— 

‘ ' ' AsuJhiSl^rh/ i. 



AO OlTl^^, A> AMP LBS. 






Qilesli^m producing^ * 

^ TbekdifTorence of two huBi|a|^ 7,^404 jtfie difn^renc* 
of tfieirsquares thcq what are the nuhibets ' 

. y^nrVsi- and 4^. 

S. The whole number of troops in two oompanl^'^itre 
and the number in one ^odp 'to the niitnber in tife ot*ier'%s 
8 to 7. What IS the stren^ uf^ach ? ' '^ns, Q^f and 84 men* 

What^'^wo fractions are those whose um is !» and the 
greater divided by the less gives the quotient SO ? . 


;h 


jins. 7'^ and 


3T» 


4^' A General having detached 400 men to take possession of 
a strong post, and f of*’thc remainder of his troops to Vatcll 
the motions of tht enemy, finds that he has only VV of his 
army left ; what was his whole force^ Ans. 85d%iim. , ♦ 

5. Three battalions of unequal force arc in column of tnafeh ; 
the extent of the first battalion is 2I0 paces, -the. extent oP the 
second is equal to that of tlie first and i of the third tetgether, 
and the extent of the third is etjiial to tlmt of the first 4nd half 
the second ; what is the length of the column P ^ 

.. A?iSi 1303 paces. 

■/• 

fi. Acompany of.foot are 1165 of their own paces a head of 
a troop of a horse ; now if the foot take 5 paces to every 4 of the 
-horse, but 3 paces of a horse are cqii<tl ..in extent to 4 puces of 
the foot how many paces will the hor% have^arched befooe 
they the foot P , Ans.l3930. 

4 / “ ‘ ‘ ' f . 'tV,' 

7. If a person buys a certain num'wr of Cj^ it 2 tor a penny. 

and^the lii^e aitimber at 3 a penny, and by ^ling the whole to7 
2 penc^ iMes 1 pi^ny^; . what was^lhf number 

%cnts A'^ihd 'B seth^ ^ptii^y^ . pra^e a lik# 
•f'rC:' 
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J8. Supposc'threc ingots of metal composed pf^ld, silver^ 
and copper, each weighing 1 6 ounces ; the first contains 7 ounces 
of gold, 8 of silver, and 1 of copper ; the second 5 ounces of 
gold, 7 of silver, and 4 of copper; and thf* iliird 2 ounces of 
gold, 9 of silvery 'ind 5 of copper ; ^now what (juantUy o^ each 
ingot must be taken to make niioih r mixture uf 1 6 nunres that 
shall contain ounces of gold, ol .silv er, a. d afir 
copper ? Jus. 4 ounces of the first ingot, 9 of the 

second, and 3 of the third, 

19. If n .^20 be divided into 3 parts •^iich, that the sum of the 
first and second is to the sum of the second and third as 7 is to, 9 ; 
and the difference <>f the first and second is to the sum of the 
first and third, as I to 8, lire three ivMilts will be the immW 
of cartridges for three companies of fool, respectively, 40 rounds 
to eacn inau. Hence the strength of each company is required ? 

Ans. 72, 90, and 120, men, 

^ ^ 

20- The nufnbcr of men in three companies of foot arc such, 

that the first company with { the otiicr two, the second with | 
of the othe two, and the third with ol the oilier two, are the 
same, each bang 119 men. Hence the respective numbers are 
required? Aus, 3j men n ihc first company. 

77 in the second. 

91 ill the third* 

91. A man dying, his wife being with child, ordered by will, 
that if the child proVed a daughter, then Ifs wife shoul J have 
and flic child y of his C'^tate; but if it was a son, then he 
shotild have f and the mother -J* thereof ; now it happened that 
the mother \yas'delivered of a son and a daughter ; 
the estate, which was 630w/. be divkled to answ<.r the. JatJberV 

^ns, goo the daugbtofi &jM 

1800 themoiher^fi^ ! 

3600 the sou's. V 



ADCltlOKAL example^. 


'833 


S3. Suppose 4 footmen were to start together to travel the 
same way round an i..hind which is 134 miles in circumference, 
and that the first went ll miles per day, the second 15, the 
tliird 19, and the fomrth S3 : when would tUev come together 
again T Jas. in 31 days, 

33. Several detachntents of Arlillery divided a certain num* 
her of cannon shot in thr following manner : 

The fif'st deULlnneiu td^ik 7‘- and ^ of the t:ctnaindcr. 
The second- look I U and « of the remainder. 

The third took 2lfi and ^of tlvmc that were left. 

The fourth took 2b8 and ^ of those left } and soon. 

Now atJast it was louiul that the shot had been equally divided. 
Hence the whole number of balls, and the number of djitach- 
iQCnts are required ? Ans, No. of shot 4608* 

Detachments 6. 


Quadratic EauATioNi. 

J . Given — 'too = 1700 ; to fiiul *. ^ 

Attf. xzs (Stool)* + |. 

2* Given 94:’+ fiLr — 27 = 228 ; to find x, Am> x = 5. 

5. Given a\'^ 4.x =r ^ ; rcfjuiicd x. Ans- xzs ( W; +1)^— 

4. Given x — y'x = 3 ; rcf|uircd x, A^is. x = (4±{5+*)*)*. 

n 

5. Given ax — lx"" — to find k, 

6. Given » + 4 . 10 ) == 8 ; required x. Am. 3. 

7. Given * =4 

:V , V — sz 1 ; required x and v* Ant. x = 2 or 5. 

\ j^ = eor3!f. 

123x -4>30Qy 

< r w y* — or* ss I'OOOp ; rctmircd x and y. A/u. x sx *00, 

'■■ ■W ■ , ■ y=.rf>' 
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” Questions producing QvJPbRitTu: Equatvo its. 

1. To find a .nuinber suoh, tbat if yon subtract it from 30, 
and multiply the remainder by the number itself, the product 
shall be S09 ? j(tns. 11 or 1 9 .' 


f wt 

S*,The difference of two numbers is 5, and the difference of 
their cubesls 1C95 ; what are those numbers ? 


.■ > ^ns. 8 and 13. ' 

« 

3. When OfiS men were drawn up in tw^^squarc columns 
(i. e. the number of ranks equal to the number of men in front) 
it was found that one-colurnn consisted of 1 8 ranks ntore than the 
other; hence the strength of each column is required ? 

>^«i. 841, and 121 meni_ - 

4. To find two numbers whose product shall be equal to the 
difference of their si]uares, and the sum of their squares equal to 


the difference of their cubes ? 


/Ins. i 1/5, and 




5, Two partners A and ,B pained 140^ by trade; A’s money 
was 3 tnonths in trade, and his gain was 60I. less \han his 
stock ; and B's money, which was sol. mure than A’s^ w'as in 
trade 5 months ; what was A’s stock ? . jdns. lOOl* 


6. A and B take, '^in trade, 5940/. per annum each, but A, 
whose profits are 3 per cent, greater than those of B, clears 
100 /. pcr^pmium mure than B. What are the profits of ^ch, 
per, cetJ. and what do they clear per annum ?, 


Ans^ A gains 10 per cent, and clears 540/.'per.iMinttin. 
♦B gains 8 per cent, and clears 

What two number are those whose diffcrehc^amp{iilied 
dififrence of. their squares will produce 576 ; ^jM'^hosc 
sum m1^)licd,^y,^h^ sum of (lieir squares is' 
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8. Wlmt number is that wlhich being multiplied by the suai 
of its two digits, the product shall be 101 1 ?, and if d3 be sub- 
tracted from the number, its digits will be inverted ? 

j4ns. 9^2, 

9. When 732 men were drawn up in column, the number in 

front and the number of ranks together made 73. How manv 
were the ranks? 6l or 12. 

JO. Two detac’hnicnls of foot arc ordered to a station distant 
39 miles, they begin their march at the same lime, but one 
party by travelling i of a nnie an hour more than the other, ar- 
rives 1. hour sooner ; hence the rates of marching are reipiired ? 

Ans. vTj, and 3 miles per hour. 

11. To find two numbcTs whose product shall be 32<), and 

the diflcrcnce of their cu!)c to the cubes ol their difference, us 
01 is to 1 ? Ans. 20 and 10. 

12. Gnen the sum of three numbers in harmonic proportion 

iz U)I, and the product of the first ami third ::f- ‘1032; to find 
the numbers ? An^\ 72, 03, .50. 

13. If the sum of two numbers i'^ 11, and the sum ol their 
btlu powers 17S3J ; what are llie numbers ? Am. 4 and 7* 

Indeterminate PitonLEMs.’ 

!• ^To find the least whole number w'hich being divided by 17 
shall leave a remainder of 7, but when divided In 20 ilie rc. 
mainder shall be 13 ? ylns. ml 

2*/;Bcquircd 'the least possible integer iliat beitjg be divided Ijy 
snd 13^ the res[itctivc remainders shall be ip, 13, 
and Aus, 7601. 

I ' 

^ '■‘if"? ** 

ynifn a company of foot was drawn up in column 
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1 1 men in front, it wagfouni] that 5 men were 4vant!ng to form 
complete ranks ; but when they were drawn up with 7 men in 
front, only 1 was required ; what was the strength of the com- 
pany, supposing the number less than )00 ? 

j^71Sb 83 7firn» 

4. To find the year when the Roman Indictioii W'as 4, the 
Golden Number a, and Cycle of the Sun 1*^ ? 

//ns. in 1711. 

!». A regiment of foot (less than looo) when put in column 
with 13 men in front, wanted 9 men to complete the last rank ; 
when 15 were in front tlien 14 incn wTre wanliny:: but with 

V ^ 

17 in fiont lltc ranks were complete : what was the strength of ,^ 
the regiment ? 001 7?icn» 

6. IIow many diflerenl ways Is It possible to pay 20/. without 
any other coin than half guineas and halj crowns ? 

Jns. 7* 

7. If 1 7<r 4- I9y 4- C1-: =: 400 ; how inany 4 )ositive integral 

values are there of .r, jr, and z ? Ans. 10 of each. 

5. To find two whole numbers having 77 for the difference of 

lljcir squares ? Ans. 2 and 9, or 38 and 39. 

0. To find that number which being any how divided into 
two unequal parts, the greater part added to the square of the 
le-s, shall be equal to the less pari added to the square of the 
greater? Ans.'u 

10 . To find the two least whole numbors whose difference, 
tlic diiVcrcnce of their squares, and the difference of their cubes, 
are all squar. numbers? Ans. 6 and* id*' ‘ 

* ' 

To fipd a rational square number to which if yoifl|id3 U9, 
pr subtract* 1 1 9> tbe sum, and dincrcnce, shall also 
square numbers r • . ' Ans, 
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12 . To ilivlcle 10 into 4 such parts, that the sum of every 

three shall be a square ? An^. 6, i, 54 ? ^ and 

13. To divide ^ into 4 parts such, that either part when 
added to the cube of 7 shall be a square ? 

A/iS* Vo'oAo ^*^d 


Arithmetical PROCRjj^ssioNS. 


1 . If the first term iz number of U rins t: 20, and the sum 
of all the terms zz 100 ; what is the common ditrcrcjicc ? 

A clelachmont of foot have to occupy a post distant 159 
miles ; .the first day they march IG miles, the second day 15, 
the tliird day 15, and j?o on, lessening eai h day's march * a 
mile : in what lime will the journey be periormed ? 

Aiis. 12 day s'. 

3 . A detachment marched ipS miles in IG days, and llie first 

Jay they tra\clltd*I8 miles ; now snp|)o>ing eacli day's march 
vi'as diminished hy the same distance, how far did tin > travel the 
last day ? Ans\ inilrs. 

4. If the first term of a progression is 0 , common diQcronce 

zi IJ, and sum of all the lenus 1170; wlut Is ihu nuinbcT 
of terms ? Afis% lu. 


5, A party of foot begin their march o.t G in tlic morning, 
and travfel miles an hour; 3 hours after a troop of horse 
follow them from the same place, and march 3,} milev tli * first 
hour, 4 miles the next, 4y the third, &r. increasing tin ii march 
4 a mi|fi. every' hour ; in what lime will they overt ike ih« foot f* 

7 houi S 

6 - squares of the two means 346^^ 

and thMi^ ^^ \he squares of the two extremes zz 4 10 ; 'Iq de- ' 
tennine.j|m^r numbers. ^ A^ii. 7) n; I5, 19 * 


aQ2 



A! r, ! lir A, 


7. If a complete square pile of cannon balls coniains just 

7^"ii tiincb llic number in the bottom layer ; then how many arc 
there in the pile ? Ans. 2S70. 

8. The cannon shot of a complete triangular pile when placed 
in rows that touched one another on the ground, formed an 
exact square. What was the v\hv)le nuinhcr ot balls, the num- 
ber being greater tliaii 4 r 


G EOM r. T R 1C A L Pk O G R I>S ! O > 


1, What is ilic sum of the llrst 1 1 terms of the seiles, 9, 4^, 




J//V. irjcu- 


2. What is the Vdtlu term of the progression 21, 7, 2^, i,, 

a a fi o 

3. Required the sum of the progression a, c^c. 

Infinitely coiilimied, / iieing greater than 1 ? 

ylfis. - - ■ . 

r — l 


4. U the first term - t), the ratio n: and sum of the pro- 

gression r: 12 ; what is tlic iiumbei of terms ? 

.*7. There are 4 numbers in geometrical progression, and »hc 
Slim of the Iw^o least it 20, and that of the r.vo grei‘e:,t r=: 43; 

what are l!io nuinljcrs ? l -j IB, 27 

C). To find 4 uinnlicrs in ariihmulcal progression which being 
increased bv 4, 1, IS, and 224, respectively, the sums shall be 
in ceouictrical progression ? A/is, 7 » 2l)> 31 , i 3- 

7. From a vessel containing 10 gallons of brandy, 1 gallon 
‘'was drawn out, and a 'gallon of water poured into the vessel ; a 
tialldii of the mixture was ihui «lra\vn out, and anot^e^ gallon 
of w'alcr poured in; now the like process being te^alcd 10 
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times, it is required to find how imich brandy remained in 
the vessel, su[)[)0.'sirig ihe two fluids were thoroughly mixed 
every time? ylns, 3 iVJ'..6o‘6oVo 


8. The sum of three luimhers in geometrical progre^ssion is 
91, and their cuntimied product OJtil ; what arc the nuin!)crs ? 

Jns. 


c). It the first term of a scries he the last term 2, and the 
nuniher ol terms 20 ; what is tlu: ratio? 

-J//.V. •81844:18, nearly. 


10. Snpi'o^c the fust term is 1, the last 0, and the sum of 


the SLM'ies 



uliat llie ratio ? 




PlK M UTATIONS, C’OMIUN A'l IONS, Scc. 

1. How inruiy di.uigcs or variations can take place in the 

leller^ of the word ? j'his, 720, 

2. Suppose 7 nil 11 stand in a rank ; how man / linn s ran 

ihcir Older ije varied /!tis, .'>010. 

It a ctiiupanv ^ oiisiiing (if men arc drawn u|) in column 
will) how many riiihrcnl Ironic can t’»al In done, wlu-n :» men 
arc always in front r M250G, 

4. How in:i:.y diFerent hancU can he lidd at the yanic of 

wliiat ? G'i'j'o i.ViOGoo. 

5. ’How' many Variations maybe n;ad«; of tlie filers in the 

WQcd Lcictlrinu Ira - ^ ^ns, h'^HioO. 

6. Hpw m;ny diflereiil niiinbcrs can be made ou‘ of an^l^nit, 
2 twoiVs lhrcc5, 1 fours, and -5 fi\cs, taken o at a tim,; ? 

yin., 2111, 


4 
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7. How many diflercnt numbers can be made with the same 

figures as in the last example, supposing all the 13 figures to be 
in every number ? jins, 3783 rvSOO. 

8 . Let there be 3 ranks of men, and suppose the first rank 

consist of 7 men, the second of 10, the third of 12, the fourth 
of 14 , and the fifth of 13 ; now how many ways can 3 incsi he 
chosen from the ranks, one man being from cacli rank 

every lime? . Am, \76H)0, 

9. How many words, significaiil and insignificant, can be 

made out of the 24 letters ? ^ 

Ans. 193 1022110 . 

N. n. hi tin's (jiiCNiion it i-* i>uj)po>r(l Ii'ttcr in:i\ he '* 

tiiuc:> tojiiaki' a 


lieairriiig, and o/ltcri>iiRie.s.—Di(}l‘renti<U Method. 


^ O , ,, , 

!•' What is the sum of tlu‘ infinite seric«s ' — H — — 1. 

1 * i” (tj. , /.• 

A is. 


2. Kcquired (lie Mini uf the scries 1 4- + li'x* 4* I -4“ 

inlinitcly eontiiuied ’ 


If? >1 


An,. ~ 

i 1 — - 


5. M’hat is the sum m llic ialinilt- srni*> 1 4 - U 4 * Llr 4- 4- &c. ' 

Ans, ^ 

(1- O' 

4. What is the sum of the infinite sei ies * — j. * — --t-icc ? 

.< a* * t<^ w' ' 

Ah'- 9 — - — • 

a 4- .1 

5 . Required the sum ol the infuiile series 7 + ^ + r: + &Ci 

k' ^ * i o 1 

A/is, 

4 

2 3 

6. What i:i the Mini of the fii'bt 10 terms of the >ierit^ 1 4. • 4. * ^ 
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7. Required ihcsum of thcserios 1 + + ^ + ~ 


j-tns* 


3 34 34>*» 3 4*5G 

%. Rciiulrcd the sum of the infinite series ^ + /"gTS 

Ahs, 3, 

What is the sum of 'pr‘p“j^ + 


contimied ? 


)V 


10. Required the sum of ll»c infinite series 7> + .7“ + j 


Afdi\ J. 


1 1 . Required the sum ojj JO terms of the series of piodueh I .*J.3“*-:h4.5 

AfiS% OktJjKO* 

lo. If the top row of a eomplKe oblong pih*of cannon shot consists of 10 
balls, ami the number of courses are 1 1 ; then how many shot are in the 
pile? -V;/v. 1100. 

13 . 'The sides of Ihc top course of a broken rectangular pile of shot arc 
12 and 7, :iud the number of courses 0 ; required the uuinher in the pile ? 

Afts, 1728. 

14, Wiiat is the 2'!///. term of the seri# ij^;, 21, jb, r C, 2j2, &c. ? 

Ans. ^2 jOU 


Reversion of Seril*^. 

U To re\erl the series at/ &C, ^ x. ( 178 ) ‘ 

X fn^ (? 6 *-~ai)x^ (^ 6 "^ — 

Afis^ hz=. + • - . 

, ( I I//-* — 2 -f- 3fl\‘— rtV p_ 

+ — ^ «c, 

2. To revert t lie series fly -f- ^ T ' j , j. ■+&r, =t, 

, f * A * X* 

Arif, y hrr + r 

a 4.a .tj Ka Ua 


3. To 


n 


m 


serie*^— •2y*+ -y4+&<.= 

1m/ *J 


X, 




Ans, yss J( — +2’ +-y *i*«. 
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4. Let the series + 


(jU* 




J/ * ^^^2 + V^KJa DU40<i^ 


Cubic, afid hifrher Equations. 


]. UiM^ — 2U* = r>7?:; tin* MiliiP of x? jifts. x =:'J^ 

% 

2. Ix't + I’x =: IiriO ; rp(]ir.i( *1 tlic v.ilui‘ of x ’ Arts, x = 1 1. 

3. Given + L’ljr' — J:''^=lll(»; lo uud x' 

^ ^/»/v X = 1 1, — 11, — :: I , Uh* ihreo roots. 

4. Gi\eiiA3+ 7x*- — 'ITiX =1 r>('l ; toMiiifl X ? 

Au.\, x :=z. — 7, i IJi llx' llirei* roots. 

1)0 .Sii|)|»osc a 3 — 17 + 7!}iij*rx rr 71C.>o; rKiuind tlie \aliicofx’ 

An^. X =z 1 I*Si7J, t. tin iliri c routs, nearly. 

6. The* sum of 4 numl)Ci\ in j:eonu*liu .il pro^res^Km bein^ MO, and 
llicii continued pioduct :=: 10!* nuniiiers^ 

AfiU 10*., r.\K, 

7* The sum of:l numbers in harmonic piopeiiiion is IDi, and their coa- 
iiaticcl product JjlOlo. Re(|Uired the mimbei^ ' 

Afi^', 7 63, and jfi 

5. Given the sum of thrS- rffimbers =3?, tin* "inn of their sipiares 
= 350, and liio Mini of their ( ubc^ = 31* Jo. W ii.ii are the numln*rs? 

An.\, i\ 10, and 13. 

0. A company of fov>t can be drawn up in t v')luinn with 3 0320 different 
fronts having always 3 men in fiont: what is its slren^th ^ 

' A’i'^. f'u merf. 


TO. The number of cannon shot in a complete triangular pile is PI 39; 
lluii bow many aie in the bottom i our:>f ? A'ts, 7 j3« 


1 !. The number of cannon shot in a complete squaie pile or pyramid 
c.\ceeds llu‘ number in a complete triangular one h) 3300 when the sides oi 
the two bases are equal : liow many balk are in each pile? 

^ Afts. 4900 and 2600. 


12. If- 

(I 





-Jr in irtfin. = m ; what is the value of « ? 


Ans, X zz 


fWfl* 

kr”*' 
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LL Supp KC I -f- 3.t Gx' + lOx^ + 1 Sec. ininjtn = 10 j required 

ll:i‘ oi X ? 

,v=: 1 — 

JO^ 

n, Ir' (Iti* s’uiM oftiit* stTio ofbiqimdrates P + C** 4* 4^ + &c. be 

ripKil to ‘..SOT tiim s t*i“ mini!)i*r oftoims ; what is tliesiim of the series ? 

^ Auk. 

1). Il’x* — -oi ii'TTa^ + *:: — *JT<>.''*'. i=:v’o40o’‘JS.'i. Required 

the .1 V JtiK .a = -7i>1307. 

% 

J(^ Siipj)n.»-3 -1" 3^^— l7Si avIkU is tin- value of a ;* 

-///y. 7. 

, ^ 

A, . T 

IT. I( -* * — r= ; J ; iiquiiffl the \.!ue of .V f 

JfiS. ftcatij/. 

N. Given I + '?x’ + :Jv* 4- U' + &-C. [invijtn.) ~ ?/■* 

aii<l '31 =.//. 

Requii'evl the values of \ and y ’ 

A ns. 

// 3 Xf\, 


IP. Siij.posf lt+-^ + ' v' *4 + 

what i. I lie i.iliio of* ? 

* . ' ' . I o 

A:,.. + - = JJ-, + 

3v). Given = 10 '‘)o, :um{ a’> — !*■ = ; (o imd * atul ^ ? 

Auk, X = H’hTon, and y = 7*iJ5i>B5 marly. 


Interest and Annuities. , 

1 . A sum of «moncy put out at simple interest amounts to 

297/. 12l in 8 months ; and the amount of the .^aine sum in 
13 months is 3O0/. Required that sum: also the rate oi in» 
terest ? Ans. 288/. the sum. 

3 per cent, the interest. 

* • ^ ' 

2. Two notes, one of 120/. payable in G nionths, amFihe 

other of.l50/. payable in 9 months, were discounted for 8/ .los* 
^bat w^'the rate oi interest? 

Am. 5l. Is, 

II H 


iO|<4 per cent, txitXy 
■ ♦#* 


vo;.. It. 
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3. There 320/. tluc to me at this time, and more will 

l)c due al the end of 5 years (both from the saiiie person) ; ne e 
v.'c make an a^’reement that ilic wliole* shall be diseh.arcrcd 
at fine paymcMit at the time when the interc-it of the Jj(w be- 
comes equal to tile di''Comil of the pfi/. Ikr.cc lliv- lu:n: of 
payment is rerjuiiad : flic caleidaiioii beii.L^ nri-’e at .a [)( r rmt. 
perc/NN. simple iutcicvt?* V//'. at tlic cud d I \Lar. 

4. At what rale of coinpguiul uiltrcM will i^i/. rai-e a 'tocL 

of lOOO/i ill 1 3 years ? .i// 1 . pi r ( wJ. 

5 . What tife anioo'it <>t Ji;/. 

per nnvuw^ e(Jiii[)^n!iKl inlt..' «L, lie i^.ur ^ 

payable tjiiarierK ? ^ . i 

C. If 3v')fi/. ht ]>ayab»e at the i nJ (d' ; ^h.it 1' u , ‘itl? 

in ready money, ^!l^c<>nl|'(lll;! aiur i!*.; laie o( ; hr} n-//'. pir 
ann. compouiul interest r 021 /. \ lu //'y. 


7. The compound interest of a celt Cl' .j undinoncx 
ed 10 344'61/. ia^d vears; Inil (he mm'.mIi im.rc-l of the -rune 
sum, at the same rate in 4 year-. \\o;;hl ' un onlv 

Hence prl 1fcip;il, and tlic rite cd mfcnsi ai. .t-., ; 

Ic'io/. ill, 

* /;/. lie, rale. 

; ';8.'r’'*what is llii- prt>nit worth f ' ,i:i .nirii is t r u'li vi io/. 
p«r onn. payable yearly for cl u-ars, M-^l^oI!li)|r lonijiDimcl in- 

tcTCSt at the ratfc of C per n nf, per !in:;.i": ? 

\ 

. yl:h>. -j>. ](/. uvurhjt 




anglimc wifi (lOO/, purchase an aniiiiitv of lOO/. 


^cr dirnl* "compound interest 


Jfis. 7 Invars. 


at what rale ot mUTesian sinnuily of 50/. 
to be purchased (or JOO/. * # 

jins. A 'ZTiSi, per cent, nearly. 



apfucation of algebra, etc. 




11 Suppose an annuity of 173/. is to commence 9 years 
' and then continue 1 1 ycai -;: to lind the present value, 
'll!'- V ■ ^ 6 p^r cent, pm ann. compound muiji’st. 

Ans. 6 It)/. iSx. 9d. nearly# 

12 * A yonnr: man >ink'^ lOiH)/. in pnrchasini:: an income of 
\OOLpi u7!?‘. tc oontiniiC till In is mT of ago; now if he 

Ih 'Ji vi'ar- ^ I i; i)u pun ha-e moiU’v paid, at what age 

ill 'i'.' u tlu* jiii|uity, allowin'.^ 3 pt r cifnl. per 

iuiul i:iU ivsi ’ Ans. i 27 years ^ maLtly^ 


\ 


rM( VIDX oi Af.GKRRA m GF.OMKTRY. iruh 
. , /.vGEOMtrUICAL CONS riiUCTlON. 


' M. Im the preceding Articles we have consitlcfetl Algebra 
.. ■!',<!• iJMide'ji of (]‘«()inelrv, and dcTnonatflltccl its o|KTali()ns 
h('!n li ],;uKipl“n. VW- now cjt|>lain the.use of AI- 

i' '•iM Ji ''am.'i Geopictric.-l l*rol»leni'; v^^ich>^p^ld on the 
Trjv'cni !Ul Ijne" and ll.e eirgle. Tlftf^uci 

lore ! • ..'-ur <>l' file gconicir\ in iho'^rsjrvoluTl 

I.e i iiicr'* oil L 


Ti’ )n''h ill hu,i' nc tliod is con’e 
ud ipu. 1 t') l»i«, i)\ 'v (»l ij'-n. ra! projieriie 

con -iriiclions o-r/nru d • la>n) tL p 

cl' ;:iicc aiu.1 ’per-jiicuii v : this Iucacvct, ii 
plniii pTfthh.ni^ only, or such ili.it may he fei^plvcd by a simplcj 
ora (juadr.iiic ujuaiion. When the CfjuatlTO’ili^^to Si€<£hi<i^ 
the problem i.^ called a wild one, %nd the of 

those lines by whl-Ji ilie cotjstruclion is efig 
becomes a matter of some difficulty. 

Different problems ’aIiI require diffe 
and ccascqMcmly it would not be for 

HHQ 
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general reference, 'i’hc siutlcnt tmist tlicrclore acquire li/s 
knowledge and clexleriiy in ihis braiieli Iroin examples, and his 
own practice. ^ 

235. Wc shall begin with 

The covstnictiou of' ^jt^jfi/trer f'jnm nf uJu'f trd Onadrulic^ 
rAjuntions : 

uix. I ax d ^L. 

a- — ill — /t. 

fix — :i* /)C. 


Constmdion of the first and second furws. 
With a radius equal to {a let a circle be dc- 
8cribcd| its centre being O. In ibis circle draw 
a chord AB~i — c {h being supposed greater 
than c) anti produce AB till BP r: r; and from 
Pdraw PQifai ttUilh the centre O. "rben ^^ill 

aiul.r r Cr in ilic 



and BP ” r, therefore APn 5 — c P cnZ*. 
of the circle is - [uy the diameter DC ~ a. 
DC) X DP- AP / BP, (r;eo7W..loi) 

.r = / t:, or i?* I ax zz he, tlie first form, 
form (PC — DC) /.PC=AP/BP, 

^-0 / Cy that is a “ — uxzzLc. 


— /I*, or 71 is taken a geometrical mean 
fhen the distance of the point P from the 
^Jrawing a tangent (RP) = n from any point 
f the circumference : for AP x BP z: PR* (Geom» 102 
Thif latter method of construction (by means df 
ihe tkflgci^^ay ^dpixcd when b — c \s greater than a the 
* iliao^eicf dPwe cifcltfi' « 
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Method of cakulatto>u Oiiiw the ratlius 0.\, and on AP iel fall U>e|)€i> 
iKMiclicubr Oi wliitli uill nis<*ct the chord AB {Gcom 67), 

Then OI * = O A " — AT- {fleom. S*:) ; and OP ‘ 5= hi- 4- IP*, or OP* ss 
AO- — Al‘+ll^; tliiU'fort* Op =|/( \(>-— Al- + IP*), and oonsc- 
((ueiitly DP or x z=. Al* + IP*) — 01) in (he first toriu : and 

PC or j: =:^(A0* — Al* + IP*) -h OC ^<itond. 


Suppose jc* 4 - Da: = b X 1 i (the first form). 

tt — c ’ 

riien AO z= 1= ti, AI =. = I J, IP =t>i. OD or OC =4^ 

a.A a:==: + and TJ + 

4; = i:- ii i«* values of X in llie two In^t lorins. 


(Jons true lion oj ihv third form. Let a circle 
whose dijiiicler is a be described as in the pre- 
cedinij forms ; and Like the chord AB n A I J 
make AP=/>, and PIJ r c, and ihroufrh Pdraw 
the diaincter DC. Then PD, and PC will be 
the two roots or values ol 1 . 



For (DC — PD) nPD=::APnPB, fj^iorm lOO) 
that is (a — sX) / x-b / r, or ax — ic, (a?» being z: PDj, 
And ;DC — PC) /PC-rAP/PI5, 
that is (a — x) k r, or a c — a* -i /^r, (.r being denoted PC)* 


When 6 I c is greater than the diameter a, lake =z hc^ 
or let GT — .1* zr 7p, then AV and PB will be and 

Aa=2«. ; Jiv 

Mitin'J 0 / culculalion, From the centre O let fall thi perpendicular 01 
Upon Ali, and join OA. 


Then 01* = AO- — AJ* (Oenm. Sd) = * 

And IP = AP — Als=i»- •; ■' 

therefore OP* = 01* *}- IP' = V — (-"‘V' } + 

^and OP sr ‘|/(jc* — 6c) i whence PD, and PC tiio t\^ valuer trif jr arc 
OD — OP, andOC+ OP,or Ja— »ind J«-h-/(ia* 
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m 

Let 14x-i»A- = S X 3 bf* (lie cquatioii. T’lieii l J ::=l)C, .^’ssSsAP, 
Css 3 anti Pi) and PC will be i?, anil 1C tl.c v.iliies ofjc. 

The itanie conclusions result from complrtiii'^: tlir: Miuare: tliiu, taking 
the third form cut— r’ /v, or x’ — == — /r^ w hence x- =s 

and ;fss Jriih , 


From the preceding constructions it nppc.irs, that wlicn a 
geometrical prohlcni can he solved hy an LCjuaiiun not exceeding 
a qiiaduilic, it also admits of a con^t ruction hy means ol righi 
lines and the circle. « 


236. The area (a) ('fa t/rji’-unglcd and ihr 

hypotenuse [h] fmn^ •^ ‘tn tiy fa jlnd ike olhvr Iwusldoi. 

« 

Suppose AH is the hypotenuse, and CP the perpendicular 
let fall from the right angle ACB upon tlie hypotenuse. 

* 

Since AB (or h) x CP •,'(/, \vc get = CPthepcr- 
pendicular. 


Now let one of the scginciiis AP or PI} 
be denoted by x, then the other will be 
A— X. And because CP is a mean pro- 
portional between the segments AP, PB, 

4 » 7 * 

(Gem. 168) we have^(A — x) jr r: jp; 



which equalbn gives x zz -}A + J, the two seg- 

ments AP and PB. Whence the sides AC, BC will be found 
•by Geom. 86. 


^le the hj|U)tcnu»e AB = 13 = h, and the area = 39 sa ; then . 


m 


I * ± ✓ (i** - Oej— 36)S:9 and 4 the two segmentfcNow 

•/ A ' • * 

* CF being^^^(« we Lw AC sb |/(Sl<fS6)t and BC say 
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If the perpendicular ^ p: Ih, the expression v'l V** ~ 

is r: 0, and .r t or ihc point P coincides with the centre of 
the circle: therefore should the given area exceed the pro* 
blcm is impossible. 


Otherwht thus : 


Suppose O is the middle of AB ; and pu* X rz OP, ft^lf the 
diflcrcnce of the slgmcnts AP, PBj then \h Y x and {A — .jc 
will denote the two scgnitSlt^ ; whence [Gcont* IdBj, f\h -{- Jif) 

X (lA — a) = -p- (n CP), which gives z: ih^— and 

r — =: OP, which aJ(|^d to, and subtracted 

from Ih, give the two scgintMiis AP and PB, as b.forc. 


CeometruaUj/. O?! the given hypotenuse AB describe a se- 
micircle'; also on the same line AB let a rectangle ZB he made 
equal to twice the area ol the triangle : frtJtn C draw CA, CB ; 
and ACB is the triangle. For the triangle ACB is - } the pa- 
rallclogram ZB {Ceout. 81, carol, I ), and the angle ACB a right 
one (Ceom, 


Aldhodtif cakulalwn. Draw llu* radius OC ; iften the perpen^cular CP 
being found as hi-fijii'i we have — Cl**) =i 01* or half 

the diiTereiice ot tlie segment^ Ai* and PB; which is the same expression as 
tjiat found by the last of the proceeding met ho A. 


In this construction, the vertex (C) of the triangle is deter- 
mined by the intcr^ccticm of t .vo loci. 1 bus the circular arc 
AC B is called the locus or plaice of the angle ACB, bccaus^ two 
lines drawn from A aneffi to meet any where in th^: arc^CB 
will form the same angle [Gcorn. 72), Therefore when the base, 
and vertical angle of a triangle are given, the /oc|| of the vertex 
is the arc q^otiridc. Bui wbxD Uia base and aita Aft gtveii,^ # 
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the locus of the vertex is a right line parallel to the base. Thus 
all triangles standing on the base and having equal areas, 
will have their vertices in the indefinite line DG : [Geom. 84). 


237* Jn a ri^ht-aJiplcJ Irianfile ACB, let there le <^ivcn 
the hf/pofeume AB^ avd the sum of the other sides AC i BC; 
to determine those sides. 


Srippose AB - h, AC I- BC ~ .9, and BC :r x. 


Then s — x — AC, and (s — 

[Geoni, 66), or .?* — ‘2.lv | 2a:* - //*; which 

cciualion solved gives *> - -I « + y' ( - — ^ — J 5 

and these two values dtf.r are BC and AC. 



If 5* is grooter than the problem is impossible. 

Suppose AH := Ij = /;, and AC -i- bC m l 
Tl’.en Jv i 1 ^ = loj dz v/;; =: I : aiul I*, IIjc rcnuircd sulc*. 


Geometrically . Let DB = the sum AC 1 BC, and tlic 
angle ADB r i a right angle ; make BA .ir the hypoieninc, and 
let fall the perpendicular AC ; then ACB is the triangle. For 
DC A being a right angle, and the angle at D ^ { a right one, 
therefore tlie angle DAC =: ADC, and AC — DC, therefore 
AC 4 CB n DB tile biiin of the sides. 


Milhod (J cjlculiUiori. by trigonometry, a'? Ali ; sine ADb : : BD : sitit 
DAB ; \\!»enec the angle DBA becomes known ; and then the sides BC and 
AC^^reniliU catcuialoil from the given sid<t,AB. 


238. L^t hypotenuse AB, and the difference tff th£ 
' sides AQjsni BC, be given ; t^nd AC andBC^ 
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Put h r: the hypotenuse, d =r the difference of Uic required 
sides, and x = the less siHc. Then x \ d will denote the 
•greater. 

And (a,* + d)^ I' =: //’ (Geonu 8fi), or \ ^2dx \ d*— 
this rqualion gives a z:: — id*) — \d, 

% 

Siippo'.e h zn 1 aiul — .1 ; lluMi — i^/=5 lOJ— =s9 

tlic K•a^t ‘'idi' ; imd M ■= 12 the ^irater. 

« 

Grnjncfj'n ally. ^Lel DB - the difference of the sides AC 
and BC, and make the aygle ADC = ] a 
right angle; iVoin B draw BA r the hypoie- 
ru^c, ar.d let fall the perpendicular AC, tlieii .. L 

ABC IS the triangle. r4)r AC z DC- (as in 
the la^t pn)l)K in,)*therefore JBD is the difference of BC and AC. 


Ma/.i <i of iiifciiicfioN, B\ liii»oiu)im try, :is Ali : sine ADB ; : hi): sine 
1)A1’» ; tl^l^ d^'leiiijiued, all llie utlier antdes in the ligure become 


i'3y. Ilo7'}7ig the hdsv (AC) of a right-angled triangle, and 
the sum of (he hypotenuse cjid parpvudiailar (A13 I BC), 
to find each o) the latter sides. 


Let the base AC = AB -f BC n .y, and CB ^xi Then 
the hypotenuse AB ” s — x\ And s' — 2?^ +- \* r: h a:* 

(Geom. 6(3) ; whence 5* — 2ix zz and'x rz llie per- 


pendicular CB : and 5 — 1— 

^ 25 

ivuse AB. 


.y" + 


the iiypole- 


« 

If AC =z S and Ali + CB 16 = 5; 


41 

then __ 


tC— CBjand * * "ji ' " ss 1 0 st AB* ■ 
‘Js 
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Geomalricallyi^ At C the extremity of the civ^n base, erect 
CD/perpcfhJicular to AC, and equal to the sumcffiftie otheraiclcs^ik 
join AD, and make the angle BAD = BDA : Then^ACB is 
the triangle. For the angle BAD. being =: the angle BDA, 
the opposite sides BD, BA must aUo be equal, and therefore 


AB + BC- CD. 


Method of calmlMiofi. T5y trl/onom DC ; C'A : : radius ; t^tg. anult^ 
ADC ; double llii*; is the autde ABt! (dcom. 1 . 3 ); Iherciore in tlic Iriani^le 
ACB, tlie base AC’, :iiul all llie angles will be given- 


240. Let the lasc hC and diffcroiire of the hypotenuse AB 
and perpendicular CB, Le y^iven ; to deiermlnc those sidi i 
separately. ^ 


Suppose b r.: the base, d z:. the difference AB — BC, and^ 
W = BC. Then a: + (/ ~ AB the hypotenuse. 


And (,r -J- (If _r ur .t’ 1 ‘jiAr \ d’ 

zz {Ceom. 86); whence itd.r jz If — f/\ 

, If^d^ , , , If — d^ 

and a' =: , nCB; and therelorc , 

Qd ^ 2d 

+ ^ = ~2d~ ~ hypotenuse. 



f^Geomeirually. Make CD perpendicular to the given base 
AC, and equal to the difference A B — BC ; join AD which 
bisect in P, an.l d^^'w PU perpendicular to AD, mcelii^ DC 
produced in B ; draw .AB ; and ACB is the triangle. For the angles 
at P bcinc: riglu ones, and RA z: PD, therefore the triangle 
ABD is ijoscelcs, aiiJ AB = BD }- therefore CD is the 
ce of ^ and AB, the ^iven difference by constniq|^ 

tion. 


Metltod^ calcuiakSn. fly tri&on0^«*AC : CD t: n^4W 1 1 angle 


• «, 
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] )AC ; aiid its coc^Ienieiit is tho angle ADps=DAB» ^l^lenceUltKc anj^et 
^ ill the trhingle become kodwt). ' 


QA\* To divide a given line AB into mean and extr* 
proportion. 

Let A]^ = n, and x = AD ih^ [greater parr, ^ D B 
then a — a' i_ DB the less. * rH— H 

And AB : AD : : AD : DB 

or a ; : x : a — x, whence .t* ~ a® — ax$ 

and J'* I- ax n: a^; which gives rr — AD. 

far {lie gf otnetrical CKf^istructioUf see 6V»o/w. I6l. ‘ ^ 


^ 242 . To divide a given line AB into two parts AP and 
PB so • that theft' rectangle AP /. PB shall leaf a given 
ifingni tilde (w*). 

Let a denote the i^iven line, nnd x one of \ ■ -t 

° '‘V. JP B 

the parts; then the othi r will he a — x\ and " " 

(a — .r) x=in*, whence a* — ax — — tfl*, whicli gives x — {a 

±v'(H* — nC) ; and th^se tw^o roots or values of a: arc the 

parts AP and PB. ’ # 

Here m* must not he rcater i lian thcr<*fore vi * nr the rectangle will L# 

greatest \%licn m*s= or wlien m = Ja, that i^f wlicii^jllir line i* divided 
into two ct|ual jjarls. — I'he construction and method of cah iil.iduii will 
be e\*iclly the same as iii art. 23G, by taking l'C*= vi^ ' ^ 



Let BP be peipen^lpulRr to AQ ; anB^t BO p =. : 

and A = AD or DC : Uwn A d# = AK and A ~ a 

• -M* , 



544 


APPLICATION OF ALGEKHA 


r> 


Ami BD* — DP*^=: DP’ 


" xfK 

A l'» + Bl” = AB* 

[Creo))i» Sh,) 

/ ' 4c 

CP* 1 BP* - BC* 

' 'A 


That is A’ — ,P DP*, 

t 

R 

(// 1 dy 1 /P — f/* oi 

//* t ^h>! + /. 

: AB* 

(h — dy -f Id — (/- or 

/,' __ i2liil 1- /’ 

. Bg* 

whence by addition 

•.’//- 1 

- AB“‘l BC* 


CAD‘ 1 ‘JBE 

= AB* 1 BC* 


CnraL IT AK, CM he ]>n),i\h\ lo JU', AB rtspLClivi'ly ; 
llicn BDK and A(' uili he lliv dsn^oiiti!.- (»! ilu- |)arallcl()gr:im 
ABCK, mid DI? r* 1)11 ((itow. S'l. (ural.h and therrforc 
2DC" I ‘jRD^i-CR’4- RA’; Imt \)C . A 1), and BIJ - KD; 
consniiicmly iDC" H- 4 R l)^“= CH" I RA^ 1 
but 4 linu‘^ llii s'l’iirc on hall a line i.s t(|i;al to the sijiiare on the 
’veliolclinc , theutbre lOC* nul *lRD’’ ~ Rll* ; wl.eneo 

wchaveAC/ 1 RB" ^ C\C \ ll 1 All 4 BC/; that is, 
i/ie SIIV7 of the .^qt/tirrs of tfirlfcodfi^onuls of n pfnnUt low 
pniirff is c(/Na! to ihc squat V's ot* the jottr Wf/r> luLcu /o- 
gethir. 


544. Tin oi;em. The leetanglf uiidt r the two dixigonaT 
fitttf quadr'daU'uil inu t ileif iti a elrdv, A equal to the sum 
\>f the t ten rectauolv\' uf the opposite ddis. 

That is, \C/liD - AB/CD l AO/IIC. 


Suppose CP is drawn to make llu ^ 

rCD=.-HCA: ' - 

• ■ » !' ' ‘ 'll 

Then because the angle PDC =: CAC, ✓ r 1/ 
^Ceo»«.J 2 l» the triangles CPD, *CBA are 
rr)uiungtj|N; whence AC : AB :: DC : DP 
( 6 'v.')m. 97 . rero/. l), thercror <^6 x DP =: AB x DC. 
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Again ; because ihc angle CPD = CRA,*and CPD I- CPB 
make two right angles, and CBA + d)A also make two right 
angles, the angle CPBmCDA, and the angle PBC ~ CAD 
[Geom. 7^3 , therefore the triangles CPB, CD A are equiangular; 
conscrjueiitly AC : AD : ; BC : BP, whence AC / UP = AD 
/ BC ; now hy adding this ci|nalion and the former together, 
\vc liavo 

' AC / BP 4- AC ;< DP r AD / BC h AB X DC, 
that is (BIM-DP)/ AC\ or BD/ AC^AD/BC J AB/DC* 


21,'). .Thloiikm. L/ ABC Irnny friattglr, a rd suppose 
AG 1 “ ABj (ifid Cti) iiar<i/^( / lo Al> ; then if OD h* takvn^ 
— GO, CG U'ill he a mviut pmp^)) tional bctivcvn AC and 

CD. 

By similar triangles, C \ : AB fAG) : : CG : GO (GD)j 
and hv division, CA : C A — \G : : CG : CG — GD, 
or C \ :CG::CC:CD. 

From this 'I'lteorein the loat.s of 
the vertex of a triangle may he de- 
teriiiined when the base AD and the ^ / 

of the sides AV^, DV ;'rtf^dven. * j 
Tliitig, if a circle be described about j,\. 0 

the cetilrc C with the radius CG, 

then any two lines drawn from A and D to meet in the circtini- 
fcrcnce will have the ratio ol AG to GD. 



For CA : CG (CV) : : CG (CV) : CD; that is, tlicsidevof 
tlie triangle.^ CVA, CVD about the co!n:nf)ii angle at C, aie 
proporiloual, and therefore the triangles are similar {GeOm. 97. 
ror. 1), conH^quenily the, oile r sides arc proport ional^ viz, 
^ AV : DV: : c/: C V (CG) : : AB ( AG) : GO (GD). fyence, 
to describe the circle which is the rcc|uir«d locui, divid^he 
base in the given proportion of liic sides, and fintfr tlie centre 
(C) asa^ve. 
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246. If a 9lb. iron shot^ and aiiotljL^ 48lb. are on thf 
ground at 20 yardi distance from each other; where must 
J stand in a line between them so that each may appear of 
the same magnitude ; the height of the eye being b-^feet^ 


Suppose 0 to be ihc centre 
of the IcaS'shot,* G ihc centre 
of the greater, and E the place 
of the eye ; also let EA, f 
be tangents at A and 15 ; then 
CAE, OBE will he right atu^lcs. 



Now it is evident that when the tno shot apjx'ar of the same 
magnitude, the diameters of tlx circles which lioiincl the visible 
surfaces will l)e seen under e(|aal angles, •or, which amounts to 
the same thing, flic angles CKA, OEIi will be evjual; therefore 
the triangles CAK, OBE will he similar, and conse(|nenllv CE, 
OE will have tlic same ratio as tlie radii CA.OB, or as .S-J 
inches to 2 inches, which arc the radii of a shot, and a 

9/A. shot, nearly. 


Construction. Divide the distance CO r: 20 yards into two 
parts CG, GO having the ratio of o\ to. 2, and describe the 
locus of the vertex of the triangle^ EO, as directed in the pre- 
ceding article: then if DE be drawn parallel to, and at the 
distance of 5y feel from CO, the point E where it inti^^cts 
the circle, will be the place of the eye. 

Caknla/io/t. CG = 3S* 1 S2, and C O =r 2 1 ’S 1 S /i ct, nearly. 

And 3S-1S2 — 2I-H18:38M8C::38'IR:: S2 0S1' = CX, from liii;* takeCG, 
and tlieiv remains 50*1‘07 =: GN £= NE the radius; then the jicrpeiidica- 
lar PBL^ing =s 5^ /cei^ we get PN = 30*6, which taken from CN gives 
CP 8*483 /eelf the distance from lhe’g:eatcst bull a person must 
stand. (6^8ee them both under the same angle. 

rt 

lia The point P is between 2 and 3 inches from the groimd, and con- 
sc()aently EJffb taked quantity too grpat in the compuUtlon ; (hecon- * 

' i'ttsio!! hpu*i^eri is not materially aflMpd on that acConnt. 
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angles. 


# 






Having the^ sides of a plane triangle, to fnd the 


Let CGA be the triangle. About G 
as a centre with the radius GA describe 
a semicircle; produce CG to B: draw 
BARi iind AOP; make CP perpendi- 
cular to AP, and CR perpendicular to 
BR ; then the angle OAB in a semicii»clc 
is a right one, consajuenlly PA, CR arc parallel, and PC=:AR; 
also CO =: GA — (jB ; and CB is the sum, and OC. the dif- 
ference of the sides GC, G A ; and hecausc^hc triangle AGB is j 
isosceles, the angle GI3A is - [ the angle CGA. 



* ' 


Now if AB be the base of the triangle ACB, and CR the 
perpendicular^ on the l)a'‘‘e (produced;, wc have {Trigonom» 

art. 23 1 ) AB : BC + A C : : BC AC : ^ BR 


-1- ARJ anti 


AB 

BC* '\r* AB 

'll: _i:_ - ar - CP 
2A1} ■ 


Again, supnosc AO i; the bfccoftho (riangic ACO, and CP 
the jw^endicular on the base (produci tij, * 

this- AO : AC + CO ; : AC — CO : — , and 

AC* - CO* AO _ 
iAO 2 


But the triangles CPO, BAO are similar, 

that is CP : AB : T OP ; AO ; 

BC*— ^'AC‘ AB AC* -CO* 

or Yi — • •'‘B : : — — rrr-’ — — tA.0 : 

2AB^ 2 • 2AO . 2 T* * 

BC* — AC* AC* -CO* 

"—SB Ali:Ab:;.— _AO:AO; 
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whence BC* - AC* : Air : : AC^ — CO* : AOSfbyequi-- 
mulliplcfi), or BC* — AC* : AC* — CO^: : AB* : AO*, that is 
(BC 4 AC) (BC-^^C) : (AC l CO);AC-CO) : : x\B* : AO“-: 

But if AB be iDc'idc nahut^y AQ will l>c the iaui^enf ol the 
angIe,OBA or half tin. angle CGA ol the ’proposed triangle 

CGA. , 

» yh. 

Therefore lei < and d re-. jiec lively denote tlic sum ^BC) and 
difference (CO , of llic suits inehuling tl.e revpiired angle 
(CGA), and l< the other -ide (AC! : 


Then [s \~l>) (s—h) : [I, 1 ,/) (/.-,/j ; : roii: ; " 

X ratjfA zi^tlic square ofgtlic tangent ol half the antxle CO A. 

ptaniple. J>t C’.\=: n: C(i=z:;si, AG = hi:*; '.lit K a:iis= 

3s4 :•«. ) 

Ii:m h:.' 


4(>J == b 
J0I5 = ,r + / 
yi — .1 - b 


b 


■:n =1 ; — o 

I'TT X £17 

ioTJ X i»T 

root = 1 *34^3, the mluvul -if ut 33'' i.’3’ 

lUit the operation liv h Liaiiiluus is vor} Nijori : 


(^ + d){b — (i) f'li X .’I* . . , 

hVfrxT,- = 


Iv'lj nr. 

Ci\ iog^ 


<>l ar. 



Cul .... 

.... h/r. 

','•'-30389 

217 .... 



rad,' ... 

.... bg. 

C0'0<U'.OCn 


53* ;’3' tang. hg. 10- K’^S39 ‘ 


Therefore twice 33^ 23' is 106^ 10'' the retpiind angle CGA# 


This rule » preferable to that in vol J, art. Q32, when the required angle 
h vexjr obtuse. 

M 
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248. In a right-angled' triangle ACB tq inter He a rect- 
angle GC of a given magnitude {»<*). 


Let OD, parallel to BC, hisect AC the H 

base 'in D. Then by similar triangles, 

Ap ; DO : :,AD j DS : / (AD- 1 DS) i* -V ' ! 

^ r * 1 ’* 

drawn into SC or AD — DS r ” ^ 

IS the rectangle GC, that is x (AD 1 . \ J 

DS){AD — DS);r jn*,orDO;AD::»n» U ’ 

: (AD 1-DS) (AD — DS). Ilcncc tlie following constniefion : 

On AC describe a semicircle, in which, at right anglii^ ' 

apply SO and IN so that DO : AD : : w' : SO* or 
art. 190) ; then if SG, IP are perpendicular to AC. • 
rectangles, GC,PC is that required. For (AD 

= SQ*,by Gcom. lOO, corol. 1. Therefore 


CoroL 1. When ?w^r=AD / DO, then DOJ^^^ 
: AD* (or DV"), and the points I, S, coin^iwnu^J 
DC are the .sides of ilic rectangle, wliic||| ^ ^^|i 
cause DV is the greate.st possible. AwdjBSMSS^ 
blem admits of but one answer. ' 

CoriiU 2. Hcncc \vc conclude, that if i*fOp 
be any curve concave to its axis EC, the 
greatest inscribed rectangle OC will when 
OD bisects the base AC, or the siiblangcnt 
DA = i the base, and the tangent AB is > 
bisected at the point of contact O* 


mroo, 

Bm, be* 
^the pro- 
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249. The sine^ avd cosines of two arcs (BD, DG) Icing 
given to Jind the sine and cosine of the $um{BG)^ and 
difference (fiS) of those arcs, (See Trigonom. aru 212]« 

» ^KK 
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tpil-^fie racwtCp } alsQjomv&G;< , • ■%/> 

■ iiiid let S^^ ind^Q bc paralW / 
toibe radh;^iGB|ian4 01 per- 
pendicular to CB. -Then DK,, 

^.K^And GO, OC. arc the sines 
u^^osines of the arcs BD, DG. 

i i 

^ By rifflular triangles ; 

, ^ : CO : : DK : OI, whence — = OI = QP. 

^ PK PO 

CD ; CK :: GO : GQ, and — = GQ : therefore 

CO .^DK ^ £K .^GO _ Qp^GQ-pG the sine of the sum j 
^ =1 QP - QG (QR)=RP=SH, 

n'W ■ ' . '' . 


'' */V 

Again j 


: : CO : Cl, whence ^-i[^ = Cl, 

^ CD) Pl|: ^ GO ; OQ> and = OQ r: PI = IH, 

whence^^^j^^P^^— '=CI — IH=CP, coiinc of the sum: 


^ : ' V „V ' 


^enccmi 


+ m=CH^osfne of the 

•V' 

B[race, if the sine and cosine of an arc be denoted by S and Cj, 
a&d’^the sine and cosine of another arc by s and c, and ihb 


radius sty 


W > Then, ti/te of the jum = 


Se+*C 


yjh Cc—Ss 

cosiae^-r^p: — • 

Sc—sC 


their dsjF. s 


Cfc+Sf 

cs A-r— -T-# 



«•.. • - /• • ■'■'^4*':.: -v/J 


Wh^i^lhie i^yep^B uc 

' ' J * ^' ^ iSC k ‘.’*i '.'?*' ^ ’ '"'^ * 

'MtxpresiSoDB b^me — , 1^ - y r* oKtoafclP gt^ ^ *11.- 

Sftf and c^ ^i5* for the Ji'ne and cosine of doAfei.tbo are avtil^ ‘ 
sine and cosine are denoted by 9 and e. I 

^hei^l^, if A be tly: arc.\vhose siife isr« and cortn^^; tifth . 
the cosine of ^ + A (or 3 A) will be Sa(iji^4c*~*^** 


And by the same rule, the sine o{ [A^A) + A (or 3A)'h 
Ssc X c+s(c* — s*), or35C*— tf»: '* 

And the cosine (c* — #*) c — 3scy s, or c» — 3#c. That iifi. 
if any sine, or cosbie, be multiplied bftSc, and the,*next 
ceding one by s'' + c*, and the latter product su^cti^ fptW, 
the former, the remainder is the next following (tr 

Hence we have 


■ /Ire A s 
•2A 2ic 

3A 3jc* — j> c* — 3r*c 

A A •lit* — -ii^c t« — fiiVn-j* 

iA — 10fV+i» ^.Si^C ' 

fijti — ^ <w*c c* I3l^* •*r *•. 

&c. ttc« 

Where, the law of continuation ia manifest, it being such,' Aat 
all the terms of the cosine and sine of* any multiple arc 
(p being a positive integer) taken in order, are the terms ofv 
binomial (c •+■ s)". Thus, for example, ^find the jjjii* and 
come ^5^: . * 

: (ciga* =c> 4 5s<^+ 10** + lOf* c* +5J*c 4 5s», where thr 
irst^’ tbM, teiiiis being set down alttKnitely -f , and 

n^tf-^^^'''eesioa,d,fwr^ f«tb, Stc. conadcjt^ll; 
like maiiiiiet,*^^ line.’ ' 



S52 


APPLICATION OFm'.LGRBRA 


• S50^ Th$ i(i4genU of iwo am Mug T^vd t i.Ao^find the 
tangent of the sum of those arcsy and also oj their di fference. 

the corresponding sines and cosines are dcnoiM*a!» in the 
preceding problem ; then by Trigonom. 


^psine : sine :: radius : tang^ 


Se \ .sC 


viz. Cc^Ssi^c +*sC:: 1 (radii/s) : <1^1^ sum, 

Cc + Si : Sc — sC : : 1 : ' ■ Aan^cnt of the difference. 

i c i Si’ ° 

Now suppose m and n to represent the secants of the given 
arcs, respectively j ' 


Then {Cconu 214) 
m : T :: 1 {rcdiins) 


in 


r: S the sine : 


r. r • 

m: I \ ■ ~ C the cosine, 

m 

And in like manner v/r have .r; and -sc: these values 

n 

being substituted in the foregoing f.\: -• -..ons for the tangents, 

r + / 

give taiigvnt of the sum, 

7 » i 

«nd ^ V T , ' the tangent of the difference. 

I + it f, 

Smarki If an arc be greater than 90 °, its tangent, coi<ine, 
Scctlire to be used with the negative sign prefixed. 

S51. Cit'en the vertical angle (AVB), the perpendicular 
(VP), avd the rectangle of the segments of the base made by 
the perpendicular^A.? X PB) ; to determine the triangle. 

V 

Let VO bisect the vertical angle, and pi? 

Ir t6d,lfl>fgen<#f AVO or OVB, andxr; 
tbiMt^MlofOVPi die fWiM being 




TO^tfEpMBTRY. 


«5S 


/ *4* 3P 

Then by thc precedjing problem U thtf ieitg. of ^ 

Mfile AyP, and that of ihe angle PVB. 

i * T •* » . 


Now if the rectangle of the segments be denoted by r/ and . 
the perpendicular VP by p, we shall have (by Irigonom.)^^ 




1 — tx 
t — T 

T+Hti 


pt — px _ 


I i tx 


= PB: 




, pt p.r pt—px _ 

Therefore, 


Whence, by reduction, .T = ^ the tang, of OVP, 

This added to, and subtracted from | the vertical angle, will 
give the angles AVP, and PVB; tbd thcncc^he segments df 
the base, &c. may readily be found by trigonometry. 


If p't' be greater than r, the problem is evidently im- 
possible. 


Example. 


Suppose the verticahTngle = 95®, the per|)cndiciilar =: 60, and Uic rect- 
angle the segments of ihc base ss 4400 : 

^ , at 

1*0913085 the naturaW«f^, of 474\ ami = 

the natural lar/^. of 14® 41', nearly, the angle OVP; whence AVP =s 
62* 1 1', and P\* B =: 32* 49'. And the sides are found by common Irigono- 
melry. 


Getmetrically. Suppose AVB is 
the ftiangle circumscrilicd by a cir- 
cle yhose centre is C. the per- 
pendicular VP%e produced "to D : 
th^ since AP K PB is given, and 
= W X ^>t(Geom. 100^, there- 
fore PD is gtv^o, and pooseqiiently 




#M . firF'^LGEBU A. . 

‘ .VD abo.l^laiown.. ioin C.^,- 'knd 'dftw GQ ^hiHek t» 

: AB^ ai^ C$ eerp^dicidor tl;^D VD and A*^' ar^bifl«|j|d , 
in 0 and S» ntpMttVili^YpBon. 6Vt and consequently Ci^ 

, ~ PO the diderence of^ VD and the perpendicular PY.' Also,'^ 
, -the Ci^ is the difierance of AVfi and a righ| jpgle 

]7d)> Hence the following construction t^‘ob> 

viousK^ 

Make the<^n rwtangle AP x PB = m* [Geom. 

WC get VP : m :: in : PD; then if a right-angled triangw^SC 
be CQii^tructed having the angle SAC £= the^diflerence oi the 
|^veii|j^tical angle and a right one, and the opposite aide SC r: 
the diftrence of VP- and {VD,* the side AS will be i the base 
AB, and AC the radius of the circumscribing circle,* which de*» 
kenbe, and produce CS till SI the given perpendicular; then 
draw IV para|lel to the base AB ; and the point V in the circle 
%iU be the v^tex of thei^uired triangle AVB. 

CaldUatim. Taking the data as before, we Ijave s= == 

^ • 79k ^ ^'whence PO or SC = 6| ; and the angle CAS tberefoitii 
(by trigomm ) as radius x cotang, (CS) ; 76’S = AS half the base* 

And, as :(»}:: rad . : 76*4914 ss CA (he radius of the circle, which 
also is the diagonal of the parallelogram CIVO ; and VO being 66$, wc 
g^l CO s SP =5 37*5 nearly, consequently the segment AP ss 76*2 H- 37*5 
5=in*7, and PBalt 76*2 — 37*5*I38*7. nearly; whence AV and VB 
tre;^dily Atund* * 

' ^ 

v' dl^8. 7b investigate the content of the frustum of a Cone or 


HOAB be the frustum, and sup* 
4|Mise the cone or pyramid to becom- 

4 uilt ^ the baiie 

r V ^ that Q^e topbW^ k-zz the bright 

Oyj b Viw^E 








-ifcy hh # 4 • . 

^ Ai^ X thecootCTt ofAvB, (Ctm. 136 . wr,^)i if > ; • 

AIso^ X content of DVA i . ’ 

^ Aj^^^ttflerence, or ji (^^) ^P+tt4-iV, 

viz.^he areas oj[ the {fvo ends and the mean propofthdhl'iii . 
tween them in one-sum, multiplied by ^ of the height^ the 
content of the frustum UDAB. The lamc result as^^t.in 
art. S 84 Mensuration. 

SS 3 . To find the content of a \tof a sphere.. 






A i- 


Let HP be the diameter of a sphere; TAO a segment; and 
suppose the hemisphere to be circumscribed by a t^lindet 
HWBP. Put RA the height of ihe segment = h ; T^R or RO 
the radius of its base =: It; and m = * 7834 . , 


Then (Gepf». tOO), and ** 

sfLt^aeAQsVfB the diam. of the . 
Inhere, and ^ ■• — the radius ij^A ; 
whence *;^~te*l^=RC=RN 
ss Rn, and nNP^- 

n ^ 



:k 

m4>A* — A* 


■% m 


content Of the cqnic frustonWB^ (i> lAeprui*^ f 

1 * 1 . • ■■ 


55 ^ APPLlCATj^ON OF ALGEBRA 


And {Gemn. 137 cor- 2) the difference of those expiipsions m the 
f the segment TAO i . * *' fj{ * 

thatis (2^— ; 5 — ) -^ — h \ 

ducli, by rciluction. becomes x »«*, or, putt.n.A B = 2teTO, ^ • 

SQ have (35= + 4*-') X A X the eonlcnl of Hie sesm. nt- ^ 


In words, To 3 times the square oj the diameter oftl^ base 
jdd 4 times If^ square of the height, then multiplj^^ sui^ 
ly the height„and that product hy the decimal •t309'^riiff 
’7854)j and the result is the content. i, 


254. J stone being let fall into a well, it was observed, 
that after being dropped, it was 4 seconds before the sound of 
the faU.nt the bottom reached the ear. Hence the depth of 
the well is required ? 




Heavy bodies near the earth's surface descend by their own 
gravity 16tV feet in the first st;cond of time, dbrV in the next, 
80* ill the third, and soon, coristituting a series of distances 
ip atithmetical progression, the first term being Ifi,?, and com- 
mon difference 32tV* Now iet/=: 16*, = 3^*, / = 4 

seconds, «hd a: ^ the sum of all the terms in the progression 
or depth of the well; also put a- = UOO feet, the velocity of 

sound per second. ^ 

♦ 

Then (138) we have ✓ j for the number of terma|f time 
in which the stone is falling to the bottom, [if = d in this case) j 


and - the time of the sound’s ascent ; therefore bq^h times 


together mus( be equal to the whole ti 
viz. + ] = /, whence/ 


tioie/; 
,2.v*jr 


^w put r = ^~df' , 

then f» + »* = it 5 ’ = -✓(ir*+ it) - if, 

^ - (/(V* ^ 5/) — if)* = 231 feet, n^V, by 

substituting the preceding numeral values of the diflerent letters* ^ 



" 



. TO OEOMElfY: .*r 

^ t#34- Tojlnfi the comparative intensity of 
from a lucid point?. 

BPG and DPC be similar sectors 
of two circles described about P as a 

No^fie same light which issues from' 

^ and is spread over the sector 

BPG^tppl.also be diffused through the 
sector DPC. And it is evident the intensity of the light must 
grow fl^ss, as the space it occupies btcomes greater : hut the spates 
BPG, DPC are as the squares of the radii PB and PD (Girom. 
108. coroL) hence *We conclude, (hat the intensities nre *in* 
versely as the squares of the distances \ that is, if thcNightit 
B and D are respectively denoted by N and w, then PB* : PD* 
::n : N. And the same conclusion is evident in respect of heat. 
Thus if PD is double PB, then the heat at B will be 4 times 
that at D, supposing P is a point from which heat is emitted. 

256. Let OAB be a concave spherical speculum or mirror; 
to find the point F where a ray oj lijjiht SO parallel to the 
axis AD vieeti the radius CA after being refected from the 
incident point 0. 

Let C be the centre of the 
f ''s^heri<||||f8urface OAB ; CO a 
radius, and OR perpendicular to 
the radius CA. Then because 
CO is pcl^endicular to the sur- 
face of the speculum at 0, the 
angle of reflexion COF is equal to the angle of incidence COS^ 
or the direfct and reflected rays SO, OF make erjual anglea with 
perpendicular CO. This i| ot^ of the known laws of optics. 

, '* " ■ s 

. ‘ 

Seattle. so. is parallel to CR* the aqgka SOCj|) RCO an 
* ,t^ iaDj{^^OF ~C0$( therefore the trjaii|^.C,^<X^’ 





’ . 1 ' 

TOL* It* 




L U 



AcoaB^A, 

■ is iwpeles.iBiifd, 1^' =s ,' Vt. . $upi^e 'dN:x. OCii tri-' 

•“ 8flg^j6 CON isi99scelM, ct I^C t* morwjr^ aS ill^ ei|^ 

;.>atC is coQimon td both. the. isosvelfes triangles, ihey.mqst be 
■', eqOianguItf .pri^Eitnil^ hencc^CN. (fiCR) : CO :; CO,;CPf 
, raliw CO'iir r, CR s, b, and .t = CF; then j^pro* 

p^rtjiiMi is, Sb'.r :: r : ^ zz x = CF, \VhTOce AF = r 

sir—^ 

“ sF" 


the distarice from the speculum where 



Vi^QF nte^ ilie axis. 


r y / , 

jAthe incident ray is indefinitely near the axis DA, then b 
- irii^ = r, and j: becomes - {r, or FC = FA, 


t the radius CO orr =: 6 feet = 72 inches, and OR 

n SO inches, then CR := 69*166 inches nearly, z: h ; whence 
ePrs 37*47 inches. Hence it appears that when a spherical 
speculum or burning mirror is exposed to the rays of the sun, all 
the reflected rays arc not collected into one point or Jocus, for 
the cxlrcnic rays^ or those reflected from 0 and B, meet the axis 
jBLi ter distance from the centre C, than those that are in- 
ciderff'hear the middle of the spccufluni at A. Thus in the pre- 
sent Instance, the point F is r47 inches from the middle of the 
radius CA. 


The Geometnif^l conslri^^on is obvious : For having drawn 
'an incident (whether it be parallel to the axi|XA, or-,, 

not) join 0, C", and make^e angle of reflexion COI^qual to 
'theari^c of incidence COS; then F is the point where the re- 
fl^ed ray meets the axis. ^ 

.■"y. '• .• 

,'W7. In rwonnoitring a country toe obseneatwo tcindmilU, 
^6qr» N. other, IL toe then proceeded 2 mites in a NEb£* 
dnd eaiM to a vill^e thru teas at ^ eyual dUtanea 
o^'eds ; apd tee had ethtinsud our rout S 
mi^^^^thti^inthe some direction, tee found ourseteestiponan 
h<lie«M t^m^ Jknee the dhP^aetij^om 




lM<^- ■ jitid^'bitB^.iiorth'and •• 'T- 

e^’^NdjyiiiUW^B^ the phis^ where.'' 
tb^ ti^re fim observ^, BR the 
Ib^E'liii^, H the village, sit'd A/ 
tbte l^ht in the line N£. About 
H the radius HB or HR 
(3 niil^ describe a circle, and join 

Theiif since HE =;IIN, the points E, N, are eqtpally dtftsrtt 
from Ae circle, and therefore it follows from Ge<m. l(K^or4Ql, 
that the rectangle (RC |- CE) x CE'^is cqij||l to the rwUfi^ie 
(BA + AN) x AN; whence wc bavhr 

BC + CE : BA + AN : : AN : CE. 

But the triangles ANR, CRE arc similar, 
whence. AR (BC) ; CE : : AN : RC (BX){ 

and by composition, BC + CE : BA -+• AN : ; CE :.BA; 

* \ 
therefore by equality (from the first-proportion) 

".'L 


.,^/j 




w 



CE : BA : : AN : CE ; consequently CE is 4‘ ^can 
proportional between BA (or RC) and AN. 

Also, by similar triangles, RC : CE :: AN.,; AR 
now the Sd, term CE being" a n^pt propor^mal 
1st. andsd. terms RC and AN, the'4 terms RC^l — 
are ctpmued proportionals: Bfen^^ the quesl^ X-' 

that of finding s mean propordunats between two t 

(RC, BC), which is a solid problem^ and conset(ucntiy W^lRtOt,' ’’J 
^admit of a geometrical construction by means u|ftght lines and 
tbe’^circlebnly4fi34). * .vi'.i' 

i |f dssBR s 4, xs CE (he $d* ttfrm and r and c arn (Wi Id 


Wf«s. and .cosine. <4^33**45' the angte^SC (ilu: 


fdbt. oteRC, ^ rd s: fiC ; aM the ipropertk^liB'e^, x,^ 

:*•' S'..- 

liit X -3SS tofi vtjd^fc gim x ss laS4^< 





vrjti^ givey x ss 

NSislbli«fsi^'/< 






CONIC SECTIONS. 


DEFINITIONS. 


, , ^ 58 . The figure'*, dfnominatcd Conic Sections arc made by 
a'plane cutting a cone. 


S59. If the plane pass through the vertex of the cone, the 


section will evidently be a triangle. And if it be 
parallel to the base of the cone, the section is a 
circle. Thus the section OV 3 is a triangle; and 
the section CG a circle. These however, arc not 
called c.Qnic section^* 



260. When the plane is inclined to the base 
of the conci and cuts both sides, the section is 
an ellipse. Thus, CG is an ellipse. 



* 261.^ If the intersecting plane is paralhl to the 
side^ section i> called a parabola. Thus if 
th« PGD i$ parallel to the section 
PGD » a parabola. 



SQ3. But if the inclinatioa-«f the plane 
be such that itwts the opposite cone w hen 
produced, thej^ion is an hypirhofu. 

Thuyf V be the vertex common to both 
eoDfS vAB.Vni, and the plane PDG when 
produced cuts the cone Vui, then PDG, 
pgd, «re opposife hyperbolas. 

‘ And if there are four opposite cones in 
contact, all having the .same vertex, and their axes in the same 
plane, then if these cones be entity a plane par^ltl to the plane 
of axes, the two opiwsite hyperbolas are called conjugates to 
the dther two.^ , , , _ 

. The ^ytj^bnla^ parabola, and ellipse are , exclusively; called 
Conic S^iioHS, * ■ 





DErilClTi4lNS ' S61 

S<t3> The vertices oi any Section are the points where the 
intersecting plane meets the opposite sides of the cone. . 

Thus C and G are the vertices of the ellipse, and G, j?, those 
of the opposite hyperbolas. The parabnfa has only one vertex G. 
¥■ ^ . 

264. The axi\9or is the line cunoecting 

the vertices. » 

• . \¥i , 

Thid#^CG i$ the axis of the till psc ; ana G.^ ihiit of the hyper- 
bolas But the axis of the parabola is iniluite in length ; GO 
being a part of that axis. 

265- The ce?j/re of any section is the middle jof the axis; 
consequently that of the parabola is at an infinite distance from 
the vertex. 

266. A diameter is any right line passing through the 
and terminated by the curve. 

267. An ordinate to a diameter is any right line terminated 
by the curve, and bisected by that diameter. 

Thii.s PD is an ordinate to the axis CG in the elli 
in the hyperbola, and to GO in the parabf»Ia. "i'hc semi- 
ordinates OP, or OD, or Od, are aUo called ordinates. 

Hence the ordinates to the axi|||rc at right angles to it. 

368yvAn absciss or abscissa is a pari of diameter coo* 
tallied between ils cxtreniitics and an ordinate to it. ^ 

Thus OG, Os’, arc abscissas. 

^ Before we proceed to the properties of the sections^ . it 

may be necessary to explain what is understood by the tfjwUMn 
of a curve. 

Let AB the^metcr of a»cirde bisect the 
choni DP; then OD = OP, and AO x OB 
r: OD* {Geom. lOO.corol. 1), or (AB— OB) 

X OB =' 00*; thenfore if the diameter 
or OB=x, and OD=OP=.y; 






CONIC V^TIONt. 


§es 

then' (d — *) X * =: y*, or </x — x* =: y* is the equation of the 
circle, and dtfiiKS the nature of that curve by expressing the 
relation of the absciss x to the corresponding ordinate y at any 
point ^ 0 ) in the diameter. 

To the Equations of the three Conn Sections. 

270 . Let the plane CPGDR 
cut the cone VLW ; and sup- 
pose GOi. CS; also let I’D 
and SR be at right angles to 
GC, and the points 1’ an.i D 
at equal distances from tlic 
vertex V j then if AB and 
HK. are the diameters of llie 
c'^ular sections through O 
and S, PD and SR will be in 
the planeaof ihosccircU s, anti 
perpendicular to the tliaine tei s 
AB, flk, rcspoclivtl). 

' Then the triangles SGK, OGBj OAC, SHC, being respcc- 
,tively simiUri we liave 

' SK : OB : : SO fOC' ; 00' (SC! : : OA : SH,^ 
whence SK . ^11 OB . O.V. 

. . ... 
And 'since OD and SR arc in the planes t'l the circular section 

whose IliiiTnetera are AB, and HK, and al«o perpendicular tOi 

■ those dhimeters, therefore {(Icoin. too. coroi. 1 .) SK . SH-SR* 

^^'QB,OA=.OD*. consetjucnily SR nd OD, a . equal; 

til^^is, whatever be the curve CPGDR, the ordinates (SR^D)* 

ro me axi? CG, are equal at equal distances from the vertices 

C and Q. 

Now ^j^sc NQ is the diameter of another circular section 
of the cone; then IT (in the plane of that circle^ apd also in 




tQOATIONS^ (WHV^S. 908 

that (it' the oblicjue section CPGTR) will be perpemlicular to 
CG and XQ, wliatce, by similar triangles, 

SC : SH 1C ; IN, 

SG : SK ;; IG : IQ, 

theretore (yCl SC.SG : SH.SK (SR*) IC-IG : IN.IQtlVj; 

^ SR* : SC.SG :: IT" : IC.IG; 

That is, yh fhi siiJifire of ^nnj ordinafr (SR*) * 

h lo thr of the corresponding absctssas 

'.SC.SG ), 

S.i .*/;r xjNoyf ' / rtj other ordinate {IT*), 

/C • •){ Us corresponding abscissas 

II f !i' . .‘rt .it ilu transverse nxi^ CG, then TZ (at 

•io)ii V Cf ) s oaUa< ’.!)e « axis* 

Li'» C(* - / iV. - . ar-s ‘ii-eis'ja (OGorOC) rr Jf, llld 

til v' ,'x t.- . tu' OD) Then the preceding 

jfJL'io . 'i.( f Mrrif 

.. / ]t (t — ; )1 //\ 

i — f ' n \ 

that !- - ./ j '/■ Wlh. [l is ilic Cfiuution of an 

< 1 1 . . czp(;dtr; 

^'7l. Wlivi! i'h: u .1 ^acp.ii t'l.iru i* parSlIel to the side of 
the cone, GM) a • J’l to C(J, and its extremities 

P anti D c(jua!lv ‘!i'- n i: :i'e\erux o( the cone, as before) 
then C util be at :■/. «•»’ iu\ «!i laiice, and the axis infinite in 
length, in uhi'jh e.i'i*. ^ e .:on :ki'!c lliat the recianglcji SC*SG, 
IC.IG have the ratio as SG and IG, consequently the 
''pro|pl)rlion 

sir : SC.s6 : : IT> : IC.IG ’ 

\vill become SR* : SG I'l* ; IG; 
that is, the abscissas, Aire as the squares oj" their corresponding 
ordinates. But the same conclusion may be^obtaiit^ : ' 




CONlC^teCTFONS. 


« 6 ( 

Since IT* = NI.IQ, SR* = IIS.SK^ 

(by the prop, of the circle), and NI= HS, 
tbercTorc IT* and SR* will have same 
ratio as IQ and SK ; but by similar tri- 
angles 

IG : SG : : IQ : SK : : IT* : SR* 

(by equality) } n 

That is, the squares of the ordinates 
IT and SR arc in the same proportion as the abscissas 1C 
and SG> 



Put the K])sciss SG = /, the corresponding ordinate SR = <’, 
and s and ^.for any other al^sciss and its ordinate : 

Then / :c* v\ hence ~ .r = ?/*, or, putting -- = p, 

Jl . 

we have px = y*, the equation of a parabola, where the con- 
r’’ 

stant quantity - , which is a third proportional to the axis and 

its cotijag^lc, is called tlic latns rectum, or parameter of the 
axis. 

973 . Let the intersecting plane cut 
the opposite cones •, and suppose 
gi = Gi. 

By similar triangles, 

IQ : iq : : GI : Ci^ 

, IN : in :: 5^1 : ffi, 
whence IQ . IN - *9 • •• GI . gl 

: Gi.gt; but these latter rectangles 
are equal, beca'.'e Gi = gl, and GI 
ssgi, consequently the two furn'cr 
must also be equal, or IQ. IN ( :r IT') 

= iq . in = if', hence IT and i/are 
equal, and therefore, the opposite hypetbolas are similar and 




EQUAiriOHS s$9, 

Again, by «ta!(i)ar-trran£l^^.; .. \ * , 

' SK : S# :; IQ ; IG, 

. ^ SH : Siit.’^..ilN : 1^, *' ■; I*,: 

hence ’.ye haVc SK . SH J Sb.S|!S';>4Q . IN : IG.Ig :l 
but Sk.SH = SR*, and IQ . IN = IT» (by prop, of circle), ^ n 
andthv.n;rori SR*:SG.S?;:I’r:IG.lg, . . ^ , 

tha,lis, ihe squares of ihe ordinate* {SR, IT) hope tfll^^ame 
r^tio rectangles of their correspondirtg abscissas {^G, 
Sj’, Ig], us in the ellipse. 


If C be the centre of the transverse axis Gg, and CB paiyltel 
to'NQorHKj then, by similar triangles, , ■ ^ 

I^ : IG :: CB : CG, H 

IN : ‘'ig :: Clj' : C^g, '> 

^and IQ.IN : lG^::CB.CG:CG.Cg: 


Now IQ.IN = IT*, -Qpnsequently the square of any ordin^i 
(IT*) and the rectangle of iiM corresponding abscissas (IQ . 
have the constant ratio of the rectangle CBsCD to the square 
of the semi-tran^verse (CG.Cif), hence a mean {jfopbrtional 
between CB and CD will be the semi*conjugate to 
verse Gg. Let this he denoted by {c, and pat 4= Cjf, * =S, 
any absciss IG, and y r: the ordinate IT ; then t-t-a- = Igthe 
other absciss (instead of t—^x as in the ellipse), and wc shall bavo 


y* :_{t+x)x : : Jc . -Jc ; it 

€'■ . 

or : c* ; <* ; whence — (<a + *rj 

equaibon of an hyperbola. 


= iv th*\ 


From the three equations thns obtained, we'niay derive the 
other prihcipal properties of the curves hy considering 
sectiems in piano only, wiUtout any farther reh^nce ' to <1diSe 

idridtef, ' 



Of THE EL^LIPSE, 

, # 

S 73 . Suppose CG and ZT are the Irainverse and con^ 
jugaU'axes^ any absciss FG z: a?, *and the corresponding 
ordinate FR = y : 

7T* ^ ♦ 

Then (CG 'Ax — z: y*. (27o) 

Let the ordinate PR be a third v 



T ^or CG Ax — x‘iz quadratic equation 

‘‘u ** 


/CG* Zl'^\ ^ 

gives ar = ^ CG "T”/’ *^*^**^ 

values of x are the abscissas FC and FG ; 

orFC = IG +v'(IG» — IT*), ' v 
at^,FG = 10 —V {IG» — IT*). 

• ■■'t 

But FG=IG— IF, therefore /(IG* — IT*)=IF, and con- 
sequently FT = IG. > 

This ordinate PR, which is a third proportional to the axes, 
is called the parameter of the axis CG. 

*, And if I^ ^ IF then F and/ are thc/oci of the ellipse.^ 

Cowl, 1. Hence F/, the distance of the ^oci, is a mean pro- 
portional between the sum and difference of the axes. Or tb^ 
diitinice of^'the/t^et. front the centre is -a mean proportiei|fd be«^ 
iw(cen tKe sum and the difference ‘of the iemi-sneesi < ~ 



CoroL 2. And wht^thc axes arc giveni the foci m^y be 
found by making TP, T/, iNfech = the semi-traasvcrse. 

274. If two lines are drawn from the foci to meet at an^y 
point in the curve, their sum will be equal to the tfdnsvefse 
axis: that is, FS+/S=:CG. 

^MakefiO^ perpendicular to IG 
and = IZ!' the semi-conj ugate, and 
join IN ; also let RS be an ordi- 
nate at right angles to IG. 

Then the triangles IRD, IGN 
being similar, we have 

IG* : GN^ (IZ*)::IR^:RD% 
tfrhcnce IG*^ ; IZ"" :: IG* — IR* ; tZ* — RD* (by alternation 
and division). 

4 And IG‘ : IZ* :: IG»^ IR*{{or iCd IR) .(IG^^R)) : RS*, 
(5f70): ' ‘ 

whence by equality RS*=.IZ* — RD*. ‘ 

Now FR = FI HR, and FR* = FI* I- 2FI X IR ,+ IR* s 
butF^» = FR* \ RS*; 

whence FS* = FI* f sFI x IR h IR* IZ* — RD* (by ad- 
dition), 

«T ¥Sa=FI* V IZ* ¥ 2F1 X IR h IR* — RD’ ; 
but FI* ! 1Z’--IG% (273.corol. l) * 
whence FS* = IG*+2FI x IR + IR* — RD* (by aiibsi/tutionj. 

Let 10 be a 4/A. proportional to CG, ly, and IB, 
that jp, 2IG : eFI IR ; lO; then 2FI x IR s: SlG X 10, 
this substituted j^r 2FI x li^in the last equation, and we have 
FS*=iG*+2y:> X lO+IR*— RD*. 

^ Again since »IG : sFI IR: lO; oriG : IR :: H ; 10, , 
weget tiS» :IR* : : FP(otIO? — IZ;) : ' 

, tt M 8 
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from the sltnij^^^ranglcs IRipgDN, 
IG‘:GN’(=):Z‘)::IR*^D** 
whence IG* : fo* — IZ* : : la^ ; IR’— RD' (by division), 
or.IG» : IR* : : IG» - J[Z* : 1R*-RD’. »: 

, . Also IG* : IR* •• : IG* — iz‘ ; JO* (from the 4lh. proper- 
v^hcntiS by eqnaiitV’ IR* - RD^z'IQ*. this substituted 
for IRV-RO* in tlie latter of the preceding values of, FS% 

and the result is FS’r IG' + ”IG X lO'f'IO . > 

and the square roots give FS =. IG f 10 or Cl + ,f0* 

. '.'V . ' . • , ^ 

‘And by proceeding cx^tly in the sAine manner wilhyR^ 

(^I ~IR)* instead of FR" = (FI + IR)*. w^shall get/S 

• ■ Therefore FS and/S are respectively equal to OC and OG, 

‘fhe ttvo parts of the transverse diameter. 

% ■ - 'M 

Corot. Hence is derix;yd the common method of describing 
lliis cul^e with a thread, thus t 


' Xet the th^pad be equal in length to the transverse CG, and 
■fix its ends at Ihe foci F and/, then move a pencil or pen round 
by the thread, keeping it always stretched, and the-point of the 
pencil or pen wijl describe the curve. 


.j;.' '■ ^ . 

'Or tjie curve may be traced mechanically, thus : 

m ■■ .k ■ ’ . . . 

• T^e any; ppinl P in the transverse 
and wtf pc; PC as radii, about the 
. ,fbci F, /.’ ^escribe aref intersecting 
^4acb other R,' R; ft, which will 
be 4 points' in the cifrve j and thd like' •. 

, numbs^rmay be, foupd by,,ai^fcig|ii^^^ , 
atioij^er p<»tft.in^i^O„.iQd sp'on^ Mte We U tl^ to WW 
.. through the ^i^NcUoni' ''■* ' 






975 . To drapi io, 0 t^t^.^(a a given 

theeune. ,, ;'■' .'• i" " .,. .f; ' , '-r 

■.■ ■■ - ■. . ' '. ' 

4 , ' • V, >■■ - . . "' ‘ ' '"• 

l^t the pomt and the f<Ki bie ' 
joined, and bisect the angle FP/. with 
PB; then TA drawn through P at right 
angles to.PB, or to mak/the angle FPT 
=/Pi^^U be the tangent required. 



i' i 

The tnjith of this construction will be manifest the 
following * ' , ' 


Tueohem. If from two given points F, /, tmo '^jnes ^Ft 
f2^e drawn to meet in a given fright line TA, dkd fni^ 'f 
eqUal angles FPT, /PA, the lines FP, /P taken pget^ijwUllf 
he less than any other, two lines FR, /R, dram fr^ the ' • 
same points to meet on thl same ftneTA. ■ 


<• ( 


Draw FW at right angles'* to TA and 
produce fP to meet,it in W ; also let 
WR be jftned: 

Then since theangleFPS=/PR=:SPW 
the right-angled triangles SPF, SPW are 
similar and equal, and therefore FP=;WP, 
and W/; but WR = FR, witenc^ 

+ rW which is greater than W/or its equal FP^^^. 





I'hc following meihod of drawing an Oval is frequently pracli^il^ by 
workmen. ' * *. .v -- 


' % 


) equal isoscdestriangl(^OC^^ OCP| 

: Bti^et^'d^n a cojlimon bas^ P?| and the sidei^Oi**^ 

C^ytoducW; Ihen'C, C^’oreifil^^res bfi^ 


r cuViir^a^ (descriU^^^^'iiaifdf 0^ 
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9J6 ♦ 

’titattf if F and J ba t^Ks' foci of an ||^pse« and FP 4-/P-' 
equal to the transverse axis, it follovl^ll^at an elliptical arc^e- ^ 
sdribcd with a tifrcad (as directed in the pi^ceding comllary) 
will pass through the point P and touch the linos TA in that 
point: for if FP-|^P be JBcreoAta!. tht curve thus described 
must cut the line in two points, but wlicn dtminithed, it can 
neither intersect nor loach it, as in evident from the description 
of the curve. 


It has alicady been observed (Citi) that opticians find when 
a ray of light fall^ on a rejecting mu face, the* angles of incidence 
and reflexion are equal, hence, if cither focus be a lucid point, 
and the concavity of the ellipse a polished surface, the rays 
issuing from that point nr focus will be rNlected to the other ; 
thus the angle FPB=r/PB, and the ray IP is reflected in 
direction ?/', hence it is, that f,./, are called foci or butntng 
poifits. « 

ilk 

S76, i<< TP bf n tangent to tin tlitiise,F, f, the foci, 

I the centre, and PR an ordinate to the axis CG; then 
IC* ; IF* : : IR : IB. 

Since PB bisects the angle F^, 
we have /T : FP ; ; / B : FB (Gcom, 99 ) j 
whence /P+FP . P — rP;. IB I- yB 
; JB — FB, (by composition and division) 

,,„Or 9IC :/P— FP SiF : SiB, 
or IC ,5 .. IF : IB, 

aud 1C* : y 1C :: IF: IB. (Q2) 

* * 

1 

Bat in the triangle FP/, I is middle of the base Fft PR 
sthe perpendicular pn that base, aud/P + FP (or 8lCj U Jbe * 
sum of the sides: , 




whence X IC = IB»x IR ; . 

Therefore IC* : IF x TR ; : IF : IB (by substitution)^ ^ 

or IC» ; iF X IR : : IF" : IB X IF, f£)2) ” . ' 

atid IC* ; IF* : : IF X IR : IB X IF (by alternadon^t 
that is IC’:IF»:;1R:IB. ‘ 

Coral. Let IZ be the semi>conjugate axe ; 
then since IC* : IF* : : IR : IB, 
we have IC* : IC*— IF* : : IR : IR— IB (or BR). by division, 
^that is IC* ; IZ* : ;^IR : BR, because IC*— IP:::IZ*. (273) 
* ' 

277 . IfT'Pbea tangetit^ CG the transverse axis, IZ the 
semUconjupratc^ PB pcrpendicvlar to TP, and PR an ordinate: 
then IC is a geometrical mean between IR and IT. 

Let RS be parallel to CZ. 

Then IC* : IZ" : ; IR* : IS* (by 
sim. triaiig.) 

But IC": IZ*:1R : BR (276. 

coroL) : : IR* : IR / BR j 
whence IR* : IR / BR ; : IR* 

: IS* (by equality), 
and therefore IR / BR -LS^ 

Moreover, the right-angled triangles TPB, PRB being similar, 
we have TR : RP : : RP ; BR, 
whence TR / BR = IIP*. 

But IC* : IZ* :: IC*-IR* : IZ* — (270). 

M • 1ft 17* 

And by 8im.,triang, IC* ; IR* t IS®, , 

’’whence, by substitotion IZ*—lS*=RP*iTRX BR, ' 
or IZ* = 1 Rx BR+TRxBR=: (IR+TRJBR s: BRklt. 




it^siwcBR.URt™^ . ^ ' 

.T-* thati* BR : IR : IR^poy subsutatiOB>t4^.^^ 
Al*o BR IR : : IZ* : 1C% (276 cmoI.) . , f | 

' < Iberefbre l^* .^R X IT j that is, IC >| a meai) proportional 

betw^n IR and 1 > - 35 ^ 

. ■ 

’ ^^Corol. I. If TD he a tangent to a circle describfed oitihe 
tRUisYArse CG, and the poinU D and I joined, also snfij|^ DR 
to be Perpendicular to CGt then ti>: <«ngle TPI being a right 
(ote, we hwe, by triangles, ! * Dlfor 1C) ; : Dl : IR. 
therefore iCis also a mean proportional between IR and 1 1 in 
the. cwcle, consequently the p'oint D is^iri RP produced. Hence 
it follows, that if any number of ellipses have the same trans- 

Terse (CG), the tangents drawn from thi points (P, 8cc.) where 
an ordinate (RG) intersects them, will all meet in the same 
point '(T) in the irahsversc produced. ‘For IR and IT remain 
• tbe length of the conjugate. 

. CiM'i. Since IC‘ : IZ*' ; RC x RG RP*. ( 270 ) in the 
cRji^er and RD* = RC XRG in the circle, 
h it will be IC‘ : IZ' : : #4^0* • RP * 

or IC ; IZ •• RI^ • RP ; » 

that'iSp the ordinates RP, RM, have always the same ratio as 
the semi-axes^ or axes of the ellipse : % ^ 

or transverse : conjugate : : RD : RP<» 


^ j -■ / ' , ' 1 ' S S''* 

Cof^« 3* Hence also^ the area of tht ellipse will, he a 
gem^cai^^an between the circles described on the two- 
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V A 

Hence, if t be [hit tra^l||^ and (f the ebhjugite, 

the^7854(* is ihe Ir^ppthe circle' desdfibed on the 'lrahi- 
vers^ u)d t : c n *78S4t* : *7854/c the area of the ellipse,, 
which is a mean proportional between the^o' areas '7854^* 
and •^854c*. ' ' 

'K 

$78. If CG be the transverse axis^ TP ami CB tangents 
at P respectively t and' KPB a diameter prodpcisdj- 

then the triangles IPT,^^^ wt/il&c equal. "*"* 


Draw the ordinate Pit, and 
let CF be parallel to TP.- ’ 

Then the triangles PRt,BCI; 

CFI, TPI being respectively 
similar, we have 
IF : IP : : ic‘: IT : : IR : IC (277) : : IP : IB, (by sim.triang.) 
that is, IF : IR : : IP : IC, 

and 1C : IP : : IT : IB ; . . 

therefore (Geoni. 97. carol. 1) RF, CP, TB arc parallel to 
each other. ^ 



Now the triangles TCP, BCP on the same base CP, and be-^ 
tween th^e parallels CP, TB, arc equal, therefore adding CPjl to 
ea*ch we have IPT =; ICB. • ' 


Carol. The triangle PRT = trapezoid CRPB ; this appears 
by taking ihe triangib PRI from each of the triangles 1PT,ICB. 

279. Let the diameter HV be parallel to the itdngent 'tff 
then PK and HV are called conjugatetdiameiprs. Anil if 
be an ordinate to PK, ant^ HD, ptaallei to ine 
tangent CB, the triangle SQ£ =: trapezoid COQB. 1 . 
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SECT.|ONS. 

Lei PR be an ord^^t^ 

CG: 

By similar triangles, 

IC:CB::IR:RP::IO:OQ, 
whence by ‘altcrnatiun and 
division, it 

IC : CB ; : IC ( IR : CB l-RP : : IC HO : CB ^^QQ, 
or IC + IO : IC 1 IR : : CB I OQ: CB +‘'RP (by 
alternation). 

But 

OC X OG=OC . (10 1 IC), and RC / RG-RC . (IR f IC); 
whence 

OC X OG : RC X RG ; : OC . (10 \- IC) : RC . (IR f IC), 
or 

OCxOG :RCxRG ::0C.(CB tOQ): RC . (CB + RP) 
by equality ; 

: : triij)c:. COQB : trapc'.. CRPB. 
Moreover, the tiianglcs PUT, SOE iicing similar, we Ijavc 
triang. SOE : triaiig. PRT : ; SO* : RP* ; : OC / OG : RC 
X RG,{270) 

or triang. SOE : triang. PRT :: trapez. COQB : trapez. 
CRPB, (by equality) ; 

But (278. corol.) triang. PRT = trapez. CRPB, therefore, 
by equality, the triang. SOE — trapez, COQB. And in the 
aame manner it is proved that the triangle HLT z; trapez, 

CLDB. 

■. V 

Corol. From the equal triangles IPT, ICB, take the triang. 
£IN, then the trapez. TPNE:::. quadrilateral BCEN ; from this 
subtract the trapez. COQB, and add its equal, or the triang. 
SOE, to the remainder QOEN,tand we have the triang. SQN 
trapez. TPNE. In like manner, by subtracting CLDB from 
the triangV ICB, and adding its equal HLI, we get the triang, 
HDI r: triang. ICB = triang. IPT. ^ 




S80. tf PK and 10V cotyu^a ^iaineters, and SN'an 
ordijf^U ax in the preced^^ Theorem', 

Then IP* : IH* : : NP x NK : NS*. 

By similar triaiiglcr, 

triang, IPT ; triang. : ; IP* : IN* ; ' 

and IPT : IPT — F.IN : : IP* : IP* —IN* (by division), 
that is, IPT ; trapvz. TPNE : : IP’ : (IP + IN) 

.^IP — 'lN),orNK X NP. 


Moreover, since the triangles IIDI, SQN are similar, we have 
IH* : NS* : : triang. DHI : triang. SQN ; 
that is IH® : NS* : : triang. I1*T ; trupi“„. TPNE (by ci]uality) 
:: IP* : NK/NP; 

or alternately, IP* : IIT :: NKxNP : NS*. And in the 
same manner. it is proved that IP* : IV* :: NK xNP ; NW* : 
therefore NW = NS. 


Carol. 1. Hence any diameter bisects all its double ordinates. 


Carol. 2. And the jiroperty demonstrated in regard to the 
transverse axis (Art. 270} is general for any diameter whatever; 
vi*. the rertanglex of the xeginents of any diameter, are as the 
squares of their corresponding ordinates. 


Carol. 3. Hence also is derived the method of finding the 
centre and axes of an ellipse ; thus. 

Draw two parallel ordinates or lines 
SS,RR, and bisect them with PK which 
will be a diameter ; then about 1 the ^ 
centrd^or middle of PK, describe an arc 
of a circle meeting the ellipse in two 
points DD, bisect OD in B, and through B, I, draw GC which 
will be the transverse.. If the arc falls without the ellipse it 
gives the conjugate. 

X N S 
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S81. ' Every circtttf^^^^g para^ld^ram having Us sides 
parallel to two conjdgtttPdiameter^^equal to the rettqiffle 
of the two axes. 

Let PK, HV be conju- 
gate diameters, then tlic 
tangents through their ex- 
tremitjes will form a paral- 
klogram SN. 

Draw the axes CG, ZB, 
and the ordinates PH, HL ; also suppose GC, AS arc produced 
till they meet in '^1', aiid It:t lO be perpendicular to SA. 

^ Then (2?7) Ic* - IR.IT, and 1C» = IL.ID f 
therefore ID : IT : : IR : IL. 

But the triangles IHD, 'I'PI; IHL, TPR arc/cspcctivcly similar, 
whence ID : IT :: 1L:TR, “ ' 
therefore by equality, IR : IL IL : 'I'R, or lL*=:IR.TR ; 

Als^bccausc IC ; IR : : IT : IC, (277) 
wpIiadRC — IR(orRC) : IR :: IT— IC(or CT) : IC, by division, 

or alternately, IR : 1C : : RC : CT ; 

and IR I IC (or RG) i IR : : RC f CT (or RT) ; RC, 
by composition, 

or alternately, IR : RG : : RC : RT, hence IR.TR =: IL* 
= RG.RGrf 

Moreover, because IC* ; IZ* ; RC.RG ; IIP’, (270) 
pr IC’ : IZ'- : IL* : RP’ (by equality), 
we have IC : IZ ; IL : RP»t 
Iniike manner,sinee IC**' IZ* : LC.LG : LH‘, 

'*' we shall get IC :IZ : IR : LH, 

1 or IZ ; LH : IC : IR (by alternation). 

But (077) IT, : IC :IC : IR, 

tlj<refpre by equality IT IC : If ; LH,orlt.LH=*.IZi 

'But the triangles lOT, I4>H bieiug similv, we have 

IH ! IT. ; LH;IO, orlT.LH=IH.IO, 
and^;<ben^re tfaieVactang. IH \ 10 1C , IZ, and 4IH 10 
= sjC . 912. 








m 

But the recUBg, I IQ is = llelogram'PIHS or ’j, 

of circumscribing {Vl^picIograni'^S^f^^nsequently SlC.slZ 
or ine rectang. CG . ZB = the parallelogram SN. 


232. Tfie swi^of the squares of any two conjugate diamelerSy 
is equal to the sttm of the squares of the two agifs. That is,- 
PK‘ -f- HV* = CG' 4- ZB - ; (see the preceding fig.^ 


X 



therefore IL‘ + IR* = IC*. 

But IC® : IZ* : : IL® : Rl®*, 
and , IC» IZ® IR® : LH®, 

whence ^IC® 2 IZ® IL® I- III® : RP® ^ LH», (by com* 

position} 

^ that iB^2lC* : 2 IZ* : : IC* : RP* + LH* ; 

* therefore by equality RP* + LH* = IZ* : 

Hence the’^umof the 4 squares I L* 4- 1 R* 1-RP* 4-LH*=:IC* 
4 IZ* the sum of the squares cm the scmi>axcs : but (Geom. 66) 
the sum of those 4 squares is equal to IH* 4- IP* thlbqufe rc» 
on the scini-conjugatcs ; therefore 4lH* 4-4IP* r: 4lC*+4lZ% 
or HV* + PK* - CG* I ZB\ 


283, IJ'a cylinder Ic ait by a plane oblique to its axis^ihe 
sectiqif is a?? ellipse. ^ 

Let CZGT be the section, HRK, NTQZ, 
two settions parallel to the base of the cylin- 
der. Then the Equation of the curve is de- 
rived exactly as in tfic cone, (270) ; th]j(Sj 

By similar triangles, 

SC : SH ; : IC : IN, 

SG : 6K : : IG : IQ, 
wheifl« (96) SC . SG : SH (or SR*) ; : IC.IG : IN. IQ 

» : (IT*orIZ»),i 

or SR* : SC;SG : ; IT* :^'c.IG, 

(hid. squares ojf the ordinates are^s the ^dangles 
th e corresponding aisf^sas^ 





S7S COMIC dfCTlONS. 

The conjugate axis diameter of the cylinder, I being 

the centre of the transverse' C'G. ^ 

If CG=:r, ZT=;c., SC or SGz:r, SR—y, then the foregoing 
#?* ^ 

proportion gives (Ix—x^) -y* Ihe equation of the ellipse. 

284. The spheroid or solid generated ly the revolution of an 
fiUipse about either axis, is ^ of the circumscribing cylinder. 

Let ZTG be a semi-clli|ise, ZT the con- 
jugate axis, JC tile scnii-lr;,n-.vcrsi', and 
AGB a scini-circte described about the 
centre 1. 

'I’hcn if the ellipse and circle revolve abo«|t the axis IG, the 
fiirnier will describe a heniisphcroid, and the latter an hemi- 
sphere. 

♦ 

Suppose DC to be a plane parallel to the base AB ; then SO 
and DC will be the diameters of the circular sections of the two 
solids made by that plane. And because AB : Z'J’ ; : DC : SO 
at every point in IG (277) the surfaces of the corresponding 
circular sections will be in the constant ratio of AB* to ZT* : 
if therefore we conceive the two solids to be composed of an in- 
finite number of indelinitely thin elementary circular parallel 
planes, (Gcom. 1 34) the sum of those in the hemisphere AGB 
will be to the sum of those in the hemisphsfoid ZGT, its AB* 
toz’r, 

that is, AB* : ZT* ; ; solid AGB : solid ZGT : 

Put if AH, ZQ arc the cylinders circumscribing the two solids, 
then AB* : ZT*:;cy/t«d. AH:f’yIi«d.ZQ,(Geom.l34. corol.Z) 
therefore by equality, solid AGB : solid ZGT : : cylind, 
AH ' cyHnd.7.Q'. ' 

But (Gejjn. 137) the solid or hemisphere AGB =: -J of the 
cylinder AHj 5 corse^iently (by the proportion) the solid or bemi- 
spheroid ZGT = I of the cylinder ZQ; ^ 
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And if the ellipse, and;|^e Bem^(i^Kiittel3e- 
So^ed about I with tilie''radius tZ,Vvcl[ve 
about the semi> conjugate axis IZ, then, in C~ A 
the same manner, it is proved that half l^e 
spheroid (or the solid CZG) is equal to \ of the circumscribing 
cylinder CQ^ This is called gn oblate spheroid, or ellipsoid. 
But when the transverse diameter of the ellipse is (Jie fixed axis, 
the sp^ is a prolate spheroid. 

♦ 

Carol. AB* : ZT* (or DC*: SO*) spherical segment 
DGC : spheroidal segment SGO. 


*'Op the hyperbola. 

- t*. 

285. The equation of the curve, or fundamental property, is 
already derived from tlic cone (272); but in consU|||nng the 
section in piano, the iullowing definitions will be necessary. 


J . If PGR, pCr be the oj)|)0- 
site hyperbolas, GC the trans- 
verse axis, I its centre, P, f, the 
foci,WlWaf right angles to CG, 
iind GZ.GTjCZ.ClCcaeh equal 
or If, then ZT is the con- 
jugate axis. 

2. When the conjugate axis is 
equal to the transverse, or ZT 
=:QG, the curve is called arnequi- 
lateral hyperbola, or right-angled hyperbola. 



f . 

The line PFR at right apgles to the axis CF, is called the 
parameter,^! latus rsjfium. ' , 



MO coMi^^e^ioKs. 

4« Two indefiniteJI^^^cs LM, XY, drawn through Ihe# 
eeiitre 1 parallel' to OTi^ call<ltj^the asymptotes 

hyperbola^ or of the opposite hyperbolas. 


5 . "If 2T, CQr, are made the transverse, and conjugate to 
two other hyperbolas, whose vertices are Z and T, those are 
called conjugate kyperlolasy >yith respect to tlie former* 


^ 6. Any right line PK drawn through 
the centre I, and terminated at the oppo- 
site sections, is called a dlavieler^ and the 
extremities P, K|||its vertices: and HV 
parallel to TT4he tange|||: at P, is called its 
conjugate diameter. X 

7. If any diameter KP be continued 
within the curve, the inner part PN is called the's^^cissa ; and 
SW parcel to the tangent TT is .a dpubje ordinate to the 
diamet^^P. 



^86. The square of, Ihe distance of the focus from the centra 
is equal to the stun of the squara of the semi-axes : v,iz. If* 
IG* + IZ’. (see the following^^.J 

Le^IZ be the semi-conjugate, yp^ the semi-parameter or third 
j^portional to the semi-transverse IG and semi -conjugate IZ : 

m 

Then the equation of the curve (272) gives 

IG* : IZ* : : (1/4, :iG) .<!/- IG) or If* - icf* : J?*i 
But IG : IZ ;; IZ; fP (the semUparanitj 
and IGMZ*: :IZ*;/P*, 

I^Kfore by equality IZ® =1/* — ,IG *, or I&‘4- IG* = If* ; 
ina(^ of IG»— lZ*=:I/»asmthe ellipse, (273. corol, 1). 

Carol. He^ce the distance from Z to,p set on the axiafrom. 
be centit I both ways^ ^ves the foci/ F. * 



f j *b7. If two lines are drtwn to, meet at any 

pMj^ in the curve^ theWdifferei^'t^l\e equal to the trans^ , 
j ijerse axis : that is FS "*“/S = CG. 

Make GN perpendicular to IG, and 

= IZ the senii-eonjiigate, and join IN; 
also let-RS be an ordinate at right an* 
glcs to IjGr. ^ 

Then RS being produced to D, the 
triangles IRD, IGN, will be similar/' 
and we shall have 

IG* : GN" (IZ") : : III* : RD*, # 
f whence IG" : IZ* : : IR- — IG" : RDJ,— IZ" (by alternation 
and division). 

And IG* : IZ* : ; <JR f IG) . (IR— IG) or ^R^—IG* ; RS», 
(272) v' . 

whence by equality^ RS* = iRD*-— IZ* : 

Now FR = FI + IR, and FR* = Fl* + 2 FI x IR + IR*, 
but FS* = FR* t RS*, 

whence FS*=FI* + 2FIxIR l-IR* 1-RD*— IZ* (by addition), 
or FS*=F1*— IZ* 1 2 FIXIR HR*+RD*: 

But IG*=FI»— IZ*, (286) 
whence FS*=IG*+ 2 FI x IR. HR*+RD*. 



Let 10 be a fourth proportional to CG, Ff, and IR, 
that is 2 IG : 2 FI f: IR : 10; then 2 FI xiR = 2lG X JO, 
this substituted for 2 FI X IR in the last equation, and we have 

FS» = IG* + 2 IG X 10 + IR* + RD*: ' 

•5. Js 

Again^ since 2 IG : 2 FI ; ; IR : lO, or ICJ ; IR ; r-M : 10, 
we get IG* ;‘IR* i * FI* (or IG* b IZ*) ; I0», 

But from the similar triangles' IRp, IGN, ^ 

IG* ; ON* (= K*) : : IR* : RD* ; * ' 

-whenoe'lG* : IR**;'; 10'+ IZ* : IR* 1-RD* (by composition): 
vot. II. '00 , 



m 



10* (from the 

^Sce; by^«luality;iR» + 

IR* '+ ’^RiEhi’lii^e-Jatter of tbe preceding values of ^S*, - , , , 

FS* = Ip* + '^IG x 10 + 10* ; 


thr^ukre roots give FS — 10,+ IG’ 


r 

'•» J *1.' 


And proceeding in the same manner with /R* - {J%^ ,» 

of F|l* = (FI ■+; IR)*> we sTJill get;^ = 10 — IG ; 

>l%erefbre FS ~/S or IG + 10— (10- IG) = eIG=CG* 
ifcfe differetibe of the two lines drawn from the fooi to meet in die 
curk; tn the ellftwe their is = the Uansverse CG. (474.) 

CoroI..-.He»c<! i| derived a me-^. ^ 

ihdl of tteiiiribing thc^curvc by 
(| 0 &iiniild motion when the tr^s- 
, vfese jpd^foci are given ; th«|* ^ 

I:^^|ttrcads FS,/S, whose • / 
dj^in^^cCI iii .knglh is z: the trans- 
“^pe CG, he fastened at the foci 



then if .the other ends are tied together (snppos^ at S) 
Md passed through a small bead or pin S, and the bead or pin, 
be made to move «long the threads while they are co«Btantly 
jight, the si^d bead or pin will, by its mbtion, describe the 


I'^Qr ,t^ curve may bl^'rai^d mechanlcAy, thus. Take any 
r >Ui^n m'vli# fN. then«ith GO: andCO as radii..aboat 



ip~^ •. v''-- 

iof mtejf^lion. !■ 


tt8?, To to thd f0efioh give^^ii 

dial ^ 'f 





S/T* irawn^-we , 

ftM^tfi Ihra t line $B whij 
* bisects the anp'*' 
gent 



SupposcTA is ^rawn through 
S to make, the angles FST^/SA , 

equal if F,^ were the, , ^ iwit . 

foci nf ah ellipse, and tl^hgth of the threads SF HC 
mained constant, an ellipticat arc niigh^ described th^' 
‘ Constant length which would touch T A in the point jSi^d^B^ 
would bisect the angle FSf, <or stand at right angles 

but in describing the hyperbola, the|hfe^s SF,-^ii^ 
"^^stantly diminished equally^n lengt|||^. and consequently t^ 
motion of the poinv>]|^|nust^ for that reason^ he at right angles 
'p to^he diittlfid^ ol^.’^1curve of the elliiMC at that point, t^jt is. 


an indefiffll^Waif paf#of the h)'^rbolic*'cmrve 
coincide with SB, which therrf^ 'raust be a taiigei»L^t^:^e 

■ :v • * ■■ /*-.*■■■■ ■ 

Corol. Hence if were a reflecting surface pcipen^co)^ 
to the .^rve, a .rau of light FS jprocecding froiii one fo^, 
.would be i^flect^^V the direction S/ to^the^tlifcf, ' 

v.P’ ‘ ’■ ' ****'''^ 

Scholium. In comparing Articles '^74 ai^ 38^, ,|^c readier 

si^il perceive that the Tattermay be, considered aS a rep«t|||^n rt 
the former j the difference consistin^erely in the s^ns +)nd 

— , which vary isfc few Wpsi^.Wprqccf^ u-l'hiU^ 

extends to most of tbs jfrdperti^f thc^ Eipe and Hype^l^ 

. Wa.Ii^foiSL. shall. hniy,,cnmictat^the,^eorema, m 
l^Wu^ articles,. and. ileare dieir investigations 

iMeii 

U laa^4gwftytt)|!ctitig 

the.eflrf 



2B4 


V' 

389. Let TP be 


CONIC ‘8BCTIOKS. 




the hyperbola, F, /, 

.1 thebentre, and Pltan ordinate 
to the axi$ CG. 

Then IC:? :IF* :: IR : IB, 

(PB being perpendicular to ttie 
tangent, as in the ellipse, art. 276). 

* ■ 'f? 

And IC is a geometrical mean bet^ween IR and IT ; that is, 
IR : iC : : fC : IT. ^ 


Hence also, if two or more hyperbolas 
have the same common axis CG, the tan. 
gents at the extremities of tlic ordinates RP, 
RD, &c. will all meet in the same point ,T 
in the axis, as in the clUpsc, (277. coroV I.) 

And tlie ordinates RP, RD have the same 
ratio as the conjugate axes of the hyperbolas. 



Whence*, it follows that the hyperbolic spaces PC/), and DCd, 
are also proportional to those axes ; fpr each is composed of the 
like indefinite number of parallel ordinates whose sums are re- 


spectively as RP to RD. 


tt- 


290. livery parallelogram inscribed be- 
tween the four conjugate hyperbolas is 
equal to the rectangle of the two axes : 

That is, the parallelogram SN = CG 
X ZB. 

And the opposite sides arc bisected at 
the pointe of contact H, K, V, P, as in the ellipse (art. 281). 

39 1 . The difference of the squares of any two conjugate 
diameters, is equal to the differenoe^^f the ^uares of the two 
aaies: '' ' 

That is, 'HV* ^ diipse' tbat^ 

t«s are equals [off* 282.). ^ 



Op the hyperbolic ASYMPTOTES. ' 

292. If I le the centre of ttie hyperlola, CO .' 1 ^ transverse 
axis, RR (= 2P[) the conjugate, ID, Id the asymptote^, ^ 
an ordinate produced to D and d : Then Pi if. PD S'GR*. 
(RR being the tangent at G.) ^ 


By similar triangles, IB* ; BD*;: IG* 



^ 'yt' 

: GR*'(or IZ*) ; 

# 


And (972) IG* : GR* : : (CG+GB) > 


A 

^ hr •. 

/ 

X GBor(IB l-IG)(IB — IG), 

J 

A 

V 

orlB* — IG*:BP*; 

pn 



That is BD* IB*— IG* ; BP* • y 

* 

/ 



. (by equality); 

T 

^ 1, 

jjN J 

or alternately 





IB* : IB‘ — IG‘ : : BD* : BP* ; * ^ 

and IB* : IB* — (IB*— -IG*) : : BD* : BD* — BP*, (by 
division) : ’ 

That is IB* : IG* : : BD* : BD* — BP% 
or alternately IB* : BD* : : IG* : BD* — BP* ; 
wben& IG* : GR* : : IG* : BD* — - BP* ]^by cc(uality); 

Therefore GR* = BD* — BP* = (BD + BP) (BD — BP) 
or Pi X PD. 

Corol. Hence if Ouj be any other parallel ordinate produced, 
then N^xNQ s Pi x PD : for each ia equal GR*. 


2^3. If two parallel lines Aa, Bb are drawn through the 
hyperbola to meet the asymptotes ; then p A X pa, =- nB x nbr 

ij^..: ' 'Throi^h p ,md'' n ordinates to (he axis : Then the' 
triangles pua, nQB ; ^da, will be res|(echircly ^ilar 



V 


Ifl 6 ^ f . 

.whd&’e''' 

ini m t'pa :.: \q’ 

J e' . / " 

tncfcior^t', ^■/■i i , A 


i nB . n& (by cbnipomwling) : 



'But ( 298 . cwtol.) 

’% /»D.pd zz nQ.nqi' 

therefore^ 4 '. 
ph.pa- mB . * 

''■# : •• 

S 94 . 2/* flJiy,. right, line -n 
(Bli) he j drawn through ^ ^ 

t1w; fi.y0tola to ineet the ' t 

tMnplotes: then the parts of that line Cetwee^^' curve and 
a^tfiptotes will he equal t is OB = nh. ’* 

- ■■'.#■ . ■ 

I^t WOS be parallel to gQ or dQ, Then tbe triangles 

bnB, SOB, and also Inq, l6W being respectively equal, , - ' 

“ ■ ^ ' 
we jb^ve PS • * «B : ^ 

and nq ; OW :: nh : Ob, ■ ^ 

> whence nOt.nq : OS.OW ; t.nB.nh : OB.Oi^by com- 
pp^dbg):', ; . ' ‘ 

corol.) woftig 3 OS.OW, therefore «B . 

; 'thence it follows, thaVOB — nh. - * 




■' 


X , . / >■' . ' ' ' ’ ' , V .« ’ V '.w 

.. Corol^,, If the tiuigent TT be pi^allel to BJ, thewifis; 
ii^tor ted p't^^int of contact .V ; for if Bibe suppo^ to 
b^'i^aUel id itself tdwarA.i,' t^e poi'ni»; 0 .j<t»>llI cdinfeic^ 
^ieiiicase the 

orVT*. TierefiSWf^. be (SW|f t^ o^h 
«T«r ^intu ii&d oA a'Si^ tiinllel Jo 




. TT atafigent at tfe ^iot, iad dA a 
■>A'.pai: vA' ;% 


Y»E«BaLlC^ i 

por^ 8. i^^ce .sJto it ^ 

1 ^|)e pr^uced, it will 

dini^s. Oft} &c. for sincefTl^^^is^^ iu V, it y 

^iiar triangles^ tbaflts parallelis aA} arebis^|Mif 

and |)ecAu8e ni.=: OB, the dquble'^inates nO^ licp. ,aw ' «lsa 
bisected by VE. .' 


•.f-‘ 


I , Vs' 


■y j -w. 


Coroli]3. Hence when the curve o| an hyperbola 
the ax^niay be determin^ thus, 

i 

Draw parallel ordinates 
VL, WB, and SQ, D^, 
jUid let thembHisccted in 
Of Af and 0,£by the lines 
AI, El, then their g^t of 
^concourse Lwill be d|e(&i« 

■ **'l*i^ , '‘I 

tre. Take>'.^pbp<^ts 
P, H, in th^^^|ve equally 
distant from the centre I, 

' and bisect the angle PIH 
with the line ICR ; then 
"if IG r: IC, CG will be the transverse axe: 



1‘ », - 


From any point 1*% ' the curve, dravy^ ordinate PR to tbn 
axisCG, • 

t ■ 

then- {S72) GR x CR : PR* : : CG* : {conjug^tuat.Yf . 

f or y'(GR x CR) ; PR ; : CG ; eonjug. axis 

*' ■ , . ' 9 . ' ' ■ ' 

's That is, the eonjiigate axis ZT is a fourth proportional to th,^ ' 
proportional between GR' ahd CR, the correspoh^liig | 
f^ordioate PR, and the traverse axis'CGt 

.‘.‘U \ ■ -f ' '*< 


J/P ie anyi^tnl in jik* i^tv.e,(ind P^Q^jPl^, GH* 
' asympUiifs l^^^f^t^ rsipecHpelj/ : ihen 'thifj. 







■ 4 .'-' 

CONIC SECTZOVSi 


lifts 




mough Gaud 



QO.;. ^hen because 1 
- KD ai^ parallel to QH ^iid 
H.G, and G.Q'rr PD (294) 
we shall have HG — KD, 
and HQ=KPi=IO, there-' 
fore OQ = IH = HG = GS. X < 

by sIm; trijing, 

* HQ : HG : : OQ (or GS) : OP; 
whence HQ x' OP rz HG x GS: butKP zi HQ, 
tltocforc KP X OP = HG X GS. 

V 

Now as the rectangles of the sides of the parallelograms SH 
KO, about the equal angles KPO, ^ S GH arc equal, it follows 
(from Jilt. C60 Mansur.) tliat the parallelograms thcmselvej 
l^ust also be cquah I ' ^ 


Coro?i^ l. Hence all the inscribed parallelograms arc equal 
to one another : for each is equal to SG HL 


CoroL 2a It also appears that f/ie asj/mjftote continually^ 
approaches iowar^s^ihe curve^ luf can never meet it : foi 
KP X OP = HG X GS (a given maffmtude)^ consequent!) 

~ which must always be of some lengthif OP 

V/ r ^ 

’ !■** 

is ' jissignaldc. Thus suppose HG, GS arc each an incA, and 

OP^I()()(KJ»r;/..sthcnKP--r~^^^^ of an ilch, 

T)ie distance of the curve and asymptote therefore diminishes a1 
the latter is increased ; , on which account; the asymptote Ja 
sometimes considered as a^iangent to the curve at an iaiiniu 
dj?iancc, 

VCcroZ. 3. If I A, IB, IL, IN, &c.'krein geometri(j|^I 
gressioa ' ^sccndjng, then AC, BT, LRj NV, &c. {pandhd-to 
. ihe other a«yl»ptbft) will be a descei^ng progrean^ ; for th< 
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hyperbolic asymtotss. 

J- 

redtanglei I A x AC, IB x BT, equal, BT, LR,-. 

N3{r»,3&c. are rtaiprocally as IN'/£c. Thus, if 1^ =: l» , 

IB = |, IL= ?; IN = &c. then Ad= 1 , BT:? |. LR = J, 

NV = 8cc. 

37 

396. Let TV le a ttingenf at V, and DQ parallel ta that ■ 
tangent ; then if GS, V B, PK, are parallel to the asynipt^Ht 
1 Q> VB will ie a geometrical mean between GS and P^; 
that is VB’ = PK X GS. 

. The triangles KPD, BVT, 

_ SGD being simitar, we luvc 
VU : VT : ; PK : PD, 

VB : VT : : GS ; GD. 

A 

whence 

VB’ : V¥t i;PKxGS:PD 
y, GD (by cunipounding) ; 

' But 

VT’=PD X PQorPD / GD, 

' ( 294 , cor, 1 .) 

Therefore, by eq^lity, VB* = PK / GS. 

297. The iiiixt-liued quadrilinear spaces GVB 3 , VPKB 
are equal. 

/ Since V£, the diameter produced, bisects all ihe double or« 
dinflcs (291, corol. 3 ) each of.tlic sptes EVG, EVP is com- 
''']^scd of an indnitc number of equal ordinates EG, EP, &c. 
therefore, by the method oj indivisibles, tliuse spaces are equal. 

Apd because the triangles PKD, QHG arc similar, and PD 
= GQ; those triangles are also equal : 

Now QD is . bisected in JC:, cohsequcntly the triangle EDI 

Vrom the triang. EDI take EVP + PKD, and from EQI 
subtract E^^'^Q’ b QHG, and we have the space VPKI 7 space 





•SJIO SECTION’S. 

VGHl : and if the eq^^^^Ics VBI, VXI arc respcciivcly 
wbduqtcd from thos^'^iwl spaces, then tl)f space ^TKB 
. = space VGHN : * 

V * 

But(S95) the parallelogram BV^NI = SGHI; from each of 
theM take the common paj^llclogi'lm SONI, and \vc have 
OVBS rf 'OGHN, and if to each we add the trllincar OG\', 
there wsultsGVBS = VClIN \ PKB. 

Scholium. The a- 
•yintotic space GVPKS 
ia ftereforc bisected by 
'-the ordinate or line VO, 
which is a geometrical 
^ean between the extremes GS, PK. Henqe it appears that 
when Q8i VB, PK, RL, &c.*are in geomctri^l progression, 
the included spaces GVBS, VPKB, PRLK,~^c arc equal ; 
and the spaces GVBS, GPKS, GRLS, &c. proceed in arithih 
tnetical progression, while the corresponding distances IB, IK,®. - v 
IL. on Uie asymptote, arc in geometrical progression : the 
fottnet Jire therefore analogous to the loifarilhins of the latter. ^ 

. Thus suppose the hyperbola is equilateral, or. the asymptotes IA»j, 

IL are al right angles, and GS IS =: 1, IB .= 2, IK = 4,. ' 
IL = 8, &c. then the area of the space GVBS 0'693147 tlj^^' 
log. of 3 or IB; the area GPKS z; J '380294 the log. .of 4 or 
IK; the|.arca GRLS = 2'07944l the log. of 8 or IL, &c. 
logarithm^ are called hyperbolic logarithm. \ 



• h ‘ifhe system of logarithms however, will vary with the angle 
msiifc by, the asymptotes: TJ|us, if they form an angle of 
^55" 44' S5i", and IS = GS = l, IB = 2, IK 4, IL = 8, &A 
fhe area of the ^rhombpS GI will be 0'43429448l 9 ; and the a-4 
ly^totic spaces GVBS, GPKS». GRLS, &c. equal to 0*30103, 


O‘60^6, 0'90309> &c.. respective!} , which are Briggs’s 1^ 
rUhAIa of 3, 4, 8, &c. The area of the' rhombus, orchil 
U thf lhin|;> that of.any inscribed parallelogram, is called 
, the modulus of &e system. ^ 



Of THE PAHABOLA. 


298 . Let G he the veriex^ F the Jocus, GS the axis ; then 
ihe ordinate PA at right angles to G5, is the parameter* And 
PG the dhtance of the Jqcus from the vertex ff iz.^PA. ■ . 


■ Draw IT parallel fo FA ; Then 
from the eijuatlon of the curve, 
(271). 


c 

r 


F X 

zz 

1 ■ . 

s 

r 


GI ; IT*:: CF : — FA», = PA*. 

01 01 

J'T' #. 

But GI : IT :: IT ; is the parameter = PA, bjr hypp* 
thesis, (2,)rj): 

therefore = ^^7;.- -, or = 4GF, that is. PA = 4GF. . 

liJr CjI Varl 

299 . Let a line be drawn from the focus to any point (B) in 
*the curve^ and an ordinate (&A) from that point to the axis; 
also let GD f in the axis produced J be taken :z: GF; then 

JB = DA. ' 

• 1?' 

Because FA = GA — GF, f— p JL 

ihcrcforc FA* = GA’ — 2GA 

? x^GF + GF*: ' 

Jkt(2ri) BA*=:p.GA-4GF'* 

^ X GA (p being the para- A \ 

. ^netcr), 

whtn«e FA* + BA* = GA* + sGF . GA + GF*, by adiUtioo ; 
'►and since FA*+BA»=FB*, wc have FB*=GA* bSQF.CA 
+ ^F'; . . 

i||dby extracting the roots, FB=GA+ OF :z GA-t-GD= DA,.,^ 

li <b? point {b) in the en|ye is above the focus, thco Fn^y^ 
5= GF — ^,,and Fi = Do. > 







' CONIC SECTIONS. 

Carol. This Theorem ?Lj|brds a ready method of describing 
the parabola by : Since the di^t.inr e of the curve 

' at the cxlrcmily of any ordinate from ilu: focus is cf|na! to the 
distatfeeof that ordinate from the point D, it a number of lines 
nlj IT, AB, &c, arc drawn parallel to DI, (at riglit angles to 
DA) and the distances D^, DF, DA, &c. set ofl'from the focus 
F to meet those lines respectively, the points of concourse will 
be those through which the curve must be drawn. 

The line IDR is called the dira trix of the parabola. 

300. To draw a tangent to the paraJula at a given point B 
in the curve. 

From B draw BF to the 
focus, and BC parallel to 
the axis; let BO bisect the 
angle CBF ; then if the 
angle OBT be made a right 
one, B'r will be the tan- 
gent required. 

This construction results 
from considering the parabola as an ellipse whose trani^vcrsc axe 
is infinite in length (27l)» For a tangent to the ellipse at any 
point is perpendicular to the line which bisects the angle formed by 
Ibe two lines drawn from the foci to meet the curve at that point 
( 275 ): if therefore the axis is infinite, one of the foci will be 
at an infinite diftancci and the line drawn from that focus must, 
in that erne, be parallel to the axis. 

CoTol. 1. Hence, because BO is perpendicular to the curve 
at B, and the angle FBO OBC, if the concavity of. the 
parabola were a polished surface, ^11 rays of light (as CB, &c.) 
falling on that surface parallel to the axis, would be reflected to 
the focus F. (256) 




PAlxABOLA. 
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CoroL 2. From this consiructionind the preceding tlieoreni, « 
it appears that the TA U bisected at the vert^^^ 

that is, GA = GT, (BA being an ordinate to the axis). For 
the angles NBO, TBO being right ones, and the angleXBO 
zi FBO, therefore the angle NBC n TBF, but the angle NBC 
~ BTF, therefore the angles FBT, FTB are e^ual, and conse- 
quently FT ir FB. But FB zr DA (IDR being the directrix), 
from this take GD, and from FT take its equal GF, and there 
remains GT = GA. 

Coral, 3. Ilenec also, the distance AO is always zi FP or 
lialf the parameter. For since I"!' zi FB, and the angle TBO 
a right 6nc, F will be the centre of a circle passing ihroutrh 
T, B, O, and therefore FO z: FT n FB : but FBz: AF F sFG 
(or FD) :z AF | AO, and consequent! v AO z: SFG z: FP. ^ 

CoroL 4. ' And the tangent (#S is a mean proportional be- 
iweeiiGI' and GA: for B F is bisected by GS, and the angles 
FST, SGT being right ones, SG is ameuti proportional belvvecii 
GF and GT (Geom. 168 ) or between GF and GA. And FS 
is a mean proportional between FG and FT. 

301 . If BN be a tamrent at B, and the Unas H I), LK, QN, 
^&c. .ore parallel to the avis GA, those lines icill be divided 
in I, G, P, &c. in the same proportion as the double ordinate 
BQ « divided rnW^ A, L, he. 

That is, ID ; IH : : HB : HQ, &c. 

PK : PL:: LB : LQ, See. 

Draw the ordinate lO, and let the 
parameter be denoted by p. 

Then because' p / AG rz BA% (27 i) 
it will be p : sBA (orBQ) : : BA / 

: SAG or AT : 

Bu\ by sim. triangles, BH : HD :: BA : AT, 
whence by equality p : BH :: BQ : HD: 
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||‘ Moreover, p X 00 = 10* or HA*, (271) 
and p X' .G^ s BA*, 

whence p (G A— GO) = BA*— HA’, by subtraction, 
**' or p X IH =BA»-HA’; 

^therefore, ^ : BA - HA : : BA — HA 

that is, p lUQ BH : IH ; 

or altematclyl p : BH HQ ; IH ; 

whence by equality, BQ HD:; HQ ; IH, 

or alternately, BQ HQ :: HD ; IH; 

and by division, BQ — HQ: HQ :: HD — IH : IH} 

. That is, BH HQ :: ID : IH. 

Carol. Hence the external lines ID, GT, PK, Src. will have 
the same ratio as the squares of the corresponding tangents 
BD, BT, BK, &c. 

That is ID : PK : : BD’ : BK’, &c. 

I 

For ID : IH :: BH : ‘HQ, 

and ID ; IH :: BH*: BH.HQ, by equality, 
or ID : BH* :: IH : 'BH . HQ, by alternation: 

But therefore ID:BH*:: — ^tBH.HQ. 

P ' P 

In like manner PK : LB* : : ’• LB ,1.Q 

And therefore ID : PK : : BH* : LB* BD* ; BK*. by sim. 
triangles. 

303. If BK he a tangent to the paralola at B, thenS^ 
parallel to the axis GA, is a diameter, and 01, RG, SP, &c, 
parallel to the tangmt BK, are ordinates to that diameter* 

And the abscissas BO, BR, BS, &c. have the same ratio 
as the squares of their corresponding ordinates 01, RG, 
.SP,8tc, 





I'ARABOt^., 

Let ID, GT, PK, &c. be 
parallel lo the axis GA or to 
the diameter BS. Then BOID, 

BRGT, ' &c. being parallelo- 
grams, the opposite sides will 
be respectively equal : 

And (301, twol.) 

ID 2 PK : : BD‘ : BK’, See. 

that is 

BO : BS : : Or ; SP*, &c. 


$ 94 . 



303. diameter (BS) bisects all its double ordinates 
(IC, &c.) or lines parallel to the tangent (BT) at the vertex 
( B) of that ^ie^meter. 


Let IR, BA, CK be or- 
dinates to the axis, and 
draw IE perpendicular and 
OD parallel to CN : also 
suppose p = the parainc- 

* 


,c 

fC 



D 





Then (301 )/j / El = CE* — ICN’aiEK / EC, 
that is p : EK : : EC : El : 

And by sini. triangles BA : AT or sGA t: EC : El, 

Whence by equality p : EK : : BA : fGA, 
or alternately p : BA : ; EK ; 2GA : 

But (271) i):BA:: 2 BA: 2 GA, ’ 

therefore by equality EK : sBA : : sGA : 2GA ; 

consequently EK or IR -t- CN = 2BA.' "fhat is, the 
ordinate BA is an arithnicticdl mean between the ordinates IR 
and'.CN ^ but QD.— BA, v^hcnccit follows' that RN and IC are 
both bitipeted by db. 




CpNiC jlKfriONSU 

Ci)roL Hence, wlien 
ihc curve of a parabola.*^ 
is givCA* ^bc axis atul 
focus are dcienulntd 
by the following con- 
struction : 

Draw ally two par.illel lines or ordinates IC, DZ terminated 
by the curve, and bisect them in O, R with the diameter 5S y 
then, .at riglit angles to BS draw ZK which bisect in N with 
the perpendicular NC, which will be the axis. 

To find the/or//.c, let AQ be parallel to NK and zz SAG^ 
draw QG, and the point P where* it intersects the curve, will 
be the cxtremily of the pariinicter of the axis: for by sini. 
triangles FP — SFG, therefore F is thc/oc?ii, ^ 

304. Let G A hv the axis^ and ¥ the focus ; then (298) the 
parameter (p) of the axis, equal 4FG or four times the 

distance of the focus fro?n the vertex G. Li like manner, if 
B be the vertex of anif other diameter, its pararnvter [P) will 
ic4 times the line diawn from 
That is, P - 4FB, 

Dra\% GK ptarallel to the tan- 
gent BT inetling the diameter BR 
in R, also let BA be an ordinate to 
the axis, and make FS perpendicu- 
lar to BT. 

Then (300, corol. 2) GA ^ G'F 
:zBK, iheriTore the abscissas GA, 

BR to the ordinates BA, GR arc 
equal : 

And (271) GA := — ; «dso BR (orGA) (by the 

P 




.PA^A||OLA. 

whence p t P:: AB* GR* 

: FS" ; FT" AB* : 

^ 4h4«fj>reR;:JP : :,FS*S FPsHbui 
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sim. triangles), 
S*s:FO.FT {300. 


consQ^entlyp : P: ; ; FG . FT : FT*, 

■whence p : P : : FG ;jFl’ ot FB ; ^ 

• t)ut pr: 4FG, and therefore P =: 4F'B. 





; Let PFQ be parallel to GR. Then because FB 

rc;tT n BQ, \ve hayc.l^ =: 4BQ the parainetcr of the dlatnelcr 
BR; therefore (by the definiUou) the parameter is the double 
ordinate drawn through Q|{ and consequently sBQ = QP the 
S^mi-parameter. Whence also jt appears^ that the p;arametcrs of 
all the diameters of a. parabola pass through the focus. 

. ' '"h f ‘ ' ■ ‘ 

And it may be qbs^ved in general, that the properties which 

have been ^m^pitrated respecting the axis, its abscissas, and 
ordinates, extend to any other dj^n^er, its abscissas and ordi- 
nates. . ''' 


303 . Lei BR any right line terminated by the curve^ 
and BT a. tangent at H; then if K.D be a line parallel to the 
aa?w GA, it tcill be divided by the curve at P tVi the same 
.^tio as BR is divided in D : ' 

That isy PD ; KP ; : DR : Bp. 

Draw RT parallel to DK; ' 

Then ( 309 ) KP : TR :: BK* : *BT*. 

\ And /BD* : BR* :: BKf : 

{by 8tm." triang.) ; - 
therefoire, by equality^ 

KP : TB : : BO* : BR% whence KP.BR* ^TR.BD* : 

' A^n, by rim. trian|r. KO s TK^BD^.s 

KD :JR,;:3r>*iB2).BB,orKD (BD.BR) . mBD*, 
KP.BR" = KD (BD i BR), dr KP.BR^KD.BD ; 

KfatJ BD, . A *• 

* ♦ BDjr by-tlivision. 

Hi 




CONIC S^KpTIONS. 

Coro/. If BC be (i^n ^nmgh the point of intersection P, 
.then DC is parallel to fh| tai^ent BT« For the triangles BDPj 
BRC being siniilar> , ■ ^ ' \ 

we have BP : PC : : BD : DR, 
biitKP : PD ::'BD ; DR, 

whencty by equalitv, BP : l^P PC : PD, therefore (Geotn* 
97, ep^^'. l) ibe triangles BKP, DCP are equiangular, and DC • 
parallel to BK. 


306, If BS he untf dimneter, BT a tai^eril at B, and ZT 
a paroi/eharam desrrihed ‘ih.int. the para ho/a ; th< n if KL he 
a Zinc paxii/d to BS, and WO joined, KO teiUheamcan 
ptoportional hcticcdn JCl’ and KI^ : 



4 

And BR.BS : BS* : : BQ* : BS*, therefore BR .BS = BQ*, 
or BR ; BQ ; : BO : BS, 

That if, KP : KO : ; KO : KL. 

Coral. Since BR : BQ : : BQ ; BS, therefore BQ is a mean 
proportional between BR and BS : but by sini. triangles, RC, ' 
QO (or RP) and SD (or RW) are in the same proportion ^ 
.BR, BQ, and BS, and consequently RW is divided in C atif 
V so that RC, RP, anfl RW are also in continued proportion, 

" or RC : RP :: RP :RW. , ' 

'’’iOf. The area of a par^la is y of its cirtttmscrikv^ . 

' ... ' ■’ 

‘ tilt space AGPC =: 4 AGNC^ * 



t«AjlA| 

Cw^ceiw the surface G PO CM 
10 be compost^) or made up of, 
an indefinite number of indefi* 
mtely small threads or lines KP, 

TD> &c. parallel to NC or the 
axis GA, the longest being N C, and the shortest at G : 

Then (izri) GA : AC* :: GU : RP* or GK*, . 

therefore GR or KP = X GK> : 

In like manner TD X GT*: 

&c. &c. 



^ /GA 

Hence being a Constant quantity) the sum of all the 

GA 

UucsKP.TD,&c.willbr^, X (o^+GK'+GT' q- ....CNO: 


Now if GN:ifi'iupposccl to bediyid^^ into an indefinite num- 
ber of indefinitely small and equal jjiirts, ihcbc purls will form 
an arithiiKiical progression whose least term is 0 , a id greatest 
GN; and if 7 i is put to denote the number of renus, the suni 
of their sfpiares, or llie sum of the infinite progression will be 

.;,3 

-f (177)5 the first ter. u being 0 *, and list n\* 


* Should tlie student have any doubts respecting this rc'iult from art 177, 
llie following process will hhow the truth of the conclusion, 1 a;1 n or * 
be the perpendicular height of a pyramid having a sr|uarr base wnoiiC 
is atfib =s(il^, and conceive tjie pyramid to be composed of an inlinitc 
nu^er of indefinitely thin square lauiinx laid one. upon ano(h<M, the 
griltet or the base being GN*, and the least at the vertex = oq then it 
is evulent the contiini oi the pyramid will be tlie sum of all the 1 uninx or ■ 
^ries of square^ from 0* to GN^ ; but tlic content of the pyramid is = G X* 
the suiir of the 8eric*8« as above, according lo the Anlh* 
iff irtfmtes, ' • 

l^fitnnmatiou ofsuch series however, is properly the bigness ol Fluxions, 
which afibrcls % pner|tt4bethod:;;#ut liie expre^duns 111 the article n '<:ied ^ 
to, will answerjli^ povpM inio|& of ilie mostsimple cases. 

•-i. ' 't*'" ««« ' ' 



300 cosmic SECTIONS. 

'Btit ’GN is SQppllj^^ divided into » eqi»l ^s^j^* 
>jK„Oy . = eg,' %' = jGNt, and 

X (0^‘+ crif CT‘+ .. ..GN*) becomes « iGW 

^ icA X GN (because 'AG = GN) thi? content of the itwce 
tSp* ' therefore AGPC = jGA x GM, or -f of the paraJ. 
helo^m'AN. '' 

> t 4 . ' 

. 308. The content oj-a paraboloid or solid generated 
. dilution of a parabola (BGC) about its axis (GA), w hai; 

,j its circumscribing cylinder. 

Suppose the axis of the para- 
bola divi^ into za infinite, or 

indefinite numberof equal parts, 

and conceive the paraboloid to 
be composed of the like 

responding number*of cir^l^^^^Sfions whose diameters arc BC, 
OP, QR, &i’* the diametCT^ the greatest section being BC, 

and that of the least section (at G) = 0 

■ • • i , ■ 

. ' . Then the number of rfWions, or parts into which GA ik supif 

, . posed to be/divided, form an arithmetical progression .w|Me 
v;';' first term = 0,Jast term = GA, and , number of termablso 
GAi.^and the sum oyuch.a series = {ojfi- GA),x {GA* or, 

^ 

By Artl 871. w^ave GA : fiC* : ; Gp : 

BC* ' -‘'‘ Ida. 

,^^1)4, jGA : BC* !; .GS.,,; X 

'"tccif-' &c.' Ac.'f. 

W,*' ■ ' slP 

iiTfcen cBC* or;«^*;^X'GA St (hp^^at s^A 

: w:. . , *•> . ■' .*^4'4x'3SirJ 









PAH.AiOtA. 




the dia'm. QR \ 


■ 

■■■ ■>; WuSk. 

i f. c BC* ' o , 

l lJA ” 

fum of all the circular sections, or conteot of the pat 

Lt the sum (GA GD VG^:4 -See. A.0) 

tbcexpressionlecomes^^ X iGA-«f'cBC;xi0^fb 
4 half the content of the circumscribmg cylinder flEFC. ^ 


Of THE CONSTROCTIO*! or ; ^ ^ 

CUBIC ANi^IQUADRATIC EQUATrdJre.^;^| 

309. wi^ve given th^^btion of quadratic equations 
by means of right lines ahmbitcle (C33) t hut cither of the 
r, conic sections „ight be siAuted for the latter, because their 
CQuations ai« also’ of two dimensions ; the circle however, rt, 
Vprifered on account of the simplicity of its d^scnption. A right 
:i^ne can intersect a -.cmiic section in two points, only, wrhich^ c- 
Irminc the two wots of a Quadratic. Butone cppic s^oH 

^U^ut another inas many.poi|.U.as,a cubic,,or a b^^^^ 

tiion has roots; hence it appe(& that such^qations can be 
7 constructed by means of the bnic sections, or tteir roots deter- 
tn^ed by tbiuntdriec«ons of lobi of two dimeniiohs. 

ajobiroWfoct « timplebmtiuaiionx* = or to 


-,We shall take ^mpl^rt. j* TiS j 

3 between (he 1«» RC {=;»>•“*** 





i02 * CONSTRUCTION OF CUBIC 

Let the angle ARC right one : 
produce CR or a and dtx b, aii(! on 
the axis RD describe a scmi-paral)ola 
RPD having its paratneter RC z: n, 
and on the axis RO another RPO whose 
parameter rr RA ir h: then the ordinates 
PD, PO drawn from the intersection P 
to the will be the mean proportionals required ; or PD =r 

•af,andPO :: 



For (271) RD X param. RC = PD\ and RO x param.RX 
=ftOS therefore PD or x is a mean proportional betweeu^RC 

or a and RD or PO or -- ; and PO is a mean proportional be- 
tween RO or PD or a? and RA ( z: i). 

This problem is usually constructed by means of the circle 
and one of the conic sections : the preceding method however, 
is more simple of explication* « ,v 

* , * 

311. To conslrvcl a Biquadratic. Let the circle whose 
centre is C intersect the parabola PV P in the points P, P, P, P ; 
draw the ordinates PO, PO, PO, PO to the axis V O ; also 
make CD parallel and CR |)crpcndicular to VO, and draw CP. 


. Put VO i.*OP z: y, VR - o, CR 
= ft, CP = r, and ihe paraiueler of the 
parnhola Then px=z^*, whence 

',T = AlsoPD = PO— DO^w-ft, 

^ r 

and CD n VO \ R s^® — a: but 
CP* r: PD* f CD*, .^at — a)*' 
+ (y •“ 4)' = ®’— 2a® -h a* d- ft* 

::: r*, and substitutingnHi' for x, wc get 



M* — Qpa } f. , , 

•f P' L ft* — f ')p*=: 0, which by 

varying the values of. die bociheients my be made to cmoddil. / 
with any proposed^ biquadratic eqaatfai^at WRat|.iieieoah<t ‘ ' 
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AND BIQUADRATIC EQUATIONS. 


term ; and then the ordinates o|i--^tl||efixis from the points of 
intersection P, P, P, P will be the ioutslof that equation. 

For example, suppose the proposed equatbn to be y* — wiy* 
I- wy — t — 0. 

Let a parabola PVP be described whose parameter = l = p, 

then — opaf ^ ^ I 

. ... f - 1 = w, whence « = 


+ P’ S 

— r: — 'S!' — n, OT b — 


a "N : 


» 

« I 

4 

2 


(a* -f — r') ;»* z: a* H- zz — c, whence 

r zz -/{a* -t- b* f c) ; * 

Now in the axis take Vll - a zz — — , and make RC per^ 


pendicular to VR and - — =: by then about the centre C, 

with the radius ,+ l c) describe a circle, and the 
ordinates to the axis from the points of intersection P, P, P, P, 
will be the four roots of the cquittion. 

When RC represents a negative quantity, the ordinates on 
that side of the axis are the negative roots, and the contrary. 


, CoroL 1. If the circle cut the parabola in two points only, 
the equation has but two real roots, the others being imaginary: 
and if it touch the parabola, two roots must be equal, because 

two of the ordinates may l)e said to coincide. ^ 

f * '' teti 

CoroL 2. Should the circle pass through the vertex V, then 
CP* =: CR^ + VR’, that is, r* = i* I a*, and the last term 
of the biquadratic will vanish, if therefore the remainder be diw 
yide^ by the result is 


fi: ■; 


— Qpa } 


. *'• + P J ^ 

which may b^made to coincide with any cubic equation want- 
ing., tij|e second term, and the ordinates will be reduced to three 
for its roots. ‘ 

mnihodof con8tl||||ting biquadratic and cubic equattoi^ . 
whic^ jvan.t tiM: '' Mcond tenp, is that of Descartes. Batths^ 



304 TRISECTING 

coDstractions may be lOUUp "general by refei'ing the linef<de> 
noting the roots to a dimeter of the parabola that,is not the 
axis, as may be seen in Bajier’s Geometrical Key, (’Hospital’s 
Conics, Maclaurip’s^geka, &c. ; 

* 

But the same thing may be effected by making use of either 
of th^ other conic sections, instead of the parabola, which is 
ususMf assumc^d because its equation consists of two terms only:" 
the ellipse however, if more easy of description . 


.312. jirt angle may be trisected by the construction of a 
cubic equation* Thus, if s and c denote the sine and cosine of 
an arc, the radius being 1: then (249) 3 sc* — is the sine 
of three times that are ; but c* z: 1 — which being substi- 
tuted for V, and wc have the cubic equation 3s — 4s^ zz 
pulling A n ,thc sine of the angle to be trisected, and con- 
sequently the value of s will be the sine of \ of the proposed 


le. 




The following construction SAhe problem is by means of the 
circle and hyperbola. 


Let BG A be the given angle. 

About G with the radius GB 
describe a circle; make BA 
' {Mpendictflar to GA, and in 
■' Afeproducedtake GH=|GA; 

! draw' HI parallel and equal to 
, |AB} andlet IK be’p^^lel to 

HA; thenb(itwe;q«i^^Symp. 
totes ip, IK des9jri|ie;to hy-^^‘ , 
v.perbola to.^ss ^yjj^h the - . ' 

“;Uoint G, and it <J|^cut the . 
circle in P so that the an^e ,4 , 

^ FGA =:iq^theang]^BGA, ' v 

T ^ 

Throi^' I dr^ the radius GC* 

5 ^, aUG 9s «ff! KPR pdqdW to ai^ PN ^ KI; • 4 




AK AM^LE. , SOfi 

' X- 

TJbcOf sihc^ GH *»<!' HI ve GA and Afi, 

trtangU^. GHI^,0 AB ajre siinilar/ain b^un^QC ^ CB, the 
triahgleii 0C£. GBA^re and equal. 

And Wmuae the parallelograms NK« ateflqual (993) if ';, 
the -common parallelogram NS ha subtracted from .each, and the\; 
parallelogram OR added, the parallelogram SR 
NR, that is PR.x RH ::%.KR X RG> < 

'^rPR;RGj,;: KR : RH, 

^ and : : sKR : sRH, (by doubling) 

or ^ :: CE : sRH, (because 9KR C£)i 

But because HE = HG, therefore sRH = ER + RG, 
hehj^ Wehave PR : RG :: CE : ER +'RG, 
or CE : PR :: ER 1 RG r.lfc. 



ButCE : P^^j: ED : RD, by siiq. tfianglcs; 
wbeuci l^ : RI) :: ER + RG : RG, by equality, 
or ED— RD (ER) by divi^ioiltf - 

therefore RD=;RG, and cdp^i^^ntly PD .= FG : 

' Now GP = GC, and therefore the angle GCP = GPC; but 
the external angle CFG = PDG F PCD, or CPG ±: twice 
PGD : in like Aianncr, the external angle CGE s CCD + ■ 


Q^, or CGE ± triple PGD, t/ial is BGA'(=r COE) = triple. 

PSS).,, , 

I| the opposite hyperbola be described, it will trisect th^ 
sttpplem^ilal ang^ BGL,- that is, the arc QL 18 1 of the arc 

bcL- ' ' 

ade all' parallelograms inscribed betv/iil the asymptotes 
'curve are equal, tht semi-tnH|||yer8e 'or sfemi-conjugata aEt> 
bypeibolE^ will be the diagonal of a ||^rc tvhpse sidhi3 
: the hyperbola being right Jpedi ' \ 
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313. Or MECHANICS. 

DEHNitlOXS. 

!• Mechanics is the science which ircals of the molious, 
velocitij^s, forces, and in general of the actions and efl'tels ot 
moving bodies upon one another. It eoiiiprehcncls Statics^ on 
the weight and cquilihrlmn of solid bodies. Djinairilr^y the 
science of moving .powers. Ihjdrostdt ’u ui the gravity, and 
pressure of fluids. IJtjdrau/ir^y treating of llic tnoiion of water, 
and other fluids, the coii>truction of water* works, &c. &.c. 

2. JVfo//ow is a constant and hueccssive change of place. If 

the body moves equably. ‘or. j^asscs over equal spaces in equal 
times, it is called uniform If it iIK'rease^, or decreases, 

it is called accelerated, or retarded motion. The motion is also 
said to be absolute, 'or relative, according as the body moved is 
compared witli another body at rest, or in motion. 

3. Fefociii/ ov celerity^ is the quickness or slowness of mo- 
tion, or the rate at which a body moves. Thus, if a body 
passes ilhiformly .over a space of two feet in a half second of 
time, it Is said to have a velocity of four feet per second, or 
move at the rate of four feet in a second. 

% * 

. 3 ^"' . . * ' 

4. Qiiantily of motion or momentum^ is the power or foicjs 
of bodies in motion, 'rhisis proportional to the weight or, 
quantity of matter moved drawn into its velocity, 

* * 

5. Force is a power exerted, on*a body to put it in motion. 

If it acts instantaneously, it is called impulse or percussion* If 
cpo«^tly, it IS a periuonciit forcj^e pressure ^the forat of 
grauty. ' ' 
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... 

(). Forres are also distingiiishetl into and accelerative 

or retarded* The motive or moving force relates to the quan- 
tity of matter moved as ^cll iis the velocity communicated, 
and is proportional to the momentum or quantity of motion 
produced in a given time. 

7. An accelerating or retarding force is generally undi^stood 
to be that whicli atl'ccts the celerity only, and iherefiw^t is 
proportioiiid to the velocity generated in a given time, or to the 
motive force directly, and the mass or body moved invers^y. 

Thus, If the body or mass 15 be urged by the moving force F, 

F 

then — will denote the accelerating force ; for the inagnlliidc or 
F . 

value of the fraction — increases directly as 1' is increased, but 
diminishes as B is augmented. 

Gravity or the power of graduation is an accelerating force ; 
for the velocity of a body falling by its own weight, or project- 
ed vertically, is continually augmented in the former case, but 
diminished in the latter, till all its motion in that direction is 
lost. 

S‘%' 

/Vv inertia'^ is the innate force of a body by which it re- 
sists any endcaveapr to change its stale; this is always propor- 
tiqnal to the quantity of matter in the body. Thus, if two 
bodies of the same kind arc floating on water, the less or lighter 
bod^ is i^rc easily nidved than the greater, and Uierefore its 
yiH flierti^isless. ^ 

9. An elastic body is tliat, the?^posili«)n of whose parts being 
changed by the action of a force, either recovers, or has a 
tendency t<d recover its former figure. Thus the strings of a 
violin arc elastic. And a tennis ball rcbourids by the force of 
its flasiicify or the force exerted by its parts in recovering tlici*; 
position b^rc impact. Upodies not having this properly aire 
called non^elustic. 
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general laws 


10. Gravity or w that force by which a bo<}y en- 

claavours to fall downw'afds. Absolute gravity is when thebody 
IS in free space and relative gravity when it is immersed in a 
fluid. 

I '^Specific gravity^ is the proportion of the weights of 
differ^t bodie.s of equal magnitudes. Thus if a globe of wood 
or Qtliir^attcr of 4 inches diameter will sink by its own weight 
just R inches in water, its specific gravily^o that of the water is 
as 1 to 2. 

' Density is also the proportion of the quantity of matter 

in any body to the quantity in another hotly of tfic same mag- 
nitude. Thus if a body of any size weigh 6 pounds, and an- 
other of equal bulk weigh 4 pounds, the density of the former 
to tliat of the latter is as 3 to 2. 

* V 

13. Friction is a retarding force in machines, arising fron| 
the parts rubbing against oniS another. 

314. AXIOMS. 

1. fevei^ body perseveres in its state of rest, or unifo; 

motion in a right line, unless it be compdlled to change that 
state by ^mc e3(ternal force. ^ t • 

2. The alteration or change of motion is always proppnionat 

to the forSe applied, and is made in. the direction of^at right 
)iu<; in which it acls.;s i;^> 

f 

3 . Action and r«<actioa are^ual and in contrary, directipqs. ' 

Of tiu GENERAL Of MOTION, «6^. 

^W}»tUies- of mqLlUr Jjk oil hodiojl^on <» ikf 
tampmnis'Tatio of their nagnitudWand den^tAh- 
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Tlie quantity of mailer in a^i)^||^lnay be denoted by ita 
weight; therefore,- 

If tc i: the body or Its weight ; ^ 

m zz its magnitude in cubic feet, or any other known mea- 


sure ; , 

d zz its (Idnsity ; t , 

then to IS as 7wd, or iv is always dl^ctly prjjportional d* 


Let w : m, y, d ^ : b ; and suppose the density to W dou- 
bled, then, ihc weight must also be doable, ific magnitude rt- 
maining the same, 


• hence ; )n / Qj h; 

Again, if the magnitude be tripled, it is manifest tlie weight 
will also be increased 3 times, and so on : 


C 9 nse<}uently 3 : 3m A :: a : h, 

That is, the weight or quauUt^ of matter 6tv U directly pro* 
portional to the magnitude by the density 

Carol. If the magnitude the weight is as the den- 

sity. And when the density is given, tli|itwcight will be as the 
magnitude. ^ 

{<' 

316. The momentum or quantity of motion genexatei by an 
\fnpulse or momer^ary forcc\ is as the force (hut generates it. 

Fora double force will inaiiifcslly gem fate a doubK quantity 
of motion or monKiUum ; a triple force a ti^^le momentum, 
so, on. Thai is, the motion impressed is direptly as the 
percussiv#br ^motive force which produces it. 

* 317- The spaces described hi uniform motions^ are in the 
if impound ratio of the velocities ^dnd the times of their dc- 
scription. % 

% 

if the velocity be* per second, and the lime =: t 
secQnds;^ 4hep the space described in the time / will be v x ^ 
fodtt as vU And'if f z: ibei|lcd 

infiM, Xhtaisi vh 

jM 'm . e 
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Corol. 1. Hence if the time be the samej the Epacc de- 
scribed will be as the velocity : but when the velocity is the 
same it will vary us the time. 


CoroL 2# Since / - and v'- 7; therefore^ in uniform 

V ^ t 

motions^rthc time is as the space directly, and velocity recipro- 
cally.. 'And the velocity is as the space directly and time reci- 
procally. 


318 . hei m denote the viomentum or quantih/ of motion in 
a moving iody^ tv its tpeiglU or quantitif of waiter ^and v its 
velocity; then if they aiv supposed to Iv rariavlcy m will 
vary as w X v, Thnt is^ the immeniiun it ill be in (he com- 
pound ratio oj the was^ and velocity. 

If a body be put in motion with any initial velocity by a 
momentary force, it is manifest that double that force will be 
necessary to comrnunieale a double velocity, and a triple velocity 
will require a triple force, and soon : now the momentum being 
as the generating force (310) it follow.s, that in the same body, 
the moincntum is as its velocity ; but the momentum also in- 
creases as the quantity of matter increases, consequently in all 
bodies -it must be as llie mass and velocity jointly: or m is 
directly proportional to wv. 


CoroL 1. Hence tlic ratio of the momenta of two bodies in 
motion is compounded of the ratios of their masses and velo- 
cities. For let the monicnlum, weight, or mass, and velocity 
of a body be denoted by il/, IF, and F, respectively, 


then VI : 
lhat IS 'r,- 

jM 


w X V : : 



M : IV / /; 
V 


^ O- IV V . V w .. IV 

i orol. 2. bmcc ^ ''C y, = X - , 

that isy the ratio of tlic velocities is compounded of the direct 
ratio of the monientu, and the reciprotlll ratio of th^ weights or 
iinantities of inattert 
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SrnoLiuM. y« <*\rmplify this pro|^ 0 ^onin numbm, suppose two 
cannon one the other 361^ to strike an obstacle with the re- 
spective velocities of 1000 and feet per second ; titontJieir moinetitii or 
the forces with wlich tliov meet the obstacle will be as 9 X 1000 and 
XSOO, or as 5 to 10. In lliis iiuuiner tlu- forces of impact tw piTcnssion 
are compared Anv: with another. But it nia} I n observed tl'..«t such fon'cs ^ 
cannot be compared with the forcelbf pnssinv or wei.dit, or bodies at ix st, 
no more than a rectangle can be cofnpared with the line bj'^Jl||i||iich it is 

.ociicrated. It*' 

\ 

If a quiescent body he urged hy an uniformly accele^ 
rating force during a given time, the velocity generated at^the 
end o f that time will be in the compound ratio of the force Itnd 
time of acting. 


Let t denote the time, and 7 the constant force; and con- 
ceive the time to be divided into innumerable equal particles ; 
then the first impulse will manifestly generate in the body a 
rlrelocity proportional to the actihg«force /, which velocity may 
be considered uniform dnringftbc first particle of time, we caii 
therefore denote this velocity by /because it is proportional to 
that force ; now while the body is moving with ihtf velocity / 
it receives another impulse equal to the ibrmer, which must 
generate an equal velocity, the body therefore in tlie*8ccond 
particle of time will move w iih a celerity proportional iof Vf or 
^y,f ; in like manner 3 // will denote the velocity during the 
3d. particle of time, and so on; consequently ^ht last velocity 
or that during the /th. or ultimate particle of time will be re- 
presented by ^ //• 

And in uniformly retarded motions, the diminished velocity 
will also be in the compound ratio of the retarding force and 
lime. 

CqtcU I. 'riiereforc in uniformly accelerated, or retarded 
motions, the increments or detremenls of velocity are equal 
in Ihiual li^es, because j^^fy 3/, &c. form an arithmetical 
pr^reasion. Aiid hence we can determine the relation between 
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3H 

the time and sp^ci^ (ieaif^hed ; for it is ovideitl (hay he space 
described in the time t with the successive velocities f, sf, 3f, 
&c. would also be described itf the same time with an unifoftn 
velocity, which is a mean between all the velocities ot terms of 
that series : now the greatest velocity or greateit term of the 
progression is t/*; and as the paV^cles of time are supposed to 
be indtt^itcly small, the least term may he taken =: 0 ; and the 
numbjii^f terms being = t, wc have Oh/ 1-2/ 1-3/ \- ....tf 
— (0 1- tf) A or U’/the sum of all the terms or Celerities, 
which being divided by t their number, gives \tf the n^cau 
vel^ity, ecpial to Iialf the greatest (/); hence it appears, that 
if tl|e*body moved uniformly with half itsvgreatest celerity, it 
would describe the same space in the same time. Now the ‘ 
space being in the compound ratio of the velocity and time 
(317) it will therefore be as \tf X ( or \t'f, that is, as <‘the 
square of the time, the force /and l^y remaining the same. 
And because the velocities generated, or destroyed, arc as the 
times of descripliou, the spai^ will also be as the square of thjS;,' 
velocity. If the body varies, tlij^vclocity (with the same force) .''i' 
is inversely as the mass or weight, in wiiich case the space de> 
scribed will be directly as the force and square of the time, and 
reciprocally as the mass. 

Corol, 3. Since iii the Same body, the momentum is as its 
velocity, therefore the momentum generated or destroyed by an 
uniformly accelerating or retarding force acting for any time, is 
also in the compound ratio of the force and time of acting. 

^ Scholium. 

> A 

Let to :z the weight or mass or quantity of matter in a body, 
/" the force constantly acting on it, 
t zz the time of its acting, •- 
0 “ the velociw generated in tbit time, 
the space described^ 

■m — the momentum at the end of the time f: 



or MOTIOK*. 


9\s 


Then oc b^in| the symbol denQU||^^Ji^^jra^ proportion^ we 
have^ frpm^he two last articlesj^^ t^Ke follown^ Mlitttpns uni-^ 
forxAIy acaclerated motions. 
m oc oc tf. 

t? QC fif. 

S oc vts 

ty 


S QC 


riv 


s p: t*l 

^ ^ when the force and mass arc proportional. * 

AlM 'from these proportions or relations, other comparisqy^s 
are readily^ derived, ^i^hus, since equimultiples or submultiples 
of quantities have the same ratio as the quatiiities themselveS||^?f 

tf 

(for example) we divide tvo oc (fby w» the result is v a -jjj, that 

is, the velocity generated or destroyed in any given lime, is di-^ 

rectly as the force and time^^^ and inversely as its weight or mass 

when the latter is not given. 

, f ff 

r';§ince ^ oc x ^ is the 8 an 3 ifCjj}|lffoc if the force and 


mass or weight {to) are proportional, then omi 


f 

•- , we have 
ta 

f 

s o: t' : for, by the nature of fractions, when s is as t* X 

and /as tr, s will be as <*, or ^ oc as above. This takes 

place in bodies acted on by gravity, where the forte Is pro« 

poftional to the weight or quantity of mattef. But (3l3t def. 7) 

/* s 

if (the accelerating force) = P, then s a <*P) whence 

s 

And because s xc tt, we have t <z therefore by substitutioti 






“ OC whence v otysF, 

Hence we ahill haVe 

» oc y^aP v. Ft. ■■ 


’# 
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And given quantities are also to be left out. Thus s varies 
as vt or s a vt} now if v the velocity is given, then s a t 
or the space will vary as tlic time. 


320. To compare the velocities, kc. oi' two bodies, let JV 
denote any other weight or mass, and ]■', T, V, S, M, the acting 
forexV time, &c. as above; 


Hen 



77’ , 
whence 


s-.vtr.S VT. 



Iv’ 

See. 


V 

t 

T 

s 

5 


s 

s 







F 




w 

Tr 

w 

w’ 


&c. 


But numeral results arc obtained from quantities denoted 1^ 
numbers. Wc shall subjoin an example or two. Let / = the 
force or gravity, which may be considered as uniform near the 
earth’s surface. Then since it has been found by experiments 
that a body descends from rest in a perpendicular direction the 
space of 16 tV second of time, and because an 

equal space would be described by the body in the same lime if 
it moved uniformly with half its acquired velocity, (3 1 6, corol. 1.) 
its velocity therefore at the end of the first second of time will 
be ICtj X 2, or 32^ feel per second; and the celerity generated 
or destroyed being as the times of description, we have i sec, 
: 32| : : 2 sec. : 32^ .Z 2, or 64^ feet per second the velocity at 
the end of 2 seconds ; and therefore 32 ; r feet is the velocity per 
second which bodies acquire in descending perpendicularly from 
rest, at the end of t seconds'. Also since the spaces described 
are as the squares of the rimes, or the squares of the generated 
fc!eritiM,wehave 

V : T* i .s'.S, 

V* s : S, 
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whence S = 

fH 

sn 

= *r* ■*= 



r‘ 

~ »* 

"if 

T = 


~ V 

= t/- = 
^ *• 

r . 
¥s 

r= 

tVr 

Tn 

~ t 

= •/4sS = 

QsT 


wheDj^;r l, 
and 3s = V. 


Suppose it is re(|uiie(l to find how far a heavy body would by 

the force of gravity or its own weight in 6 seconds of time, and ilio Its 
velocity at the end of that time# Then ^ = 1 ^vr. TtsSsec* 

and 

and we have5= //'* s= X 3f) = :>7y feef, the distance: 

and ^ = ‘’/r== 3?/^ X o‘ = If»3 /tr/ per second, the cckTity. 

Admit a shot to be discliarged in a perpendicular direction witli an initial 
velocity of ii>3 feet per second ; to what height would it ascend, and what 
time would ela])se before it fell to the ground again? 

c/'‘i 1,; f V |0'i- 

Here 5= = — i:.— ~ = 5T9/aA the height; 

* Vl 1 03 V I 

And r=: -^ = - ~ Wfcc^nds tiie lime of its ascent, thcrc- 

■« li r '■* » 

lore 12 seconds is tlie lime required. 


The mass or weight of the body is not considered in these 
computations, because all bodies would fall equally fast if they 
were not resisted by the ait, 'J’hc laws of descent therefore sup- 
pose that bodies fall in a non-resisting medium. If/ and F 
denote the motive and accelerative fort,*, respectively, then 
f 

(313. def. 7.) Fa. now if a body descends perpendicular by 


its own weight or the force of gravity, the weight itself is the 

f . • 

motive force, and conserpicntly, - r= l,thatis, thcaciclerutive 


force of gravity F is constant j this is usually expounded by 32^ 
feet the increase of velocity generated by that force, in every 
second Qf time. Gravity, however, strictly speaking, is a varia" 
ble force, for a body is somc^'hat heavier near the earth’s surface 
than at any distance above it, because it is more strongly attracU 
ed by the earth in the foraKr situation than in the latlcr,^ 


sss 





OF THE 

Cp\IPg31TION AXD RESdLUTION of FOfCES. 

' J' >v ' I 

^ ■''' 

WjffiN ihe effects of several forces acting in different 
ilirec^tls are /educed to that of a single force acting in one 
direction only, it is called composition of J ones. And con- 
versely, the resolution of forces consists in finding two or 
more forces whose joint eflcct in dificreiU directions 
equivalent to that of a single force in a gi\en direction. \ 


3SS. Suppose a hotly at B to he urged in the direction BD 
and BN hj two forces that would separately cause it to move 
Uniformly alon^the lines BD and BN in the time t\ then if 
loth forces act together, the lody, by the compotind moliottfft 
will describe BC the diagonal of the parallelogram BNCD 
ike same time t. 

. .. ^ ♦'.‘,, 5 ^. ^ 

C^ccivc BD and BN to be two in-, 
flexible lines or wires in contact with ih^' 
body placed between them at the angular 
point B : then if the lines begin their mo- 
tions together and move parallel to th^- 
jslve^ in the same plane towards NC and 
DC, ;tjte body will be carried or urged along that plane by the 
:'two lines or wires, and constantly move in the angle DBN or 
dOn formed by their intersection, its track therefore must be 



the S^l^oQal BC for.Iet bd and P« be any cotemporary prjsi- 
tioiit>«£ the moving lines, tlven because BD moves unifom^y 
from the position BD.to NC in the same time ihStvBN move? 


.utuformly from BN'tO: DC, their veloeijties are as the Jine's.'BD 
oxA BN; and for the same reason, RB and BiM-ill denote t}|e 
v^t^tlcs when the lines are in »the position bd andPn, but 
the being untforro/^ BDi,rBJ{, an^ 

{by aim. tri^pg.y^tfe 
iaKiHfc«|^044|i^ of the body.mllalvri»ys be in tlte ciidgpiia! 



coMrosiTioN ANOj^ota'tJok «r voscbs. $17 

of Ihe p&r^l^ram BNOlj, U U sU|)f>08cd to be. 

in contact with tfaftmoviBg linea or wirefj, fta 
atlneend of the time i is'thc an^ar point' C." ' 

■' ^ \ 

And the body will a^o describe the dia^nal BC wKen drged'' 

bytiniformly accelerating (orces, provided they 'are similar: 
For let T and't denote the limes of describing BD or BhL and 
BP or respectively : then the spaces being as the s^^pNs of 
the times (31 9> corol. 1) we have 



BD : BP :: T* : (\ 
BN : B?- :: T* : (!% 


whence by equality BD : BP :: BN : Bl’ : 


That is, the parallelograms BPO^, BDCN are similar, and' 
therefore the angle dOn or situation of the body is. always in 
the diagonal BC as before. The same thingtis also manifest 
in the case of uniformly retarding forces : < 


: / * 

suppose the motion of BD to be I t ll/ic/ in the first second of 

1 12/, ill the next, 80/^ in the'jl^, &rc. and that ofBN 63/0fiiA 
file first second, 41) in the next, 35 ii^ttie third, &c. then for example, if 
Id, P/t; NC, DC, are lions of the lines at the end of the first, and 

Ui^rd seconds of lime, respectively, we have Uj,BPss:63^ BN=s^37l, 
and BD = 147 feet \ 

and BN : BD :s : BPy 
or 337 i : l%7 I44is 63. 

Or suppose B^, BP are described in 2 seconds, thcnB^ s tfnd 
BP=: 1 12 feet ; and 337|‘ : 147 : ; ..57-} : 112. Tlierefoiv the parallelograms 
BPO^i BDCN, are simitar, as before. ^ , 

♦ . 

* • Carol. 1 . The velocities at the points^ P, O, 4, atid con- 
sequently the forces in the directions BO, B4, are ‘ 
lines BP, b6, Bb. And the force in the direction BO is Iqui- 
valent.to, or compov^ed of, the two forces in the du^Bons 

«PandBi. ■ ' 

‘ ’ 

^rol.tii Artfl liiice the forw in the directions BP, BO, 
be Mpounded^b^ thoid follows that any jdj^ 

BC,,can be ms W into tw^j^er 
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in different directions hy making that force (BO.or BC) the 
diagonal of a parallelogram. 


Corol. 3. If the motion be equable 
in one direction, nnd uniformly ^ acce- 
lerated in the other, the body will not 
describe the diagonal of a parallelogram 
but tb^ curve/ of a parabola, for let 
the motion of the line BN in the direction 



BD be uniformly accelerated, like that of a body fallii^ l’^m 
rest towards the carili; and suppose ilic line BD to in 

the direction BN so as to describe eacli of the c(|iial spaces or 
lines HZ', Z'A, An, in the same tinu* /; then if PO, BO ; 
SG, AG ; DC, NC ; &c. arc the positions of the moving lines 
at the end of/, 2/3 3/, &c. times respectively, the intersections 
O, (j, C, &c. will be the corresponding places of the body; 
and since the lines BZ^ BA, BN, &c. (or their equals PO, SG, 
DC, 8 fc,) are directly as the times of description, and the 
tanccs BP, BS, BD, &c. as; the squares of the times (310^ 0 
enrol.) it will be 


BP : P0» :: BS : SG^ :: BD DC*, &e. 


hence the ppints B, O, G, C, See, are in the curve of a parabola : 
And BN is a tangent to the curve at B. (302.) * 


Carol, 4. Hence also the forces of oblique and 
direct impact may be compared: Thus, suppose 
a l^udy to Ite urged from B in the direction BC by 
a force denoted by.the line BC, then if that force 
be resolved into two other forces BD and DC (or 
BlSn the former parallel and the latter perpendicular to an 
obstacle NC, the line DC will represent the force exerted by 
the body against the obstacle ; that is, jfs BC : DC :i force in 
the direction BC : force in direction HC \ butDC(orBN) 
is the sine of the incident angle BCN to the rizdiui BC ; there* 
fore we shall haye ; A* radius : sine qflhlliguiti/ oj tfie fffree 
- forc^ qf direct impact ; force, af oblique impact. 
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For example, suppose a Wb. shot when moving Avjth a vdocUy of looo 
feet per second should strike an object (NC) in an angle of SO* (NCB), 
tlicir|48X will denote its nm'nenlum, and tad. : «w50« :: 4gx 1000 
: 3Ct70; Iheiciorc il' :'or< e against the obstacle will be less than it would 
be in a perpendicular diieclion in the proportion ol 3d770 lo 48000. 

323. If three forves of the same kind A, G, C act together 
in the same plane ajrainst the bodtj B in thedir^ctii^ 

GB, CB, and thereby keep it in ctiuilibriot those forces tcill 
he proportional to the videsofa triangle BDC [ot BNC) which 
aredraxai parallel to the directions A 15, GB, and CB.. 

This is nianiftst from the list proposition, 
corol. 1, for oince the force (AB) in the 
direction BC is e(|iilvalciil to, or conipound- 
cd of, the two Ibices in the directions AB 
or BN and GB or BD, if ihelormcr (BC) 
be exerted in a contrary direction (Cl') the 

of the other two will be destroyed, and the body must 
remain quiescent; the three forces therefore areas BN, NC 
(or BD), and GB, the sides ol the triangle BNC or its equaj 
BA/'. 

Carol. \. And because three lines perpendicular to the sides, 
of a triangle will r)rm nuoihtr similar triangle, the three forces* 
will also I)e proportional to the sides of tlu i similar triangle. 

Coro/. 2. Hence il the force in the direction 
BC be a «\\ ' hi C .suspended by three sirings or 
cords AB, OB, BC, the tensions of the cords or 
the forces by which they arc stretched, will be as 
tlie sides of the triangle BNC. For example, if 
BN = 4, NC — 3, BC = 5, the tensions of the cords AB, 
GB, BC, will be as 4, 3, ai^ 5, respectively. 

■ Oaral, 3, The fiilRs in the direction AB, GB, may be re.. 
duQcd to a single force (^B) acting in a direction contrary bx 
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that of CB, and the body kept in e^ui> 
lihrto by two opposite and eqyal cfl'orts. 

But if the body (6) be put ip motion by 
three given forces PB, QB, RB of the 
same kind, Acting in the same piane|^tben 
a single force equivalent to all three may 
be, found thus : Complete the parallelogram QBFO, and tln' 
diagonal OB will represent a force equal to tlie two forces PJi and 
QB; and if RS and ()S arc rcspcc^wcly paralM to BO ami BIv, 
the two forces OB and RB will be reduced to the dia^f)!!.!; SB 
or the single force SB, which therefore is the force e(j':i. iLni 
to the three given forces, that is, the single force SB acting in 
the direction SB would have the same effect on the Inidy H as 
^thc three giver forces acting together in the dircelioiis l‘i5. OB, 
and RB. 

Hence it appears that any single force may be resolved into 
.t^rec or itiorc forces acting in different directions 


.What is advanced In thi> la^i article udi hold,^li 
Wndsiaf ‘forces whatever, wlulher oi impul.i jv per- 
pi, poshltig, or drawing, or whether instantaneous, or 

''•"'I-'’- • '' 

'<> .-y .j- 



»? 


,Pn1wb COLMSION or BODIKS. 


If tlastic spiiLrical body B ivipinge on an. 

imtnotahle plai^ rebound or be . reflected from tie 

swf^. in to the angle of incidence; thatiit' 

if a>igle DCG = BCA. 

den3^» of the body in that 

[to be racolvedinto 
.i the former paraU 
r.to the >ue 




^AC'i thmjf'We 


■At9} 


^ TO’body.to' be urged- or (larricd'^Jafe? 
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tlic diagonal BC by those forces or lines moving parallel 'to 
riiLiTiselves, it must meet the plane in the point C with a force 
upial to PC;' and since there is nb resistance in the directioii 
or the surface AG, the force (BA or PC) in that direction will 
not be retarded by the stroke^ the body therefore, after impact, 
is urged by two forces respectively equal to the two former, 
namely, one in the direction of the surface CG as before, the 
other in that of CP, this latter is the riveting or restoring 
i’orct* [tlcf. o) whicli, if the body be? perfefctly clastic, is equal 
and coniriry to the compressing force PC (ax. Sand 3); hence, 
by composition, CD the track of the body after impact, must 
be inclined to the reflecting surface in tlie same angle as be- 
fore. 


CcruL I. The velocity with which ibc 
n fleeting surface is equal to that at the tin^ 
cause the generating forces are equal and 
tidns. 

CotoL 2. Since llic times of compression 
not instantaneous, the body is moved in 
during iliosc limes by thcdorcc AC, and con 
of incidence and that of rcflccliuu cauncSr 
same if the body is clastic. 


Carol. 3. When the surface AG is no 
jnioolb, the body will be reflected with . 
whirling motion: For let O be its ceiitr^ 
and C the point of impact; then while t 
body is retarded in the direction AG 
the friction at C, the force in the direct 
motion by which it endeavours to rol 
experienc*c, for spherical bodies arc 
motion when reflected obliquely. T 
direction of the body when quits th 
is not perfectly elastic, the restorin 
compressing one : on tlilfse. accounta 
glea of incidence; and reflection are al 

VoL. II. T T 


t pi3du|e a 
confirmed by 
ire a rotatory 
lay affect the 
id if the body 
less than the 
ble that the an* 

hit. 



^ tCSE^fl^.'4.- J5(fb<»bod)(<U non wUi acit Acquire or 

gjn^^a rato^n^&rctiy^m 9) it--matt;AeRfcrc 

9mr tilt oarrioA llut^ the^surface Cp'by 

a^db^ iniAai direcUbn.’ - > - 


'JtftHt&kii' Tf AG be a polished siirfaiKy and BC a ray' of 
li^t proceeding from the lucid point B, the ray will be.rcilected 
ill thq .d>rcctio|i CD, that is, the angles of incidence and rc- 
flcqtiop are equal ifi^that case. This is a fundamental law of 
Optics, founded in nature acatrdiog to some, writers, because it 
is said nature always acts hy the most eryeditious methods ; 
for .the sum of the lines BC and PC is less than tbe. 5 um' of 


any other two lines that can be drawn fronr the points B aud D 
' tomeet in the surface AG ( Theorem, art. 273). Sir 1 . Newton 
however, has shewn that the reflection of light is not aflecud 
hy its patli^' striking against bodies, but by some repelling 
^wer <thai'exl^ds beyond their surfaces. But if a particle of 
,Hghl ijibyiflg ahihg BC be struck in a direction (CP) peipjStiif 
dhmlar&.the ^rface AG, cither at C, or before it reachC 8 ^®a|jig 
'^int, so that velocity is not changed by the impulse, it 


be ft|_ilcctcd ^g' 
325 . 


c equal to that of incidence {corol. 1 .) 


let the 
the 

rection C£^^ 


Tor bhjfi' 
ca^ylp^t gcuCri 
thtnaoifcccd^ 
, a dbfil>lc''^tii 

’ B sitjth^ ijinp^ 


B and C are /wo equal non-elastic bodies, and 
the quiescent body C in the direcHoh of 
^s^elodty of y feet per secon^ ' then after 
ww proceed together as one body in tjie^i- ' 
equaTto half F. 

I non.cla<!tic, they 
e that 'vilf cause 
ihoibcr; and since 

l^is itfoved by the same foibe, (that of 
^ity must be dimiju^sl^ lu 
jhe ■velocity tcciplrlicsdly as the aug- 



'CQLUlSlti OV'BODieS* site 


Ct/rolt". momenttirnof 

Cf whether equal or unequal : then V Xf'B.vwill rq^hiiaei^ W . 

TyB ‘ ■:■■«-'■ 

inoiwhtum of B, and (B i-C).or.^^.x B that^^^l^th 

after 'thedBipact; ' !■.'■, ■■ ■:< ■:.'■ t‘>: : “:i‘ •' ■ 

• ' ■ ' :L ' ' '■ ■ . • 'y.' % ' 

X d so vV IS 

Sjjppbse B ss ISibe c =5 4lb. and r ^ Ijqp^ ^ 

SI ^5jA|^the velocity' per second of both together after Uielr 


' sSft the body B moving with a velocity =; V overtake 
and strike' the body C whose velocity in the same direction is 
zi V ; then if the bodies are non^elastic^ they will proceedrio * . 

, F X fl rM '' 
gether as one mass with a velocity zz ' ' " 


4v for, the force lost in B by the stroke is com«itti)a^tifd to.^v 
action and re>action are equal ; and there&n 
'' '^oi'^tinbinentum of both' moving together is equal tp 
of the separate momenta* that is ^ x B f v x . C j .and . tb^ 

divided by the mass B + C gives ——^•j^-~-^7^ the^locity» 
Let B s^.ielU Q«:41b,l'ssl0, aii«l v:=5* , • ”V.*,v; 


f'xB + ekC I0 X.ICt<-3 X ^ 
* 16 + 4 


second* 


■ir-Wv"' 


C^l* 1 . If C he quiescent* v = 0} 
locity V>tH which they proceed together ajp^pl^t* ’ 

• '“ * ' s-T'.''' ' 

Coroil; 8* • If C moves, in a contrary dvei^uo^ B* 


rsi B-vxO .. 


will denote thevel 




th^tuifbkc. 


And wlten x B — v >^,C = o, aBmoAiilipi^itin^^ 

itot X C |e hotl^bdies i 
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■ Suppose B = 4t C = and v ss lO; 

A'X B — rx C _ S X4 — l6x 16_ . 

U.n T+-—. 

therefore h towards 1] aAer impact* 


the velocity, which 

. 1 ^ 


CoroL 3. The velocity lost by Ei is 


rB lvC_ VC^C 
B + C ' 'B \ C ^ 


that is, B -I C : C :: r — u : velocity lost by B. 

In like manner, B - 4 - C : B : : v : velocity gained hy C, 


. If the bodies move in contrary directions, that body must 
prevail whose momentiun is greatusi, but its velocity VHl be 


diminished, consequently V 


VJij- / C 
B 1 C 


f C + r;C'. 
n __^ ,sthe 


velocity lost. 

7'hal is, B - 1 - C : C : : F | 7 ; : velocity lost by B, supposing 
U the most powerful of the two* - 


327* If a i\OTi*elaslic lody B hipinga direct ly on a fixed 
lui perfectly elastic body C with a given velocity ^ it will re^ 
bound with the same velocity; and the whole force exerted by 
C against the striking body B, is double the Jorce of impact 
when loth bodies arc non-elastic^ 


For if both were non-elastic, the motion 
or force of B would only be destroyed by 0 
tlic impact, or the bodies would adhere ; but 
when C is perfectly elastic, it not only destroys all that motion 
or force but exerts another force equal and contrary to it in the 
aclivin of recovering its figure before the stroke ; consequently B 
wilj jecede with its former velocity : and as the elastic body C 
first destroys and then restores the same force, its effect is double 
tliat of a non-elastic body. And if both bodies are perfectly 
elastic, the effect is the same, for the whole force of restitutio^ 
must-be equal to that of compreslion* - ^ 

If C be moveable, the velocity lost by B, and 
comnumicated to C by tte stroke will be double whatthiby 
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voiil J be were the bodies non-elastic ; for the restoring force 
acU just as much iu the direction of B’s motion as against it, 
ccjfjtisi^iuently while the bodies recede, B is retarded and C urged 
bvr ’additional forces equal to that of impact; that is, the velocH 
tics lost, or coininunicatcd by collision, are twice as great in 
elastic as in non-elastic bodies* 


CoroL 2. Since the force lost in one body is gained by the 
other, if B and C are equal, and both perfectly clastic, C being 
moveable, the striking body B will rest after collision, and the 
other'^C move with a velocity equal to that of B before the im* 
pacU 

CoroL 3. Hence it appears tlial the velocities arc relatively 
the same before and after the impulse, that Is, the liodics will 
be equally distant from one another at equal times before and 
after the impact. 

% 

328. If the lody C moving totvards D with a celerity rz v 
be struck by the body B whose celerity in the same direction is 
— V; to find- their velocities after the impulse, supposing 
loth are perjectly elastic. 


It follows from art. 333, corol. 3, and 
'324, corol. 1 , that tlic celerity lost by 3 B 

r L • • rC—vC , . O 6—^ 

after the impact, is - ^ therc- 

, „ rC— — C)+ 2i;C. .. , . . 
fore^ r — i ^ 2 , or 3 " ^! ' g ' ‘t® velocity m 

the direction BD or DB, according as the expression is positive 
or negative. 

And (by the same corollaries) v + - ic 2 or 

^ ** thevclbcity of C in the direction CI>. 

if C be mowing in a contrary direction, or towards B, 
tbea by maluDg v negative, the same expressions become 
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the velocity^of Bi 

^ ^ the velocity of C, 

toward^ P when the expressions are positive* but in the op^ 
site dii^^tion if they are negative* 

^ Let' B t= IQ16, ^== •> feci jk.t Wcond ; C = SM.' and vis 60 feet per 
5f;cond j ' and suppose tUe bodies move in contrary directions, 

'l»(B—C)+^B_<!rt{l3—R) +2X5X12 i 

= 18, veloaly^^5 

Tlrtfiofdlfc, alter collision, the bodies will move again in contrary directions, 
with velocities of 47, and 13 feet per second, respectively. 


CwoL .If C be at restj then by making =: 0, we shall get 
the velocities in that case. 

V , * 

«■ , Cr' 

The preceding method of investigation will answer when om ; 
^ the bodies is non-elastic; or when both are iI^perle9t]y 
clastic, provided the forces of elasticity are known. 


388. Jf (he nm~elastic bodies B and C move in the same 
plane, and strike one another obliquely at the point O with 
given velocities ; to deiemine their directions and velocities 
after collision. ■ 


. Let BO and CO be taken in the 
ratipof thprespeetive velocities ; and 
supppfe .Dd is drawn to touch: thp; 
bodies sK^ir point pf cpntac| 0^. 

^Complete the rectangles BAOP^ 
t^DOO j . then the celerity >B0- is 



molt^'intp ^fra others AO, and* • - « 

PO.ojiijthf o&ity CO into DO and GO ( 399 . enrol. 
nnw dfikirii of the faiifiM pga^st Mch otim are ^ 

e line tbdr ceatiiei^ time fhtca «re notii|g:^S]r 
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the velocities Jn dii^ion cdnsequentl/' 

the ^velocities, in Ae line (PG) in which tb'^ act against one - 

silver, are denotecl by PO and GO ; and 

is 4b^ , celerity with which they would proceed iogetlier after 
direct impact with the velocities PO and GO (3^6^ rord. l.)s 
If. B be the most powerful, let OQ (in OG) be =: 

and take Oa = OA, and 6d = OD, and 

coni[{dete the rectangles OQRa, OQId t then the d^iagonals OR 
andl^ft' will be the directions and velocities of .B and C, re- 
spectiyi^. 

If the bodies are clastic, they will be reflected after injpact ; 
but the construction is no ways different: for having found the 
velocities in llie line PG by art 325, the result will point out 
whether they must be set off on the same, or on contrary sides 
^p. 

' :?'N. 'B. The bodies are «Hppo.sed to move along OR and 6l 
aft^r impact; strictly speaking however, their centres do not 
describe those diagonals, but lines parallel to them. 


'Scholium. ^ 

, T^ie preceding conclusions respecting 'he collision of bodies 
are confirmed by experiment, ahsiracting from the iipperfection 
of materials ; for it is probable there is no surface perfectly 
smooth, nor any ..hard bodies cither perfectly 'clastic or non- 
elastic. Some experiments however, made with a view toasecr- 
tatn the force of bodies in motion, «em to ■have misled sweral 
emiheht matheinaiioians of the last century. Thus, llScausc it 
is found that a bard body imptneing on soft and yiildirig sub-^ 
stances of uniform criusisteuce will pt^etrate to depths propor- 
tional to the squares of the velocities of iiupa^i it has been 
kbat thjt.tnOhjtotunKor furceof hbdiairimotiM^stead 
c£l}«^,comp0tttided’'0f>iu.:vjelocky*«i>d’mass (d8ft'^4jm as the 
sfUatistf tJt9. ydocity into tbe^aii: this erroneous conclusion- 



328 tottmon or BODitS. 

results from ascribing a whole effi’ct to part of its cause; for 
the whole cfTcct (or depth to which the body penetrates) is not 
produced by the motion or force of the body at the moment of 
impact, but by its succciisive efforts during liie time of penetra- 
tion, each effort being as the boch* drawn into the velocity witli 
which it is moving. So bodies vihen ])rojccted vcrlically rise 
to heights proportional to the srpiares of the initial velocities 
(319, corol. l) and during the time of ascent act again-^t graviry, 
which, like the soft and yielding substances, is an unifonnly 
retarding force ; but to infer fn)in this, that the 1‘orce of the 
ascending body at any point of time* is as the scpiarc of itJ velo- 
city into the mass, would be contrary to theory and experi- 
inent. 


Balls discharged from guns wouUl pcifctrate \vno<l, banks of 
earth, ikct to depths proportional to the hcpiaics of the vthici- 
ties of impact, provided the rei>istanccs were uniform. And 
Mr. Robins found that musket bullets of cipial size when shot 
against a block of elm with velocities of 1700, 7‘^th and 400 
feel per second, penetrated to the depths 3, and | inches^ 
respectively : these numbers arc not exactly as the squares of 
the velocities ] but a greater coincidence cannot be expected 
when the unequal texture of the sjni^ piece of wood, and the 
change of the form of the hiillet Ijj liic stroke arc considered.*' 
(Gunnery, Chap. 2. Prop. 8^. rhc-c experiments however, 
have been objected to as inconclusive 


In estimating the force of a pile-engine, the velocity of the 
or ram is easily determined : but if the pile be heavy, its 
monic should be taken into consid^iration, because the 

ram anu proceed as one body after the impact: and if the 
ground resist depths proportional 

1^0 the squares velocities with which it begins to mov^. 


with equal momientums mav have different 
f ’ 46//'. shot with a velocity of 1000 feet per 


H'.iUon 5 Ml 


. and Pliilos. Dictionary, art. Gv.VKEKT. 
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second^ and a battering ram whose weight is l2000/£. moving 
with a velocity of 4 feet per second would have equal inonicn- 
tuoas^ for 4b X 1000 = 12000 x 4; but the former when dis- 
charged against a wall (for example) might pass through it 
without any other effect than that of driv;iiig out a few bricks or 
stones ; whereas an impulse of the ram would probably cs^ise a 
large breach : for that part of the wall upon which the ball iin- 
pinges is separated and driven out before it can communicate 
much motion to the adjacent parts ; but the shake is extended 
to a considerable distance by the slow' movement of the batter- 
ing ratOj because the parts struck adhere together for a longer 
time. 


Of projectile MOTION. 

330. Let the eqval lints BD and CN le perpendicular to 
the plane of the horizon represented by BC ; and suppose a 
shell is discharged f rom the mortar B in the direction BN 
with a velocity that would varrij it nniformly from B to N in 
the same time that a heavy tody would descend by its gravity 
from B /o D ; theyi if the molion of the shell is not affected 
by the resistance of the air, it will disci ibe the parabolic 
curve BTC. (Art. 322, corol. 3). 

BC is the horizontal range or amplitude.’ 

CBN is the angle of elevation. 

The velocity with which the shell quits 
the mortar, is the initial or projectile 
velocity. 

And if the perpendicular BR he made 
equal to the lieight to which the body 
w'ouid ascend if projected vertically, it will 
represent the impetus, 

TA is the altitude of the projection, T 
being the highest point in the curve. 

V u 
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.^hos suppose the angle of elevation CBN =: 45*, the time 
df flight or that in which the shell describes the curvi^^ 12 
seconds =: t, and d — 16-^ feet ; then di* — 5316 feet ^ iBD 
or CN (320) BC the range in this case ; and dl*^5 the 
tangent BN, which divided by <t (the number of seconds) gives 
dti/Sfeet the projectile velocity per second, hence (320) the ver- 


tical height to which it would ascend in / seconds is 


d x((i</2)* 
id* 


s: 4d<* the impetus QR ; which therefore is = half the range 
at an elevation of 45®. 


Coral, 1'. Let PA be perpendicular to the horizontal line 
BC, and TS parallel to PB j then the velocity of the projectile 
In the direction of gravitation at any point T, is to the projectile 
velocity in the direction BN, as 2BS or 2PT to PB. For BP 
and BS are .described in the same time ; but a body descending 
from rest through BS would acquire a velocity that would carry 
it uniformly ihiough 2BS in the same time (320); and as the.- 
spaces described with uniform motions arc as the velocities, 
therefore 2BS or 2PT is to BP, as the perpendicular velocity at 
T, to the projectile velocity in the direction BP, 


Carol, 9, The horizontal celerity of the projectile is uniform : 
for the celerity along BN is uniform, and BA is directly as BP, 
by similar triangles. Hence also, because the velocity in the 
direction BC is constant, the celerity in the direction of the 
curve at any point (B) is as the secant of the angle of elevation ; 
for BP is the secant to the radius BA. Therefore if T be the 
vertex of the parabola, the motion in direction of the curve will 
be slowest at that point : and the projectile will move with equal 
celerities ai equal distances from it, 

s 

* Carol. 3. Let SO, parallel to the tangent B^J, bisect BD ; 
then, as the- velocity acquired in«desccnding through BD 
sBDijlUviiice'l^ velocity of the projectile at fi, therefore sBS* 
acquired at S, which is half that at D, will be equal to 
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ibe projectile velocity ; and by the first corol. 
as velocity in direction of gravity : velocity 
u\«^d^ction BQ :: 2BS or ^QO : BQ ; 
therefore sBS or SQO c: BQ, because the 
velocities or two first terms of the propor« 
tipn are equal. Whence (304) SO is the 
semi-parameter to the diameter BS : and 
when Jhe elevation is 45°, A will be the 
focus of the parabola ; and the height AT,^ i 
of the range IIC. 



CoroLxi. Because, when S is the point where the celerity 
acquired by a body falling freely by the force of gravity from B, 
would be equal to the projectile celerity at B, the impetus BR 
is equal BS, consequently 12BSz:2BR=r200 -RQ — SO, and 
BQ* = 4BR" ::: 4Q0" - BR X 4 QO. But (302V PT, QO,’ 
NC, &c, arc as BQ*, BN% &c. or PT : QO :: Bp» : 

Whence BQ» - = BIU 4Q0, or =BR, 



that is, BIl BP : : BP : 4PT, 

Also, BR BQ :: BQ : 400, 

BR BN ; : BN : 4NC* See. 


331. Having the impetus, and elevatihn,.lQ determine Uie 
random or horizontal range, and the greatest height to which 
the projectile will rise. 


If BH be the horizontal line, BR 
the Impetus, and NBC the angle of 
“levation; then by the last of (he 
preceding corollaticf, wc have to 
construct the righuangled t^anghi 
BCN so, th^t. BN jis a mean pro- . 
port^(njiJl.b^we«n'BjR jwd .. • . 



/ 

*r 

\m 
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On BR describe a semi-circle, and take BN ~ -tBF ; let fall 
the perpendicular NC ; and BC is the horizoutal range. 

•'ll ' t 

Draw RF ; then the tiiangles BCN", BFR being similar, we 
have 

BR : BF (or *. : BX : NC, 
and BR : ^BN :: iBN : iNC, 
that is, 15 R/ 4 NCzrB^ ^ 

Therefore BN is a mean proportional between BR and 4NC. 

If BC be bisected by the perp( ndiciilar AP, and GFT drawn 
parallel to BC or pcrpendicnlar (o BR, 'P will be the vetex of 
the parabola; and BG or A'F its height above the horizon BC. 
For PB r: PN, and FP i: J'B, and the triangles FBG, FP'F, 
being similar, BG is — PT -r AT, therefore T is the vertex, 
(corol. 2,) 

And because BN ::: ‘iBF, the range BC zi iGF. 


332, Having ilia projectile ucih ////, vind ihc Ji^fance BC 
9 / an object'^ on the horizontnl plana ; to find ihv angle oj 
ijleuation of the viortar 01 cannon at B, so as to hit that 
object. 


If V n the projectile velocity, and Jz: IG^-V feet^ tlieu 

2;" 

or ^ is the impetus BK. (3'30.) 


On BR describe a scmi-circle Rir: 


take BOzi iBC, and erect (^‘per- 
pendicular to BC ; then through 
l‘' and f diaw BN, Up, and either 
of the angles CBN, CD/j is the 
ckvaiion required. 



For let the perpendicular Ap bisect BC, and draw gjt parallel 
to proved that i is the vertex of the parabola 

Bftf/m the same maimer as T is found to be that of the para« 
bola BIC. 
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CoroL 1. Hence there are two elevations which give the 
same range with the same velocity ; one being as much above 
the other is below il, 

CoroL 2# When BO or \ of the range BC, is =: the radius 
of the circle or -J the impetus BR, then O/wdl touch llie circle, 
and the points T, /, coincide, in winch case the elevation be- 
comes 4.^^ The range iherernrc at 13^ elevation is the greatest 
because its fourth BO will l)c a inaxin^uin. 

Let and r denote ilie sino and coi'nie of the angle of 
elevation* 

r the Itorizoutal range or amplitude BC, 
h tlie greatest height A'T or A^. 
in the inipi't'.is BR. 

V tlic projectile velocity or the number of Jed per 
scctind the prcijected body would describe with 
its first or greatest velocity. 
t the lime of fliirht# 

kJ 

d : \i)J, jed. 

Then from the similar triangles BFR, BCN, \vc have 
ru(L : BR sjtu angle BRF : BF, 

That is, 1 . w : : y : wi n: BJ'*, and *\sm BN, 

Arui in the triangle BCN 

r:nL : Asm (BN) :: c : 4f ~ r zz BC the range: 

But Ce.', is the w'/z( (vf double the angK- wliose sxmt is (24 
thcreb)re 4 c.¥ is tv. ice the w*77/' of double the elev.ition ; con- 
snjuenily if a zz the sine of twice the elevation, is the hori- 
zontal range, or ^Zam zz r. Hence the ranges with the same 
impetus, are as the sines of doulile the elevations ; for let A 
denote the sine of twice any elevation, and R the corresponding 

range, then ^Am — Rj and m zz. ; also 2am r: r, whence m 
or- =: that is a : r :: A : R> ^ 

2a qA a 
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334. If the elevation be the same, out the velociiics JilTerciif, 
the 'horizontal ranges arc as the Sf|iiares of the velocities. Fur 
let M be the impetus, R the torrcspondtng liorizontal 

and a the sine of double the at»g)e of’e!cvaiioji, as above 

fiaM ::: Jff, whence a zz ; al>,o :r r, and a zz r: 
gjjjj that IS, fw i \ i r i ll\ but if / ijc i!’'o velucity corre- 
sponding to the impetus 37, ilun m beinir z: and M zi ~ 

4d -iJf 

(330) \vc have v* : w r ; R. 

.. 

335. If both eJevaiions, and also ilu VLlocities, are different, 
the ranges arc in the compound ratio of liic sfjuarcsof the velo- 
cities and the sines of double the angles o( deviation. ^I hus, 
let A denote the sine of double any angle of elevation, iV/, l\ 
and J?, th6 corresponding iinpelus, velocity, and range; then 

aince qAM zz 71, and ^Javi ::: /•, we liave zz tlnit is, 

> 

jtM : am i: R : r; but M = L, ami m = whence by 

4a 4a ^ 

•ub»titation jiV* : ati* :: It : r. 

336. To determine the height, AT lor example, we have 
BF = sm (333), whence 

tadt : sm : j j ; a*ffi ~ OF — AT h the height j s being 
the sine of the elevation OBF to rad» 1. But if the time I 

be given, then -jp = «/, and the height h — ^dC, 


337 . From the preceding articles^ we collect the* following 
e.\pression8, nam^ly> 

V* 

m = r =: 4cj»» = 2o»», k = s'm — 

, , , r ' h dt* ,r 

whence = /4TOd, n* = —=-, = -jji, 0 = ^ 


Sm 

rT 


.sir S = ‘ = -'"d - = V'T' 

^1* = idng: of the angle of clex|tioD. ’ 
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Anri by substitution, a variety of theorems may be found for 
ll.^e different eases on horizontal planes. 

338. Hart /iff llte vrlodtji^ or impetus, and the angle of di* 
reefion, to find the range on a plane inclinvd to the horizon. 


Let BH represent the 
horizontal line ; BR 
(perpciulicnlar to l^H) 
th<J||^pctiis ; BC the 
obi^MpIanc ; and HN 
the (litt’Clion of llie pro- 
jectile. 

On the impetus BU 
ilescribe the segment of 
a circle to contain an 
angle BFR equal to the 
supplement of RBC ; 
take BN r-. -iBf', anil 
draw NC pcrpeiulieular 
to BH; then BC is the 
range on the plane BC. 



Join RF, and draw FO parallel to NC , Then since the angles 
BFR, BOF arc equal, and the angle RBF equal to BFO, the 
angles FBO, FRU arc llicrefore eipial, and consequently the 
triangles BFR, BOF are similar : whence BR : BF (iBNj 
:: BN : NC, and we have BR /4NC r: BN* as in Art. 331 ; 
therefore BN being a tangciu to the parabola at B, the curve 
will pass through the point C. And by siin. triang. BC=4BO« 


Carol, 1. If tlw impetus BR and range BC are given, the 
direction of the projectile n found thus : Let the circle be de- 
scribed as above; takeOOri^BC, and draw OF/ perpendicular 
to BH, then through F, J^tlraw BN, Bp, and either of those 
directions is that required, sis in horizontal ranges* 
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Carol. 2. But if 0/ touch the circle, the points F, f, will 
coincide, and the direction bisects the angle RBC between the 
plane and iinpctus. And because in that case^ BO is a 
iniuni, therefore when the direction of the projcculc is equally 
distant from the vertic al BR and 'plane BC, the range BC will 
be the grLvilcst possible, ns in horizontal ranges# 


Let S — the of FRB or FBO the angle of elevation 
above the })lan(*. 

C IT the sine of Bl'R or BOF the cosine oi the 
plane’h inclination to the horizon, 
r rr the si?ic of RUF or BFO the cosine of the ele- 
vation above the horizon. 
vi 7'. the iinpctus. 

„ :z: ilic range. 

I =; the time of ilight. 
r zz the initial velocity. 

h A*r the greatest vertical height above the plane* 


Then C : BR .S' : = BF, 




C 

.Sex BR „„ ,45 cxBR 
:: r : — - =:BO, and — — 


the r.nngc BC, or ~ r. 


310. Let AP, parallel to CN, bisect BC ; then since TA is 
parallel to the axi> of the parabola (which is perpendicular to 
BH), BC is a double ordinate to the diameter TA, therefore 
(:i()l) AP is bisected in T, and FT (parallel to OA) a tangent 
to the curve at T, and consequently the triangles BFO, FPT 
ire similar and equal ; 

hence, suu BOF : (BFJ : : siru FBO : FO j 

u • 

That is C : S : ^ = FO = AT = A the greatest 

vc^ti\.Al height# 
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341. The time of deccribiug the curve BTG is equal to the 
time that a body would be fal^ng freely through NC or iFO or 

(322, corol. 3.) but if P be any space descended^ then 

P , '' 

(320, schol.) is *he time; therefore, putting d — i6iV 

’/eet, thetimeof flight will be or ~ V j = f seconds. 


N. B. If S be taken for the sine of /BO the highest cleva- 

tion,ibe computations refer to the upper parabolas ; these how. 
everj'^V omitted in both figures. 


™, 4.^<:w» , SS ,m 

312. The expressions - ~ r, and y/— — r, 

J C*r _ d(7V* ^ 

give m _ _ (b> art. 337-) j 

_ ASem sS .in ‘C'*r 

C= V'—- = 


And by substitution we get the following theorems for the 
range, elevation, time, and velocity, on oblique planes ; 


Sev' 

S = = 

I/' 

, _ ss in_ _ 
' “ C ‘^d ~ 


45m 

a d_ 

2 “^in 


vS 

dC 


<ht' 

.'i 


vtC 

^dem 


(Po\ 

4i>m 




- ,1 ,dr iltC 4dtcm 

V = 2v^dm =: - - 5 - = . 


343. The preceding deductions from the properties of the 
parabola however, arc of little •use in the jiracticc of Artillery, 
on account of the veyy great resistance of the air, which in swift 
motions, is sometimes nitfrc than 20 times the weight of the 
projected body. And in consequence, the horizontal ranges are 
often less than ^ of wha^they would be were the projections 
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nia^e in vacuo. I'or example, if a cannon shot be Uischargcd 
with an initial velocity of ICOO fcal j)cr sccontl at I**)® elevation, 

then - — ■ ” 39793 fict the impetus, and ‘J / 3g793‘ 

4 / 10^ -S^ 

n 79566 yce/j or iip'.varcl^ of l.\ inilct would be the horizontal 
range according to the par.ilj<ilic tlieory ; whereas in actual prac- 
tice, it is found to he less than 3 miles. And the curve described 
is nut at all similar to a ])ara!)oj:i; iu vciiex or highest point, in- 
stead of hting vertical to the middle of the range, is nearer the 
farther extremity, where t)ieciu\(' nuel- the horizon in a grealci 
angle than that in whiciitlie hoiiv was 
projected*^ See the a«ij:iccnt figure, ,..JC ^ 

where BC represents the horizontal 
line, and BVC the Hack ile 1 rihed in u 
the fliglii from B to C. 


Many attempts have l>ccn made to investigate the nature of 
this curve, l)in from hs-potlieruMl data ; and hence no theory 
has yet heen loimd to agree with prai iiee hio tlu^; will not he 
considered as cxtiaorJinary, siiKe it i*- known by eyperiment 
llial the same wtiglil of shot, lenglli ot haircl, and (luantity of 
powder frccjucnlly give diflercnt ranges. 


Another great irregularity in the firing of shot is the deflec- 
tion of thi‘ hall to the right or li ft of \\w mark. A deviation of 
fliis kind is likely to take place when there is considerable 
windage ; for if llie hall in its passage alone: the bore should 
toe.eh one Mdc, it will be iLHeoicd to the. other, and again 
n bound to the o|)posite side, and soon, and thus acquire a 
kind of zig-zag motion ; jn which case the ball must quit the 
piece in a direction inclined to the axis of the bore. And the 
frictum oil that side of the mouth of the cannon touched by the 
shot when it quits it, will give the ball a whirling motion; the 
aide of the ball therefore which imoves foremost will be un- 
equally resisted by the air in consequence of this rotatory motion} 
which -is another cause of deflection to the right or left, except 
the axis of rotation be at right*augi«s to &e vertical, plane in. 
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wfiich the projectioa is made, discharged from a rifled 

barrel have the axis of rotation in the direction of the piece, 
and, oonscquently that side of the bullet which moves foremost 
. li equally resisted by tlie air in all its parts. . * 

3-14. But the par.iholic theory may sometimes be useful in 
slow motions if we employ data derived from i^ood experiments, 
and proceed by comparison in circiuusiaiices not very dissimilar. 
Dr. Hutton found by expcriineiUs made at Woolwich, that 
shojt which are of different weights and impelled by the firing 
of different quantities of powder, iicv|nirc velocities which are 
directly as the sejuare roots of the qii.mtities of powder, and 
inversely as the square roots of the weights of the shot nearly 

That is, if p .*3 llie // v. of powder, 

'iv r the weight of the ^hol in // r, 
i' r: its initial velocity : ‘ 

then if P, and T denote any other weight of powder, shot, 
and velocity, wc have 

: V :: -/ftr • or (L : :: which, when 

^lu ykV to ly 

the balls arc equal, or IF zz ic, becomes /; : r* : : P : that 

is> the squares of the velocities are as the (jiianlities of powder, 
nearly. Which conclusion agrees with the exoeriments of Mr. 
Robins. Very small charges however, and such as exceed 
those that give the greatest velocity, are excepted. » 


34c5. Here follow some Examples in number^. 


1. If a ball lib, acquire a velocity of ICOO feat per second ' 
when fired with 8 ounces of powder, what will be the velocity 
of a 13 inch shell weighing loG/Z^. when fired with of 
powder ? 


Here p = i, »=B If » = 1600, P sr 9, 156; 


. p , P uni^P 

ff9t, the itciuiic£ 


23040000 


and the tquar. roM s 4%i 


XX9 
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f. If the horizontal range of a shell be a mile when di«» 
charged at 45* elevation, how far will it range when the eleva» 
tion is 32® 20', the-charge of powder being the same ? ^ # 

Here of twice 45*, r=: 1760 yards, — sin. of twice 32® 20'} 

and ~ = tjie range, fart. 333)} 

r=rl760 /o^. 3 • 2455 

61" 40'. 9*9561 

I'hc range *= 1591 yards l.g. 3 • 2t)l^n 

%' 

, Remark. it is supposed that the greatest lange is at 45" tj^^-ataon, 

,biit tins will not be the case, except in v»Ty slow motions with ereat'weight 
of shell or ball, for small shot discharged wi;li coiisideralde velocities arc 
found to range tlic farlhfsl when projected at about 30® elevation. 

3. The horizontal range being 1760 yards at 45® elevation, 
tl^cn what must be the elevation with the same charge of pow- 
der to strike an object at the distance of 1 591 yards ? . 

In this example r s= 1760. R = 1501, azustne of twice 45", or the ii«f 

rJ . . . aR 

of 90"; and since —rsR (in the preceding exainp.) we have ,4 = — 

the sine of double the required i levation . 

a = sin. 90" 16 ’ 6000 


Rs= 1591 i>g> ,3*2017 

».= 1760 6 • 7545 ar. comp. 


Jiff. 64® 40* or 115® 20' %. 9 ' 95ii2 

and tlie halves of 64® 40' and 1 15* 20' arc 32“ 20' and 57® 40' the required 
eltttttims. (333, corol. 1.) 

d. With what impetus, velocity, and charge of powder mu.st 
« ]3 inch shell be fired at an elevation of 32* 1 S' to strike an 
* object at the horizontal distance of 32.50 feet ? 

If f = 3i?50, fl = of twice 32® 12', m the ir«ipctus v = thp veljv 
eity. and d ss 1 6Vi fiet : 

Then''(3J7) im ts and p== p'4md. 

, , , 1250. ......fiy.Tl "Slt^.y 

• «i 9 sin. «* 24'. /Of- * • 

'*‘9 .'...i ....r.... ijC 

Tmpetus 1302 • ' Uf. 3« 2553 .^ 
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+ 0 • 13021 

, ImpcUw, %. J -^SjS 

= I O' hg. 1 * gQg4 


K. 


VclocUif 341 


2) 5M|643/ 

log. imii 


# 


'I'he charj^o is iiotcrmin(*(l by comparing; the wlocily 341 withlh \tt)C 
flu: siibli when fired with a didorcnt quantity of powder : thus, in cxauip. 1, 
the velocity with yi&is 4S5 feet, 

Hence 4 Sj* : 341 ' ; : ^Ib- : 1-1^;/^. neatly, the cfairge required, 

horizontal range of a ^hell at of ^dcvation being 
1400 yards, then how far will it range at ait ele^ton of 
with the same charge of powder ? 

Here a s=.h«, of twice ej®, r = 14C0, and =: sine of twice 25)i®i and 
rA . . . 

=: the range, (art- 333; ; . 


r = 1400 tcg.3*\'\Gl ' 

A =wri>/. 59® hg, 3 • ^33 1 

atssin. 44® 0* 1382 ar. comp* 


/Idfige S 5 172b yanis ^ log. 3 • 2374 


C. If the horizontal range of a shell he 1300 yards, v^ith Tll\ 
of powder, what charge will throw it ) 000 yards, the elevation 
being 45*^ in both cases ? 


The squares of the velocities being nearly sis the quantities of powder, 
we have (art. 334.)^ 


1300 : "lb. :: 1000 : the answer, 

7i If the range of a shell when fired with M, of powder at an 
elevation of S5® be l6oo yards on an horizontal plane, tlitn, 
how far wdll it range at an elevation of 50° when the charge is 

4lb. 


Since the velocities are nparly as the sejuare roots of the quantities of 
powder, the squaresef the velodiies may be represented by i and 4 


JLet 


1600, sini^ twice v* 
ss tldfte^r^'nqpe: 


5,/rss«nf oftwiceSO*, F 
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r 

then (335) w‘ i ti n R, m s R. 

' ni) * 


r — 1600 

...Jog, 3 • 2041 

= sni. 100 

..../og-, 9 • 99.33 

4 

...Ji'g, 0 • ffl)2I 

a — sin 50'^ 


--j 

P * .'jO 1 f) /‘mnix 



= IGtj yufdi 

log, 3 * - 1 ti J 


8. If the horizontal range of a shell at 31“ elevation be 1100 

yards, what is the time of fliirht ; 

• 1 

L<'l / 3'J‘, rni h*ut the ran«<*, cl z:z Icrt, and ^ = the 

nr y.'/' 

lime; then (337) /= V 'j' 

r log. 3 • MS5 

T log. 

l^(^* 8 *.7.'>36 ar. (nm|} 

'J) mTi 

1 ()70:» A'^; 11-8 Mttmd';. 

\thrn tlx' (-•Icv.ilioii i, then ■;■=: 1, ami llie expression becomes 
; and taking J= to, \m- shall have \\^r for the time of flight, nearly, 
:n that case* 


9. What will be the range of a shot on a plane w-hich ascend* 
10“ CO', and on another which descends 10“ 20', the impetus 
being 2500 feel, and the elevation of the piece 34“ above the 
horizon ? 


;H 0 _ I ooj;o>— 330 . 10 ' i . 

3f + 1 0“ 20“=: 44“ 20' \ 

h S^izsin. Jj* 40', C = £os. 10 ° *20\ c =s JW. 34®, m =: C300, and r» 
tfuriogc: 

Then{31?)l^ssr; 
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' t* 


4 

log. 0’60:i 

C. %. i) • OyC^ 

^ 


n 

tf . ... 

log. 9 • 9186 

C* lig. 9 • 9SjS 

m 

log. 3 • 3979 



0 ' 0M2 

log. i"* :»304. 

ar. com. 

....M39 feet, idngi, on the a.<ccH(Jitig pi.inr. 

And when .y= s/;/ 1 ‘ 

the same espie^sion gives r = a‘)S7 feet. 


the range, on the d 'so'}idi''i: plane. 

10. What quantity ot powtlcr will '.lirow :i inch shell 
3439 on a plane wliich ascentls I o ’ 20', the mortar being 
elevated 34° above the horizon? 

Here 3 13J*, d = 1 ; and ?3 ' 10', C = rcr« 10* ;20^c=iccr. 

3'P as in the last exaniph* : ^ 

And (31i) C — : the velot ity, or rrv*: ^ 

at ot 




It c* 1 * 2064 


}'.... 

. .. fig. 3 * .STifiJ. 




...Jog. ' '’87 V. 


5 



c 




2) ’■» • 'C..V 

/ cheify = 101 leet, log* Z ' no ; ? 

Then, as in exainph- 4, 

:Sj' : liM- nearl}, lIj(M**ijnjre(l tliar^c- 

11. In what lime will a slid! slril.e a pl.u o which clcsccmls 
7% the impeUis being 2000 fed, am] th . morl.ir devateJ 
..jo\c the horizon? 

f .S = .5r:. -4- r, Ct=:co?. 7'^,7/i —e /;0, 

'^6 in , 

.Tlion ('JJ?) Y 

^ S’ ■' ■ 

,! kc- l-'J'i.'t 

? M'-:- r 
I • O'U.J 

V 

z.„ 0 • 3'»10 

.S- = i2>i. b’J' log* 9 • ol'io 


C 0 • o^'3'> ar. con.. 

Tim = becoQ(ll^^/w'. 
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f«. 'The lime of flight of a shell was (^served to be 14 ' J 
seconds on a plane which ascends 8 1® ; what was the elevation 
of the mortar^ the impetus being £ JOi feet ? 

Here m ts 2m, C = cii. 8' ac, ^ s= I i-i, dzziG : 

And (SIC') — v/" = ‘V. oi - t/— = V, Oie siiiL- of the elrv..'i'>ii 
^ m ^ m 

ubove the plane. 

f A- : 

t 

/• /o/r- ■ :ji(is 

d I ■ 

* ri, *. • I.i73 .ii.coinpi 

•-* / • U ■ i ' ‘I'T 


0 • UC»'.'.> 

C /t/;. t' ' 

'^4 V i’ • ar comp 

tlcrafiO'i auou- pl'un j o' a/.’k 

b 3 o' 


I'iciQ. above hoiii'on 0 


12. What must bo the elevation oi* a innrtar, to throw a shell 
6745 feet on a plane which ilescends S“ l the impetus being 
5000 feet ? 

Let wi =3000, r zz oT45, S'^ 13' or sin. S T= tung. S'' 13, 

I hcn ni: C ;; JrC — ?n7' : Cx unc ot an auijU*, half of Mvhich atldod to, 
;ir(l subtracted from half tin* supplement of bl’ -lj', ght* two direction 'i 
that will answer the ijurstior . 

tr = 337‘Ji hg, 3 ' oJSO m log. 3 • 17“ I 

C. leg. £)-yP35 T. leg. 9 • loir> 

IrC = 3337 log. 3 * :>‘J35 riTzz\yj, log. t 

viT = 433 

clilT. x?90‘: 

m 6 • 5tJC9 ar. com p 

C log. 9 ■ 9955 

■g 3-4027 

tcavti Ifa^ 16' leg. 9 • SSI I . 

half a ‘.jT ; 

49 8 half the suppler.ient of 81* 45' 

sum 57 31 > the two retmired citpa/iouf above the plane, or 49* iC'i ' 

dllV. 40 45 > 

aud 32' 30' above tlie horizoiu 
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for ti*f coi^tnictron of this rase, see «r/. 336, corol. i. But thr pre^* 
portion is invcstigalcti as follow^^ : 

■J ••'Dfilrw 1' pnrallrl U) I.B or prrptMidicuIar to UK ('•or the //». art. 33S); 
tlirn siiicx* lU) =: ^r, and C ;=- .f///. arigic HOI. ‘>i lU R, llicrefurr 

Bl- or FI) jrC. Hrnct* in tiie triiingk* UFR liave givrn UK (ilir )]ii- 
tlie opposite angle Ul Pw .ii:d Uh' p-T'iJ'Miiicular >’l), to (Utcin.ii v 
li.r .ingles FRU, FBU. 

JaI the segment y?/Tfe Cf> nl.'iii tlie "ivc n aiigif Ui R, 

?n(l supj'O'.e G the ecntrr. and dr.i \ 17 paialU i to UK, 
and VVl parullei to DF: then since il»c anpic W l**G is 
the dift’ereiKc het^^oai the angle UFK and a light <n.c, it 
is equal th tlie im lination ol tin plane and hori;'oii, and 
C is tlie uric of the .iiigle UG\' . and 7' the t/f 

WGU; tlv reroie Jwi beine =:iVVU, \m* Ir/T^C-W 
but DF =; WI, con^e(p<c^t!} Gl= \rC — ^>nT \ aiiu hv tt;|;o;iomchT, 

\VU Mft. won - KG mdias, 

Cil . sin GFI ; 01*' ■ r/7r////>, hut UOzrCiF, therefort 

bv equality ^\ li : sin. Vn GB : . Cl : stn (il l, 

that i> \rri C f J7//7'’- 

or 7tt : C : 'rC* — 7nT : evsint' IGF, which angle 

heiiig at the rentie, is /UFtm ditferouce of the rein !» red angles i KB, 
FUK \v! uiiC sum \i the siij)pli UAut i*f UFH. 

Win 11 the plane is asd uding, the ci litre C will f.ul on the oilier side of 
UK, anti (il the third l- mi of tin- piOimihou will l>e .[/F -F \m/ . 

Wo have jiiatlo lut* o; loga'itiini*> hoLausc the cu'- pululjoii* aie inuCjh 
jlioiter lliari bv natural bmcb. 
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Of the force avd DESCENT of BODIES on 
INCLINED TLANi.S. Motion oi Eendueum-. 


346. Let CO be perpendicular to the horizdj: HO, (t^d CU 
fin oblique plane ; and supppie the body B is sustained on the 
plane by the string ^Q [parallel to CH) fastened at C ; then 
if BD be perpendicular to CH, the triangles CBD, COH, 

y Y 
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MOTION ON 


are similar^ and Oip ireicrfif of the iody B, 
the tension of the CB or the force of 

the lodij in the dirrctiov CB, the pres^ 
vire against the tjhne YiC^ art rcspertivelu 
as CU] CB, BD; or CH, CO, 'HO ihrsifes 
of the trianglr COM. 

Let BA be pnrallLl anti o]iuil to DC f ili 
gravity or the vJio!e weiglilol tin: body acts in the direction AB 
or CD, the s-u^taining power in tlu* direc tion MB or BC, and 
file opposing^ ibree of flu- ])lane in the direction DB ; and since 
these tilted’ forces Keej) the body in cipiilibrio, they arc as tlic 
sides of the triangle CBD or COH. 

Or because llie sides of the triangle COH are as the sines of 
llic opposite angles^ the weight, the power in llic direftion BC, 
and the pressure on the plane, areas the radius, sine, and eosine 
of the plane’s elevation above the horizon. 




" 7 ^ - 


Uz 


:n the force o 


Suppose* ric = (’O =: 1, 110 = 3, am! tlu- P> = 1 (lien Hk* 

siistaiuine foite or p(;\\er in tl'.c dircitioii hC = T.V/;, and the ])ri‘v'nif: 
af;ainst the plam* = For CIl •• C () : : I3A'’. : !-//>. die (orf(‘ in (hf 
direction CIl; winch e. also the acxvlcralin,^ force in the diiCLtion Clf uiien 
JB dcsccncF licely down CII. 

Carol. 1 . Hence if the weight B ~ 15//'. be connected with 
another weight W zr 12//'. by a llcxibk' line BCW (considered 
as having no weight) that mo\es freely over a pin or pulley at 
C, the weight W acting in^a perpendicular direction, will just 
prevent the other fioni ckscending along the plane, or the two 
weights will be in ttjudibrio. 

Corah 2. Hence also, if the two planes 
Ht, OC arc of an equal height above the 
horiz^gpiO, and the w’cights B and W, 
connem'd by the line BCW moveable 
over the pulley C, are in the same pro- 
portion as the lengths HC and OC, the 
weights will mutually sustain each other on the planes. 




I\CLi:sM*.n PLANES. 


3i7 


Let HC = OC = 7, tlic wi^lM » = 5 : l j ; : 7 ; ^:\ld. 

\u'iiTlit W. Alul if (Im; liriol.t CK = 4, tiicii HR =.3*,iinci OR ■“ 
and tlio prcssuri‘ ol ]] .iLMiivd ilu- UC r= l .V'. and tli.il of \V a;i.\iP^r 
till* j»1ain‘ OC* = V ~ 17 iitMiiN. 

(!on>l. 3. If a* circle be described c 

through B, C, and W, the pulley, iii- 
^icad of being at C, may be at any 
point R in the arc BCW, and the r 
''.eights B and W will remain in cquili- 
l)rio when the connecting line is brought 
mto the position BRW and its length rr BR 1- R\V. 

For the sustaining forces in the diivclinns CB, C\V bein*; 
equal, and the angle CBR equal to C’WK, it follov\s from tin; 
rcsoliitiotr of forces, that the weights are equally busiained in 
the directions liR and WR. 

The angle CBR or CWR i^ called the angle o( (rm 
And because BR^i-s belosv the plane UC, the pi\ >^uiv ol B 
again^'t that plane i' augnitnlcd, and that o( W .< .iiuit. CO 
diminished. 



317 . Siippou fhc Jody i.r irci^dit B iuinlu'n/rd on fJit plane 
liC /’?/ a s/rhjff lii’ fii>^anf'(l at 1*; JIk n tf 1>1) /< pn pendf^ 
cular flic irvight B, flir sa^Jdiniiig Joni\ nnd liiv pro%^ 

sure o?i the plcme, will be rc^pvUivfhj HD, Bl), and I!B. 


BA be pcrpendicolar to the 
horizon HO, and AS to the plane 
IlCj then (323) the three forces 
actingon B, namely, thalof gravity 
in the direction AB, the sustaining 
force in the direction BP, and the 
opposing force of the plane iu the 
direction SA, will be as the rides 



j 

of the triangle BAS. ' But because AB and AS arc pcqicii- 


dicular to IIO and HC, and AB and BS to JIO and BD, 


Y Y 2 
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J 4 S 

respccllvvily, the angle HAS r: BHD, and AliS 13DH, const - 
qucntly the triangles HBD, ASB are similar, and the like sides 
proportional ; that i'^, the fortvs arc a- the lines HD, DB, IIB, 
drawn perpendicular to the directions of iIionl forces. 

Suppo^jC HD = b, I IB = liD ~ J, .iiiif iIk: ue;-hl li = 

Tlicii : JO :: J ; IM. liit' pre^^uiv on i!i^* pliiin*, 

5 : JO : ; J : (Ik* MHi.-mi'iv Iom jm Uic tliiLi licni liP. 

CoroU 1. Ti(C sustaining power (liP) is least whdi it is 
parallel to the plane BC; but greatest in the dirceiioii BA, for 
in that case it is ctpial to the weight B. 

CoroL 2. Blit when the sustaining power (BR) acts parallel 
to the horizon, the weight of* the body B, the sustaining power, 
and the pressure on the jilane, are respectively as t!)c base HO, 
perpendicular OC, and lengtii of the plane HC. 

For the sides of tlic triangle BCR or HCO arc pci pciuliculap 
to the directions of ilu* three forces in Lfjnilibrio. 

Ho = 1 , lie j, C»C aiuJ (lie I5::r20/M 

TJu’ii i : JO :: .) : i liio vustaii*:n'» power 

4 : JO :: j • J.i//'. ti»e ibicc .I'jaiast till- [»!jne. 

3*18. Let fhc I B upon tin indiited plane HC le in eqiiU 
Ulri‘} with (ntotlicrW hangiji^ freely ; then if they arc pui 
in motion^ their perpendicular vcloeities u i/l le ri ciprocallif 
di /heir weights^ or the tteighi.^ vnillipiivd ly the re'iptetivf 
y clod lies are equaU 

Let the weight B be made to descend 
a small distance on the plane from B 
to H. Draw OD, BA pci peiidiciilar 
Co ^UL and GR, BS piTpendicuIar to 
tlie n^izon HO ; then BS will l^c the 
perpendicular descent of B; and be- 
cause BH is supposed to be a wry small space, AH may be 
considered as the diUcrciice of the lengths HP and BP (the two 
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pojilllons of the connecting line), winch ilitrcrencc is ilie perpen- 
dicular ascent of the weight W. A- ' since i he triangles (jRO, 
HBO arc similar, anJ also the quailrilaterals FTABS, IIDUR, 
we have 

GR : DH :: BS : AM 

GR : DH :: GO : HO :: nrJ^hf W : ir/urlif B (317) 
whence hy ei|uallty 

BS ; AH : : wch^ht W : wv'hj^hl B, that is, the [)erpeii- 
dicular velocilie< iiit(^ the weights are e([ual. 

Corol. Hence if Iwo weiglits :n\ in i‘qiiilihrlo on Iwo in^ 
cliiiecl ^ilancb, their pcrpeiuliciilar \eloeiiics will be reciprocally 
as the masses when they aie pul in motion. 

If (I ('(/liinlt r l\ is su^taini 1 (n) thv ha I mvd pluuv l \0 
hj a power af V (Ih'iia'ntiJi one end oj the ropviZWV po) aUcl to 
ihe pUiney flir olhcr nul Ivunj^ fixed of C ; ihi\ poti'er /s lo the 
weight of *hr (ijlindet\ os half (he heij^ht CO, to the leni^^tk 
of the pliUie }IC. 

Ff'r (.; 10) Cl I : CO . : n c'h^dst (sf ejilhidtr 

: N // •: / / ,v J ,V'.» pon n in rri direthoinj fhr 
plane', !/■ i the Mistainiiig p(»\vc-r is e(ji!ally 
(liviiVJ h' tvein »h* j arts of the iojk- KC 
and Ki*; tlkrefi)rc CH : fCO :: noi^htoj 
ylindir : sus^uivino pon er al ?. 



Scholium. Hence it ni>pears, that when the inclined idmc 
IS ol sufficiiiit length, a great weight may he rai^id to a given 
height by a small (comparative) force. 

350. Let HO le an horizonlal lincy II and O two pins or 
pullies^ B «?/<'/ W two e(ji/al uai^ht^ i.onnected fw a smnLl 
flexible line RIIPOW that moves frfxdii over H O, and 
P anuiiicr weight at the middle ofWVO ; to Jlnid the length 
of the perpendicular RP when the three ^ociifhU reM in 
equiHbrlon 
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Since the force of P sii!>lains both t!ie 
equal weights B and W, the force exerted 

in tile ^direction HP must he | 
equal to the weight B; hence, by the is 
resolution of forces, HP : RP ; : force 
of ^P in the direction HI’ : its forre in the direction RP, there- 
fore HP and PR have the same ratio as the weight B and l-P; 
whence the following const ruction is obvious. 



tv A 


From any point C in llic perpendit ular RP draw CA so that 
}P ; B : : ^ : CA ; make HP parallel to AC, and P is the 
place of th^jivmghl. 

* • i* • 

Since AR n |/(AC‘ — RC^), we have, by similar triangles, 

4/|AC* — RC*) : RC : : HR (- I-IIO) : — - 

V z / /(AC*— RC’) 

r: RP, where AC and RC may be any quantities in the pro- 
portion of B and *P ; therefore substituting B and !P for AC 

and Rt, we get ^ - I’vP. 


Suppose each of (lie fiiual weights = M. P = mK and IJO = 16 fea, 
then RP s= c feef. 

Carol. If the weight P be equal to, or greater than both 
the other weights together, it will constantly descend, and con- 
seqvtently there can be no cciuilibrium. < 


351. If a body descend from rest along the Inclined plane 
CH, the space it describes, is to the space it would describe 
in the s^e time when falling perpendicularly, as the height 
of the plane OC, to its length CH. 


The force with which the body endeavours to 
descend along the plane CH, is totheforceby 
which it'ljiurgcd m a perpendicular direction, as 
OCtoCH(346) : and since those forced are uni- 
formly acceleratipg, the velocities acquired will 
be as the forces because the tunes are equal 
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(319), that ilie velocities generated in the same time are as 
OC to CH ; but (3^9, corol. l) double the whole spaces de- 
scribed arc as the. velocities, and therefore ilie spaces arc also as 
the velocities, or as OC to CH. 

CoroL 1. Hence if CIl rr CO, and CB =: CII, the triau* 
gles COH, CRB,, arc similar and equal, and therefore a body 
would descend from C to R in the same time that it would fall 
from C to B. Let OD be parallel to BR or perpendicular to 
HC, then by similar triangles, the limes of descei^t through CD 
and CO are also etjual. 

CoroL 9. And if CP be another plane, 
and OS perpendicular to CP, then tb.c 
time of descending from C to S is the 
same as that through the perpendicular 
CO; consequently the limes along CD 
and CS arc equal 5 but the Incus of the right angles CDO, 
CSO, &c. is a semi.circle described ii|)ou CO (Gcom. 74.) ; 
therefore the times of descent through all chords (CD, CS, DO, 
&c.) drawn from the extremities of the vertical dimiiclcr of a 
circle are equal, and equal to the lime of the pcrpcndieular 
descent through that diameter. 

'' CoroL 3. The velocity acquired i pon an inclined plane 
(CH) is to the velocity acquired in the same time by falling per- 
pendicularly, as the height of the plane (CO) to its length (CH) : 
Or as the sine of the plane’s elSvalion ty the radius. 

35-2. The time of descent alonsr the plane CH, is to the time 
of falling through the perpendicJilnr CO, as the Length of^he 
plane CH, to its height CO. (sec the hst jig,) 

Let T zz the time of descent along CH, and t zz the time in 
descending from C to O or from C to O. Then since the body 
is urged down the plane by an uniformly accelerating force, we 
have (319, eorol. 1.) 





ii, / 
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T* : ::4CII : CD. 

CO* 

ami CH : CO CO ; =. CD, by similar tfianglw; 

wlicncc T’ : r* :: CH . 

or 7’* : I' :: CM’ ; CO’. 

That is T : t CH : CO. 

('ornL Hence the limes of descent along uiflerent planes of 
the same height, arc as iheir lengths. 

I 

3.')3. yl lodynctiuirrs thr snvn' r(l>u itj in d'‘>i ending down 
an hiclinca jifanc Cl I, r/v /•// falling pt rprndirnhn hf throuf^h 
CO fhv liviplit nf tinif plane. 


Let on and DL be p( rpeiulicular to Cl I 
and COj resiHciivclv, 1'hen since CD is a 
mean proporlioiisd between CO and CL, it 
will be CO : CL :: CD^‘ : CL^ (Ceom. Giro 
or ✓CO: ^CL:: CD : CL. 


Now CL beitig the iieight of the plane CD, we have (35J. 
corol. 3.) 

veloc. at D : velar, at 0 :: CL : CD, 

CL / 7 ilor, at O 
"CD“ 


whence velar, at D 


* 5 ; . * 

mr 


.Mso because the velocities acquired at 0 and L arc as the 
s^|ua^e roots of the heiglils CO and CL (31G, enrol. 1 ) 

at 0 : nloc. at L ✓CO : y^CL CD : CL, 

1 r 7 . T CL \ veloc, at O , . , 

therefore vrloc. at L r: ; that is, the 


velocity aeviuircd at L in the perpendicular descent, is equal to 
the velocity acquired at,D on the plane; and consequently the 
acquired vtluciiics at H and 0 arc also equal. 




Corol, 1 . Hence the vcloci^s acquired by bodies descending 
f rom the same height^ down any planes, to the same horizontal 
right lluo, arc equal to one another. 
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Corol. c. And the velocities acquired In' descending down 
any planes^ arc as the square roots of the heights. 


354. In Emerson’s Mechanics, Prop. 31, we find the follow- 
ing Scholium, “ If it be required to find the position of the 
plane AC, whose height BC is given; so that the given weight 
W may be raised through the length of the plane AC, in the 
least lime possible, by any given power P, acting in the direction 

we. Make AC ~ x BC, and you have your desire.’’ 

1 1 may he worih while to show how this construction is de- 
rived. 


1.1‘t tliL* p(»\\or P, dejjofrd by a 
flr^coiul pi rpriidirularl) .ind iliaw llievfight 
\V in (In* duvi'tion AC by inean> of a ■ ti ng 
j)a'^in;5()Vrr :i [miIN-} :itC. 






Put the Iseiirht liC 5, x = AC llu* ip- 
cpureil lengfli, and / = tin* lime: 

Tt(* X \V 
.\C 


TIkm, ( ij.*) AC : RC :: \V ; 


ItP 

It 


AAV 

oi — rr tin.* 01 lel.i 


live vshicli nri'P'* the wiight W down ih - jd.uir AC ; 'iml Miit'e 1* i-'i 

till’ poucror foil'* in llip diirctiou CT, the dilh reim* P — — — , oi 

I X 

willbpllu: force ssliii h accelerates the l>odns in motion. N«av ( ’ ’Ji, coml.) 
the scjiMiP of the tnm* btiiu' as the 'jj.iee di\i jrd hy fl.i* .ic ( f.'cratm^ force, 

I ..1 jf - 

WC base a x -r* — , or /‘u. ^ , th. n-fore the exprf-sion 

p ri-/;\V 'ihle or a ft'.unfui^fU ; coiivCqm'nlly ^ 

P 

nuist be tin* least posbible, Imt'uj^c in tiijl any multiple u* :.ubmulti- 
jd-’ must aUo hr Hm* lead jjOiiible. 


r-pt Y ~ f : 
*» 


tlif'ii mu-4 be a rimnmiiin. 

^ — A 


Suppose ~ then x* zs war — 772^j, and x* — wx == — mg, 4 

ijuadralic eijuation, which compVted i-jx* — wix + jm* =r Im^ — rrtg; 

Wiiencf; x =; i;;i ^ — wg), wJicn? if be less thau f/ig, the 

expression — tng) becomes impossible ; therefore wh'wi the value 

of ^Tpr, or m is the lea^t possible, J#ii* must be :r: mg, and — mg) 

VOL. n. z z 
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3H 

and j vz = '.>»■, and ti»f‘rp'oic x (‘JI i'^0^ 

'•//W aW 

— 77/^'') = dt 0 ; tl.al i-x-='.‘^=2 - X BC. 

Here llu' pLilNy i‘s siippo-.t^d to w.liioul liifiioii, aiul l}»c string nt' 
no st'nsil)lo wciglii, 

CoroL Ilfiirr il ^ ili.il tiu* i)!' tlir i>nv\r! P, cl(»i;ble 

that of the v.i ii^hl U . 


3.^5, If C hv fi point in the n-rficnl lint: CB; to find the 
direction of the Jiinnc Cl) alotn^ nhich n ioihj must descend 
from resly to meet <i plane or ri^ht hn*' A\\ ^IveJi in positioiijf^ 
in a given time. ^ 


Upon CO equal to the pt rpcinlicul.ir tlisfancc 
which the hotly would descend in th«‘ .Mven tinu*, 
let a scmi-rirclc he dcscriljed ; draw CD and 
CP to the intcrserlions D and 1 *, and either ol 
^hese dircelions is that required, as is inaiiifesl 
from art. 3 5 i, enrol. C. 



The distance C 15 and au;^!e ABC' arc supposed to be given ; 
Jieiico if the perpeiulieular KS he lei fall from the centre R upon 
AB, the lines Bl^ BD. and angles PCB, DCB, are readily 
found by trigonoineiry. 


35(5. If the circle should touch, instead of 
intersecting the line Al^, then CD drawn to 
the point of contact D, will be the direction 
Sought ; and the lime of tiescent from C it) AB J 

\> the lea>t possible, because the radius, or the 
diSbeltT of the, circle is the least possildc. To 
construct this cj-sc; Upon iVii let lull the per- ' 

pcndicular CP, bisect the anje PCB with CD, ami draw DR 
parallel to PC ; then R is the centre, ami RD the radius of the 
circle# 

For the aiiglc RDB is a rigflt one, and therefore BD is t 
tangent to the circle ; and because the angle RDC = PDC 
“ DCR, the triangle DUG is isosceles, consequcnily RC =RD 
the radius, • 




INCLljfED I’LANES. ASi 

CoToh !• ITcncc when the time* of descent is the IcASt pos* 
sibic, the direction of the plane CD witft the vertical CR, is 
equal to half the conijdcmcin -oi’ the anjjle ABC, which the plane^ 
or line AB makes with the vertical. 


CoroL 2. And llicTofore if we would con- 
struct the roc'f of a iiousc that the rain may run 
in the least lime, make the angle of the ridge 
DCS a right one, or each of the anglc^ CDS, 
CSD equal to 



:s57. IJ' (I L'Oilij dt sand from A to () donui auy' numhvr of 
Lontiffuon^ planes AB^ BJ>, DO, It will na/uirc the same 
velocity at O as a iody fall in pirpt ndinitarly the same 
height COy provided till rt/ociiy i> ?iut altered ly the dij>- 
Jerent directions at B, D, ke. 


' Draw' CS parallel to the horizon 
HO, and produce the planes l)B, OD, 
to meet CS. 'I'lica the velocities ac- 
quired in descending down th.j planes 
AB, RB, will be c(|iud, because their 
keiglits are equal {3.'j:5, corol. 1), and 
^crcforc tlie velocities acquiud in the dcbcent from R loD along 
coiuinued plane IlD, is the same lh*ii .injulred in dcs- 
‘i^ding through both planes AB and BD \ in like manner, the 
l^ocilies generated in the deset m aloi^ SO, and down the 
planes RD and DO, are also equal, and ctjnal to that acquired 
in the perpendicular descent from C to (> (35.^, Cf)roh !•), 

> 

Corol, 1. If the lines AB, HD, DO, &c, are supposed to be 
diminished indennitcly in length, we may consider tliein as 
uitiinately ionning a curve line; and heiice it is inferred, that a 
body acquires the same velocity in descending along any.^urve, 
as in its descent through the same perpendicular height. 

Corals 2. Hence it also appears, that bodies acquire Uli 
tame velocity in descending tlnrough any curves and planes of 

z Z2 


. A C 

i * 

^vT) 

N. 

I! O 
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the same perpendicular height. And therefore when their velo- 
cities are equal at any particular height^ they will be ^waA at all 
other equal heights, 

CoroL 3. The velocities aajuired by descending through ajiy 
planes or curves, are as the square roots of the perpendicular 
heights (353, coroh C.j. 

Scholium. In the preceding articles it is supposed that 
planes arc perfectly smooth, or that bodies are not in the least 
retarded by friction in oblique dc^)ccnt'^. And since those mo- 
tions arc uniformly accelerated by the constant force of gravity, 
the descent on inclined planes is subjected to the laws already 
laid down for accelerated motion in a perpendicular direction 
(ar/. 319, 320.). Thus, tlic vclocitits ac- 
quired in descending from rest along ClI arc 
as the times. And the spaces described as 
the squares of the times, or the squares of 
the acquired >’cIocitics. Also if the body 
were projecU’d along the plane from H towards C with the vein- 
city it acquired in the descent from C lo II, the velocities and 
times of ascent would be equal lo those of descent at equal dis* 
tanccs from H. 

Consequently, if a body descend 
freely along the turvCj^^H, the velo- 
rity or force acquirtd at the lowest 
point H, would be sufficient to make 
it AiKcnd up the cur\c HP, to the 
same perpendicular height, in the same 

Hence if P be a body attached to one end of c 

a small non-elaslic string CP, the other end being / (\ 
fixed at C, and the body left to descend freely, it 
will dq^cribe the circular arc PHB ; for the force 
acquired at the lowest point H would make it ascend to B in the 
boriiontal line PB ; and its motion being lost at that point, it 



ime. 
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wiW cIcscenJ back again, and rise to the same horizmilal line BP 
in the same time: iti this manner it would comiiinc to oscillate 
or vibrate through tlie same arc BP by the lorce of gravity only, 
if all causes of resistance were removed. But experience proves 
that ibe air, and the friction, kc, at the centre of motion or 
suspension C, act as retarding forces, by which means the vibra- 
tions arc successively shortened till the l)ody loses all motion at 
the lowest point H. A body moving in this manner is called a 
PENDULUM, And in theory, when all the matter of the 
pendulum or vibrating body is supposed to be in a single point 
(P), and the sustaining line CP without gravity, it is called a 
simple Pclidulum, Pendulums that regulate the going of clocks 
continue their motion by tlic force of a weight, or spring, &c. 
called the maintaining pov cr. 

If two pendulums Cp, CP, vibralc in similar arcs 
ph, PHy the times of vibration ivill be as the square roots of 
their Irmrths* 

Draw pdy PD, perpendicular to the vertical (* 

CH. Then ( 357 , corol. 3 .) the velocities aerjuiru! j 
at the lowest points A, H, in describing the ares '• | 

, f^phy PH, are as the square roots of llic vertical ^ | 

.Rights Arf, HD ; but the sectors AC/;, HCP, 
are similar, therefore the radii AC, HC, add also 
the arcs ph, PH, have respectively the same ratio 
as the homologous lines hd, HD ; that is, the velocities ac- 
quired in descending from rest, are constantly as the square 
roots of ph, PH, the spaces described ; and therefore the times 
of description are as /p/i and /PH, or as ^/Cp and vCP. 

Corol. Hence if T and / denote the respective times in which 
the pendulums CP, Cp, perform a vibration ; then s/CP : /Cp 
; : r : or CP : Cp :: T* t P, whence Cp x T* = CP x /*, 
that it, the lengths are as the squares of the timet of a vibiy* 
tion. 
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K » fcmnd by ex'perimeitt that the lengtli ofa simpb* pendulum tWiicb 
vil/rat'j^ oiK'^' in a second ot tinie in tne latitude ot' Londoni is inches, 
iieurly; licm e the ieu^dh of a pendulum that vibrates once in { as^oiidis 
ivf]nir'.‘d ? 


"riw? preceding expru iion give*; Cp ss 
»■ 

X ^ r= iuclu'^, iieaily. 


CP X /> 
7 


1- 


= 3.oj 


If a nniskcl ball lie su'p«*ii(le«l bv a ver\ fine tliiearl or wirr, and ibc dis- 
tame from tlK' point or^^ii-fienxifm to iSe centre of the ball is 50 xnch€s\ 
1 k*\v many limes >\ill it n?i:illuU* in u ininrle? 


. C/iX7*= , , .0 . . . 

Here /* =s p » ^ ^ ji — = aroiub, the tune 

of out' vibralion, and \/ — - -- = ;.j marly, tin* niimbe; of vibration:: 
oi* oscillations in i.() s.-c undi. ' 


359. But the vibrations in circular arcs of different lengths 
arc not isochronal, that is. they are not performed in the same 
time. When, however, the arcs arc very small, the differences 
' igj-c found to be almost insensible. And in that case, the time 
of one vih'aiiou, is (oihe time hi ii hivh u lodi/ would descend 
perpendicularly through half the leiiglh of the pendulum fas 
the circumference of a circle^ (o ils diameter. (Emerson’s 
Meehan.) 

Let Cllor CP 
be tiu: pendulum 
vibrating in the 
arc L;HB, C the 
point of suspen- 
sion, and CH 
perjKiuliciilar to 
thcliorizon. On 
AH describe a 
scmi-drcle about * 

the centre D, and let PS be an indKnltely iniall part of the are 
LPH ; draw PQ, $R parallel to the horizontal line LB» and make 
SO, Q1 perpendicular to PQ, and join DQ. 
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Let t denote the time in which a body would descend pcrpen* 
diculariy throdgh sCH or along the chord LH. Then the 
vclocifles acquired in the descent through 2CH, and by the 
pendulum in falling through the arc L?, will be as the square 
roots of the vertical heights, or as ^ sC FI ind AT ; and the 
space that would he described in the time t with the velocity ac- 
quired in falling through cCH is tCFT, {Sip. cftrol. 1) which 
therefore may represent the velocity. And since the arc PS is 
indefinitely small, wc may conceive it to be described with the 
nniform velocity denoted l)y v/AT. But in uniform motions, 
the times of description arc as the spatv>; divided by the veloci- 


ties fai t.corol. 11: hence 


4CH 

v'-.’CII 


: / 


PS • M>S 
V/Al' ■ t.VISCH.AT) 


the time of dcscr!I)ing F’S. 


If the .arcs I’S, OR, on account of their smallness are con- 
sidered as right lines, tlic triangles CPF', I’SO, and DQ'F', 
QRI will be similar, rcspcctivciv ; w))i';nce CP t PT : ; P.S 


PT.PS 

CP 

Q:< 

DO 


PT . PS 


or - V J = OS = QI ; and DQ : 'I’Q : : QH 


.19:53 53 - QI therefore . 

• DO ’ DII - , 


TQ.CH.QR . , . , . _ 

PS substitnled for I’S 

. ft l^S ' 

•-.‘■^ti the expression AT) * dcEcribiug PS 


->.^ence 




/.TQ.CH.QR /.TO.CH.QR 

■ i.v(2CH:.\j,i(pi'.Di-i) ”Vi2cTi . aiT(‘f*1' . VdhT 


But by prop, of the circle, TQ — </ (AT . Til). And 
PT - ✓ [(CH I CT)THJ, these values of 1'Q, and I>'l’ 
being substituted, we have the lime of deseiibing FS z: 

/v/1At!iTI1.CH.QR 1..,. , ,, 

V(2CHTA'fT4(CIl -i'CTTTHJ £DH‘ 


comes 


/v^gCH/QR ' 
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But 4DH = sAH. And ^/(CH \ Cl) = ^'(2Cl^ 
TH) ; thcrcfoR I)y Jsubrlitiition. flic lime of dc^cwWng; l^S 
iy/QCH 


V(2CI1 — TH)l’AH 


/ OR. 


•/ OR. Now .ill ilu* OR’s is the 


But if we suppose QR to be llie «^rjthinilji;al menu of all 
the QR’s ill the scmi-circIc, the corresponding mean uf tlic 
TtPs will be DII or half All, because the least 'i’K is z: 0, 
and the greatest n AH ; hence the time of describing PS 

V2CH_ 

Vi2CH:^ DHj2All 
semi-circle ARlI,niul all tlie PS’s tiu .irc LPlf ; therefore the 

time- of describing the arc LPH = ^ 

And the time of one. vi!)ratiou along tlie arc LfIB ra: 

UlT)»ATf ^ Butftiimlhearc LHB is 

indefinitely small, DH may be taken ^ o, and the expression 


becomes ^ 


X .ARll, or 5' 


AH 


Bur 


when I is the time of pcrpemlii nlar descent through cCH, is 
the time of descent tii rough jCH ; 

Therefore, as the diameter AH, 

is to the circumference SARH, 
so is It (the time of descent through half the lenfflt 
of the (wndulum CH), 

to the time of one vibration in a very 

small arc. 


Corot, 1. Hence the time of descent through a small arc 
(LPH, is to the time of descent along its chord (LH), as the 
diameter of a circle, to | of its circumference. 

For ‘s time of descent through the arc> and / 


the tilth', along the chord, 
And AH : iARH : 


ir.ARH 


.4 
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t ARH 

CoroL 2. It DII be bisected in G, and T zz 

time of one vibration in a very small are ; then llie tinn; ol 

OG 

vibration ill aiiv arc, will be 7' I , / 7\ nearly. 

' C-Jl 1 Co 


For w’c found the time of vibration in LHB 
_ /. .MKH _/.AIUI :CH _ , -jCIT 

”* V^(.CU— J)JI)JAil Ail ^ Dll '^CtJ+C'D ’ 

and the lines I'CII, Cl I i CC, and CII + CD are in arilhuic- 
licnl pro'jre-ision, llie connnoii cllirereiice being GH ; hut if 
DII rj Oy, llu) beeoine equal, and therefore since DFl is very 
small, tluv aie nearly in gcoineliieal j)riejre^>ion ; lienee 

f'H ‘ ( 11 i-r(; 

' cTiTCr. **’ c ii+civ 

therefore the time of vibration 


= /'x 




e. 1 1 -4 -Cd ^ V 1 j q- L D* 

*• Cu''+ cf) ^ 


rn+( i) 

cii+Ci) C)‘h-ci; 


X / 


Cen*/. lli'ii' e . I ..I, \\i’ r ail ilvle: iiiiiic if.e perpt'iulii iil.ir ilt* 
hul!^ iKiH iIm- eailir'. '»uil.ice in a vc aid ni liuH*. 

JL'or it ha-i Ijeiai toiin i I)y t xji'Tiiim'IH that a aniali* ijt'iuiuiuni or i,i- 
tidko I ?/ iin l»e> vitnaU'^ oiu «• ;ii a • -ai'l .a Inii'* iii tli*- lalilmi': ol 
Lni^on. l iiervlnre, )»uHm;a c =:= tJn: r ;.u:iia n in l oi a » IrLlt 

dianetei is 1, ~ /=1 |m haiff,: j>f i*Mid:'’»djr ili-«ccnt 

thioiiiili 'r>, .nni d =S lla* dibUiiMA* leiiain d ; 

'Mien, 1 A'.. . t c i I, v.licnie/=r tli*. t .mi* tj| d.secnl 

Aiiil l’»e ii»-sc:il)«*d ben:*.; as ‘Ji-* mj’.. n* * of tlie Uifiea of rl-.* njilioi: 

. . . > r . , .. 'i''** i 

( > !L>, toroi. !}, wo Immi — : !• (1 sa ’ J. oi '.(f,* — u — 

X O'lr.fi* = i-'V! inchns, nciily, =r i u y ■ !■: lliC dostenl of gfA* 
\il\ ill I = 0 ^ »i;.l Ol inn^* \V nndi b oN|V-r!iia‘ 0 t, 


Remark. Peiidukiins of same length vibrate rjuicjttr in 
remote laliludes than near the equator. For hy reabou of ilie 
•jdieroidal fjguie of iIk earth, the distance from ic centre increases 
YOL. II- 3 A 
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and therefore gravity decrease^, as we approach ihc equator. 
Btt the greatest diminution arises from the cptation of the earth 
on its axis : for the parts near the equator i^vc quicker^ and 
thereby have a greater tendency to recede froi® ilJie axis of motion , 
than bodies at the surface in o^her latitudes. Gravity, there- 
fore, is greatest at the po!e<, and least at the equator. 


Of the MKCII\XICAL POWERS. 


360* These arc certain machines or instriinienls contri\^cd 
for moving great wciglits with small force. They are com- 
monly reckoned six in nunihcr ; namely, the Lever, the Wheel 
and Axle, the Pulley, the Wedge; the Screw, and the Inclined 
Plane. 


The Lever. 


361. ^A LEVEH is a rod or bar of wood or metal, as a hand- 
spike, a crow-bar, the beam of a pair of scales, &c. It is 
usually represented by an inflexible line without weight to render 
the demonstrations more simple. There arc four kinds of leyi 


A 

r 


,w 


A lever of the first kind has the fulcrum 
or prop between the weight and the power. 

Thus if AB be a rod or bar, W a weight 
Httagbed to the end A ; Pa power acting at 
the other end B, and C the fulcrum or 
prop that supports AB, 1'hen C is the centre of motion, and 
AC, and BC are the arms of the lever AB. Of this kind are 
balances, scales, scissars, pincers, &c. 



A lever of the second kind has weight 
W bflween ^tl)e power P and fulcrum 
C. As oars and judders, bellows, cutting 
knives fixed at one ead, &c. 
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A lever of the third kind has the power 
P between the weight W and tlie fulcrum 
C. Such as tcng 83 sheep-shears, a man 
raising a laddc?![ l>oncs and muscles 
of animals, (Borelli dc Motu Animolium). 



A bended lever is a fourth kind. As a claw-hammer draw- 
ing a nail. 'I'his however, is only a species of the first kind, be- 
cause the fulcrum is between the power and the body to be 
moved. 


36‘2. Lei the wciiihh W and P he attached to the ends of 
the indexible line or lervr AJi^ and snpjwsc C is the fulcrum 
or prop supporting the iceii^hts : then^' tlicif arc in eqnilihrio, 
the distances AC and CB tr/7/ be redproca/ly as the tceighU; 
that is, AC ; CB : : P : W, or AC / W CB / P. 


Let S be the centre of the earth. 
Then because the weights W and P 
gravitate towards the centre S, the 
three forces in njiiilibrio act in the 
directions AS, BS, and SC. Draw 




CR, CD perpendicular to AS, BS, rc- ' 

P lively, and CH, CG parallel to 
ilAS ; and the three forces will be 
he sides of the triangle SCG, or CHS (323) ; 
hence CH : HS (orCG) :: P : W. 



But in the parallelogram CHSG, the opposite angles at H 
and G arc equal, consequently the angles C HR, CGD ate 
also equal, and therefore the triangles CHR, CGD are sirniliir 
whence CH : CG : : CR : CD. ^ 

But CH : CG :: P : W, 

therefore by equality, CR : CU ii P : W; 

or CA :*CB P ; W, 

For CA, and CB, and the respective perpendiculars CR, and 
CD, arc not sensibly different either in length or position, 

3 A 2 
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LEVLR. 


Corol. I. Hence if the weights W/ 

P, or the weight \V and power P in ^ 

equilihrio, move on the fulcrum or 

centre of motion C, the arcs or spaces 

\V Kfy Pp, df'scribc'd in llif same liinc, 

will he as the radii CW, CP, therefore the weight W / 

rr power (or weight) P '/ Vp ; and sin«’e the velocilics will be 

as the arcs P/), the momenta of \V and P are equal. 


Corol. 2. And if WCR be a bend- 

r 

A- 

T> 

ed lever, and the power P act perpen- 



dicular to WCD, the weiiiht W and 


'■'K 

power P will be in cqui!d>ri<) when 


CP 

WC, DC, the perpendicular distances 




from the centre f)f motion C, are reciprocally as the weight and 
power: ihati.^, WC ; DC P : W. 


Coral. 3. Therefore when the power r 

P acts obliquely against the end of the ' 
lever WR, (he weight W and power P ^ 

are reciprocally as WC and the per- 
pcndicular CD, the two distances of the 
directions of the forces from the centre of motion C ; that is, 
WC :“dC :: P : W. Hence, if WCD he abended levp, 
and the weight W, and the power P, act pcrjumdicularly to 
anvi«: ( W, CD, then WC X W n CD / P^ as in the straight 
lever. 


Curof. 4 . When sevc ral wcisrhls W, 

S, D, B, acting on a btr, light lever \VB, C) 
an; in.c(juilibrio, the sum of the pro- 
ducts of the wciglits multiplied by their respective distancej 
from the support C on one side, #vill be equal to the sum of 
llic products on the other : 

that is, SC X S + WC x W = DC x D + BC x B, 



LhVEU. 


SCj 

For the ciVon ol each weigh! to turn tijc lever, is as the weight 
inuUiplictl hv its Jistaiici- Irotn the fulcrum C, and therefore the 
«nin of the e^^'^rts on one side must he ivjual to lliose on the 
other, in the eits^ol an etiuilibriinn. 

f 

Coral. Ilciu'c ihc pl.u-e oX iht* fiiliTiim is readily deter* 
mined when the l^nirth of the lever \Vl\ anti the weights \V* 
P, aie irivcn (see //:r. (n enrol. For W : P :: CP ; CW; 
and hv coinpo'^ilion, W i P : WP (l!u* lenglli) : : P : CW; 
that is, iho lengili inu-st he divlfled into two pirls having the 
proportion ol the wclglits. 


3d3. A lever of the second, nr third Liiul, may l>c reduced to 
the iirst, thus, 




ti* 


S.W X> 


Conei ive the lever Cp to be tniual 
lo CD, tlicn it is inanife^t, tliat if 
the power P \\'ere removed lo p, 
but acted in a i'ontrary direction, 
the ecjuilibriimi would .still remain, 
and we should liave pC / pnCW 
\W,lhat i.s DC)cP--CWx\r 

Hence, in a lever of either kind, if the wciglit, and the power, 
* are multiplied by ihcir respective distances from the fulcrum, the 
|F^^roducls will he C(jiial when there ban e juilibriiirn. 


Scholium. The beam of a |>air (ff 
scales is a lever of the first kind. Its 
arms C.A, CB ought to be exactly of the 
same length ; for should there be any dif- 
ference, equal weights when placed in the 
scales Sand K, will not rest in equilil>rio. The obvious method 
of trial however, is to weigh any body, very accurately, in one 
scale, then if the weight and body change places, and cither end 
preponderates, the scales are imperfect or false. 



But when kuow what the body weighs in each scale, it:» 
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true weight mny be found thus — ^Let fV and w denote the 
weights of the body I in the scales S and K respectively/ 

then CA / i = CB / /V, 

and CB ’< h — Qh. A w, * 

t 

whence i* r: IViVy or /- ™ \f]Viv\ that is, its true weight is a 
geometrical me in between the least and greatest weights found 
by the false scales. 




The stcilyard or Roman ha* 
tance is also a lever of the first 
kind. Blit the arms or irnrhiu 
CA. CS, arc very iineiiiial in 
Jenglh. The weight or coim- 



i« za 30 



terpoise VV fs movcahle baekv\.irils and forwards on the arm CS, 
whicit is divided and numbered. The distances of the divisions 
(wliich are notches in tlic beam) from the fulcnim C, arc deter- 
mined "by repeated trials. Thus, for e.xamplc, suppose the weights 
B and'W arc in eijuilibrio, then if the weight B is 20//'. a notch 
is made in the beam at D, and that division is numbered 20. 
And in like manner, by siispendiiig diflerent weights at A, the 
other divisions are found. 




If thi arm CS be three quarters of a yard long, and CA one 
inch, then (neglecting the weight of the beam) a weight 
of 2//’. at S, would weigh the body B of j4/i. for 27 X 

.it X 1. ■*’- 


364. Lei the compound Icrcr SD he composed of three levers 
of the AfVid, DA, AB, BS, acting upon one another; the 
fulcrttms being at C, 0, R ; 


lUln P : IF:: CA.OB.RS 
pqfcer P and wight 
IF arc ill equilibrio* 


CD.OA.RB, when the 


It 







WHEEL AjND AXLE. 


S6: 

* 

* rn p 

For CA ; CD P : ■ the force at A; 



RS ; RB 


the force at S ; 


CD. P 
CA 


CD.OA. P 
CA'.OB 


the force at B 


f 


CD.OA.P CD.0A.R1J.P_„, 
C A OB' CA . O B7R5"~ " 


Thercfoiv CD . OA . RB . P - C A . OB . RS . IV. 


Aiul a.^sitnihir conclusion is derived in Ihc utlicr kinds of 
levers, by niuking use of the respective distances fiom the 
props ot fulcrums. 

The heavy lever will he considered when we treat of the 
Centre of Gravity. 


WHEEL AND AXLE. 

36.S. This instTumont is a wheel 
AB fixed on a roller or axle OD, the 
^xlc being supported at its extremities 
as 10 turn roinid frctly with the 

* wheel. It mav be coiisiclcred as a 

* 

perpetual lever of the first kind. For 
when the weight W attached to a rope 
DW that goes round the axle, and the 
power P applied at the circumference of 
the wheel, are in cquilibrio, then, as AC the radius of the wheel 
: CD the radius of the axle : : W : P, or CD / W = P, 
as in the lever. 

' This will be obvious by consideimg the radii AC, CD as 
formi^ one line or lever AD, and CUhe fulcrum or centre oi 
inotion upon which it turns, , 




vVnr.K! AND AXLE. 
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Carol. 1. While llie wcighl W dr:n\n up by thepnvcr 
P, their velocities will he as llie radii oi lUc axle and w h, i), 
respectively. ^ 

Coral. 2. When tlic direction of ilie j>Awer a;'‘;)!icd to 
the wheel, is not perpendicular to its dianiCter, the radii St , 
CD form a bended lever SCD ; and if Cl he cir.iwn at right 
angles to Spy w'c shall have Cl : CD : : Vv’' : power at p. 

Corolm 3. If aj'ollcr or cylinder SI) 1* 

is turned on the axis CA hv means (»r S 

- L- ' 1-:*“ 

the handle ABP, ami tlic power !* 

acting pcTpendicul.irly to AB, and the _ 'W 

weight W, are in ecpiilihrio ; tlien 

P ; W :: DR the radius ot the roller : AB tlic Icngt.i of the 
handle. Pov when the roller is turned round, ihe point B de- 
scribes a circle whose radius is AB. 


ScifOLlUM. But the weight and i!ii».kness of the rope to 
which the body (W) is appended, uugtit to he taken into the 
account. Thus, every lold ot lopc on the axle or roller, may 
be said to increase its diameter ; the radius llierefore is always 
the distance from the axis of the roller to the middle of the out. 
side rope or fold; for which reason it will sometimes be found 
necessary to increase the force. The weight however, will cv^; 
dently diminish as the rope (wdiich makes part of the weight) 
shortens, nr is wound on the axle. 

To the wheel and axle may be refered several kinds of ma- 
chines or instruments, as the crane, wiudlass, capstan, gimblct,, 
auger, See. 

3^. In n comlinaiion of wheels with teeth, if the power P 
le to the weight W, as the product of the radii of all ihe axles 
or pinions, to the product of the radii of all the wheels’, 4hfS 
power and weight will le in equililrio. 


That is, P : W : : CA . OB . RS ; CD . OA . RB. 



WHEEL AND AXLE. 





three levels UA, Ali, liS on the centres or iulcr.i C, (), R ; 
iherdbrc the three logeiher may be considered as a compound 
lever SD -(art. 3Cr2*). 


Coral, I. And when ihe wheeK are in motion, the velocity 
of the power P : wlocily of the weight \V : ; CD , OA . Rli 
: CA . OB . US. Or the nuinl)er of tee th in the wheels and 
pinions may be siiiLstitntLd for the respct live radii. ^ 

CnroL C. Hence ;.Uo, as the iunul;er of revolutions of the 
first wheel, i^ to ilu number of revolution.') C)f llic last wheel in 
the same time, so is the product of tlie nunibtr of teeth m the 
pinions, to the product of the numlier of teeth in the wlietis. 
J’or as often as the numl)er of teeth in any pinion, I*' contained 
in the luimhcr teeth of the wiled that drives It, so many re- 
volutions will the pinion make, for one revf'Juiion of the wlicel. ^ 

Su])|)0,c the radii of tlx- j)iiiioi:> an: each = 4, Cl) = Jj, t)A = V, 
l\I> = Cj, and tlu* powu' I* .:= i ih. 

"J'heii 4 X 4 X 't • L' j X X -’*» 10: lie* wi-i^/hf VV wh. n 

the \\eiglit uiiil |)OW4 r aii- in erpiilibiio, liul \ver»- tip- in iiiotiuii^ 

the \elocili'. , ihe r and wtudit woidi! he ai JIJ > to lo 

By the addition oi another wheel and pinion, it is manird^ft 
much greater weight might be raised by the aame power, hut 
ihp velocity of ilic weight would be proportionably diminished : 
Hence the ma.xim in Mechanics, what is gaintd Ly puwtr is 
lost in time, 

3 IS 
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PULl.^Y 


367 * Let IV z: the weight of a four-wheel carriage including 
Its load i A = radius of hinder wheels, a m radius of the axle 5 
B = radius of fore-wheels, h zz radius of the axle ; then sup- 
posing the friction to be | of the whole weight, or the force 

necessary to move the carnage will be — . 

We consider the radii as Ic'cin, :;iw! the ie(|iiired I'orce to act in direc- 
tion of the centres of the ax h'*', or riub of the levrrs. 

Since the jixledoes not Uirn round, it is inanilisl, that the fo/ce applied at 
its centre to overcome tlie irictfon on llie a\le hy properly of the 
lever, be directly as itstidius a (on the hind wheeLO, that i^, the greater 
the axle, the greater must be the reijuired lorce : on the conlrars, it is 
evident (hat the force to turn the wheel will lx* reciprocally as its radius 
the fulcrum of the lever A being that point ol the v heel in contact 

with the ground; lliercfori* the required foice on hot fi accounts is as 
an<|^consequenlly ^ ^ the force for tlie hindei wheels: and 

*n the same manner we get for the foie-whecK: and the aum “^ + 

xljf 

~ rs the force necessary to mo\e the caiiuige. 

F.xiinip V'. 

% 

Let wzz 2 ton or 148(V/» A = T/U niches, I J inch, li =: inches, 

. . . rirt uh jfiOn Sh'do . , ^ 

^ =s J^- inch, then 4 - 4 - the force 

... *’ 
tjjipHxessairy to move the carri.igc. Tliis is nearly cijuul to the Calimated 

force of two liorscsi moving at the rate of three miles an hour. 


The pulley. 

36S. A Pulley is a small wheel SD of 
metal or wood, niotcabic round an a.xis C 
(ixej^ in a block; a groove is cut round the 
4|||||^f the wheel to receive the ropeWSRDP. 

IJ ihe piiUey^s fixedy a,nd the weight W 
and power P ore in tquililrih, the power 
avd weight will le equal. Fur SCO is a 
lever of the first kind, w here the arms CS, CO are eqaal. ’ 
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When ihe pulley, and weight W, arc sup- 
ported hy the rope RSDP, the power at P 
will be but half the weight in case of an equi- 
librium. ' For iherqpc being fastened at R, 
the two parts RSr PD will be equally stretch- 
ed, and consequently each will bear half the 
weight. 

369* In a comLinalion of pulliei drawn 
ly one rope going over all the pulley Sy If the 
power P, is to the weight W, as l, is to the nnmler of parts 
of the rope proceeding from the moveabh or lower block and 
pulltes (B) ; then the power and weight will be in er/uUibrio. 



For the lower or moveable block 'B) and 
the weight W tr)gclhcr with the powxT P, are 
supported by six ropes, or rather six parts of 
the same rope, all equally stretched ; but the 
part SP, sustains the power P, and therefore 
each of the other parts is stretched by ^ of the 
W'eight, consequently (in the annexed figure) 
5 : 1 :: W : P. 

Corol. Hence if the weight W be raised 
by the power P, the latter will descemi 5 feet 
(for example) while the former is raised l fo 
For each of the parts of the rope prcicceding 
from the lower or moveable block to the upper 
or fixed one, is shortened by 1 foot, and conse- 
quently the weight will be raised that distance. 



There are various other combinations of blocks with puHiej^ 
liul the equilibrium is determined in a similar manner ; nai^|di|k 
by comparing the spaces described in the same lime by ibe 
power, and the weight or bod^ moved. ^ 

But^puHies, and other machines seldom work without con*- 

•iderablc friction i and ropes are never perfectly flexible ; there- 

3 B9 
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for we must not expect that computations will always agree with 
experiment. 


Or THE WEDGE. 


370. The form of this instrument is sufficiently known. 
It is commonly iniiclc of wood or iron ; and used in splitting 
blocks of stone, wood, &r;. and sonictirncs in lifting or raising 
\^ry heavy bodies. The force is communicated to the wedge 
by the blow of a slcdge-hamnicr or licavv nuillel. 


IVhm the force F nctin^ perpcndicnlin hj fn the hick of the 
ved^e AH, hi vquHiirio iiith the res'isluTiccs R, r, uhivh 
act perpendicularly to the side^ AC, HC, 

Then AB ; F ;; AC BC : R r. 


For the three forces in cquihbrio will be as the y 
sides of the triangle ABC winch arc perpendicular 
fo the directions of those forces { 3 i? 3 ) ; \ 

That is AC : BC :: R : r; 

or AC p BC : BC :: R I- , ; 

Also AB : F :: BC ; r; 

And by equality AB : F AC + BC : R \ r. 


A» — ' 


371. If the wedge be rectangular, or the tri- 
angular side? ABC, OGD perpendicular to the 
back or end ABGO, those sides are parallel to 
«*direction of tlic force (F) acting against the 
end AG ; and therefore any resistances against \ 

the plains ABC. OGD would have no effect in 
producing an eqiiilihrium except what aro>e from friction. 
The friction however, on the quadrangular siiles only is so very 
great that it retains the wedge in its situation after the force (F) 
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is rcnrivcd, aiul heiu'c \vi! nuist cunulude that it is, at Uasl, 
U» llie force wliicli drives the wedge, 

BjI \ve cannot compare perciisstve force with weight or 
pressure. A common iron wedge is someiimrs whollv forced 
into a block of tough wood without *^j>litllng it, l^y a lew blows 
with a Ik.'Un liuillct ; now it is in^pos.'ible to discover by caleu. 
lation, and ii would be extremeh* ditlieult to delerntinc fronj 
experiment, the enormous weight (»r juc?>ure nucessary for pro- 
ducing a like ( lUet. 

T he wedge i.^ a very simidc meelKinic pr>wer; and to this may 
be rediiec’d ^K)^t edge tools, and llio.^e that liavc .1 point ; as the 
ixe, rhissel, spade, eke. and naab, hodl.iu^, needles, &c. 


Or 


THE SCUKW. 


<7-. Tnr: strew is a cyhndtT CB 
round whith is nit a spiral groove ; 
the part tliat rises above the groove 
al^o forms a spiral, and is called the 
thread or threads of the screw ; these 
make the same, or ccjual atigles uilli 
the length liC. 



r- 


3 


. U 



When the screw is made use of ns a press, &c. CB is called 
the male screw ; the female in which the other turns, is con- 
cave or hollow, and fixed in a block or frame GH. 


If the screw be turned by a power P acting at the end of a 
lever AP; then (ahstractintr from friction), Ai ihvdistnjivo br* 
tween any two vonitguovH /hrrads virnsurrd in the di^e^iion 
of the length CB, is to the rirrutnfei mrr of the 
thr power P describes, so i> the power P, to the force at B, 
when there is an vtjuilil r\unu ^ 

For the screw moves the distance between two threads in the 
direction CB at every revolution j and in case of an ecjuiiibrium, 
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the forces (at P and B) are reciprocally as the spaces described 
in the same time: Which is a general property in all mechanic 
ca? powers. « . 


Su^Qsc the force at P=jO/A. the distance of the Ihrcaife of an inch, 
and AP 9 feet. 'I'ln^n IK x X 3*1416 = 67S03 inches the circuni* 
fercnce described by P : 


And j- ; 67S’38 :: f>0 : lOITSTf^. the force exerted by the lower end 
of the screw. ^ 

. M ■ 

Riit the friction is geticrally so great that it prevents tlie screw from re- 
ading when the power (P) erases to art ; and tin*, fore it would probably 
require a force ss *2P on the lever to produLc the computed elTect. 


373. The endless or perpe- 
tual screw AB has square 
threads adapted to the spaces 
between the teeth of a wheel, 
which arc cut oblique to fit the 
spiral groove whose sides arc 
perpendicular to the axis of the 
screw. The screw is turned 
by means of a handle BOP. 



B P 


Supnose the weight W to be supported on the pinion or 
roller radius is CO j and let n denote the number of . 
teeth in the wheel, C = its circuthference, and c z: the circum* 
fcrence of the circle described by the handle or power P* 


• Thus, Mr. Sineaton estimated the power of a horse drawing on level 
ground to be equal to the elevation of 22916/i^. one foot high in a minute ; 
il therefore we suppose the horse to move 264 feet in a luiuute (or three 
miles an hour) we have 

ybree spate • Jiine 


*•1 


‘.'.’SJC 26-i 


I X.g;g)l<» 
3(H 


(reciprocally) s 870. nearlT. 

m •wT 

the power of the horw when drawing a^the rate of three miles an hour. 
Messrs. Belton and Watt consider it eq^olent to 330001b. raised with Um 

«me velocUyr, which gives ss 1211b, nearly. 
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Then ance the wheel is moved Forward by one tooth of the 
wheel at every revolution of the screw nr handle, P will make n 
revolutions while 4he wheel makes l , or the pow^r P movas 
through the spacei^ nc while the teeth describes ihc cirgito* 
ference C: ^ 


■ Hence, velocity of P : veL of teeth nc \ C :: n^C. BD : CO, 
(because the circumferences r, C, are as the radii BO, CG). 

But CO ; CC : : vel. of w': — 
of the point G or of the teeth ; 
hence by equality, vel. of P : : : b X BD ; CG, 


-JS 


the velocity 

i 


or vel. of P : 


vclofW 

~ O'O ' 


n A BD : l ; 


That is, vel. of P : vel. of W :: « / BD : CO: 

l^ut in the case of an equilibrium, the weight and power are 
^reciprocally as their velocities. 

Therefore W : P ; : n x BD : CO, or W = .** ^ 


J-ct ni) = liJ inches, CO =3 inches^ tlic nuinlKT of (ceth ia^e wheel 
= 1 00, and P =: *1 OM, ^ 

Then = 16000/A. Ihe weight (W) that a power of 40/A. 

at the handle would sustain, Mipposing no friclion. 'i'Jii'i however, is al- 
ways very considerable ; but less on square than on sharp threads. 


From the two preceding examples it is easy to perceive that 
screws may be made to act with prmiigioiis force. The Instru* 
ment called a Vice or P'is probably was divtingiiishcd tmihat 
name on account of its great power. ^ 

Respecting! the Inclined^ Plane^ it mav be sufficient to refer 
to articles 346, 349) and 354. 



Of tuk centre of GRAVITY, 


374. The centre of gr.ivity is that point by which if a body 
be suspended, it shall liaiig or rest in any po.>iiion. 

Thus, the of a glol)e, and the middle of tlie axis of a 

cylinder, are their centres of gravitv, if the bodies arc uniformly 
dense. 

Also the ccntrt'of a circle, and the iniiTseclion of the dia- 
gonals of a parallelogram, are* llie* centres ol iiravitv. In spe\ak- 
ing of tliu centre of gravity of a surface however, we supj^ose 
that surface* to be an indefinitely thin unifonii lamina of matter. 

375. Suf)[io.s(» the r(nlres of the glolds A and B ara c^*- 
miclcj hj an iff/lcrillc horizontal Una or ln:cr AB (laithoni^ 
weightj^ and let C Iv tin Jukrum or support-^ than ij CA/ A 
r: CB X B, the ladies u iU he in vqidUhrio ' 3 fi 2 ) ; and the 
fulcrum C is their centre of gravity. 

For suppose the lever with the 
bodies to be turned on the fuicriun 
C into any other position GH ; 
and let (all the perpendiculars GP, 

HQ. Then Miifc the bodies arc 
supported at tlie centres A and B, 
they gravitate or act on iljose 
points or the ends of the lever only, but in the directions GP, 
andfQH wlicn the lever is in the position GH. Now the trian* 
gles CPG, CQH being similar, it follows that CP and CQha ve 
the same ratio as-CA and CB; hence CP x A = CQ x B, 
therefore tht equilibrium still rcmVins ; and the bodies would 
rest in any poatiou of the lever, provided it was always support* 
cd at the point C. "• 


\ f 


A 


Q 
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CoToU !• Hence if the fulcrum or point of suapensiofi were 
shifted towards B (for example), it is manifest the other body 
A would preponderate; and the lever turn till it rested in a 
vertical position, and consequently the centre of Gravity 
the bodies would, in that case, be below the point of suspension, 
but in the same vertical line; 


Carol. 2. Hence also, if a body be sn«;pcndcd at any point 
about which it can move freely by its own centre 

of gravity will rest in the \crucal line passing through the point 
c '' suspension. This suggests a method oi‘ finding incelianically 
the centre* of gravity of a thin flat body, tlui^, 


Suspend the body by a string SP at anv 
point P on the edge, and mark the vertical 
PO on the surface by means of a plumb-line 
SO. Hang it up again by some other point 
Q, and draw the vertical OR ; then localise 
ij^e^ntre of gravity is in the line PO, and 
also in QR; it must be at ibcir inlersLctioii 
G, or rather within the surface opposite that 
point. 

And it follows that the body vvould ri inaiii 
at rest on a prop^at R were the siring SO 
removed; but a very small weight or iorcc 
when applied on either side of the veriical liiie 
OR would make it fall. 


(»s 
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r 






( 


V 
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CoroL 3. Therefore when the ver- 
tical line (GP) passing through the ( en- 
tre of gravity (G) of a body (ABj falls 
without the base (AD), the body will 

not stand on an horizontal plane (AH), because there is no 
part of the suppiirt or babC in that vertical line ; •and consequent- 
ly the body must turn on the base, and fall tow'ards li. 'Phis 
is also the reason why a globe will not rest on a plane except it be 
horizontal. 
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376. If three bodies A, D of known weights, are co/;- 
nected by means of an inflexible line or lever AD (uissing 
through their centres of graviUf, and the distances AB, BD, 
from each other are given ; to find the common centre oj 
gravity (C) of the whole. ^ 


This is the same thing as 
(Iclcrmining the fulcrum C 
when they rest in cqnilibrio. 

Therefore (362, corol. 4 ) it w ill be C B / B C A /.Azz CD / D. 


c-e-^-c 


7“i- 


Let the distance AB t. a, BD t.: b, and CD — t; then CB 
zz b — X ; and we have ( /' — r) B 1 {b — i 1 aj A ~ Dx, 


which reduced 


gives 


X zz 


Aa I Ab + B// 

'"A+irnr 


n CD, tlie distance of the centre 


gf gravity C from the centre of the body D. 


Let S be a point in the line or kver AD produced ; and put 
DS ' 


Then 

_ An \ Ab-h'Rb , ^ Aa I AA I A^/+Bd | Dd 
A-fBiD ^AiBlD • 

no - ^ A+t/iA \ {b l-ri)B I JD _ AS.A+BS.B + DS.D 

“ aTBiD ~ A i-B 1 D • 

That 1?, if we consiJer S as a fulcrum or point of suspension, 
the sum of the forces or products DS . D liS . B -t- gcc, 
divided by the sum of tlic bodies D |- B + &.c. L'ives the dis- 
tance of the common centre of gravity of all the bodies from 
that point. 


Carol. 1 . Hence the centre of gravity of any number of 
bodies in the same right line is readily determined : 


For 


HS.H + AS.A + BS.B-HDS.D 
Il^ A . B i D 


is the distance of the 


centre of gravity of the bodie* H, A, B, D, from S ; therefore 
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making DS =r o, \vc hivi- DS.D r- o, IIS = HD &c. and the 
, IID.H-t-AD.A t r>D.B , . 

expression becomes - — ij y Xf B i 15 ' distance 

from the body D. 


C'irol. ‘2. And if C be (lie centre of 


r- 


gravity of the bodies B and D ; then j; 

Ib + D) CS ^ BS. B 1 DS.D: 

„ BD.B BD.B , 

for and CS = + DS ; 

and {B i- D) 1- DS) =r (BD \- DS)B -|- DS.Dj 

That is (B + D) CS = BS . B | DS.D. 


377. The centres of gravity of three hodte^i A, D, any 
hoiv situated^ Icing given ; to find their common centre of 
gravity C. 

Join the centres of gravity of any two of 
them, suppose A and K ; divide the distance 
AB reciprocally as tin weights, tliat i«, take 
yB (for example] so that A+li : AB : : A 
: Br ; then F is the centre of gravity of tlic 
two bodies, or the place of the fulcrum u .m which they would 
rest in equilibrio. 

We now may consider F the place ol both bodies A and 
B, because that point sustain^, or is pn sbtd by their wcrdil. 
Hence if DF be divided into two parts CD and CF h.uin.’ the 
ratio of A-i-B to D, the point C will be the c entre ot grivily 
of the three bodies. And in this manne r, by taking two at a 
time, &c. the centre of gravity of any number, c»v system of 
bodies, may be found. 

376. But the centre oj gravity of several todies A,B,D,H^ 
not situated in the same plane, may le determined thus, 

3ca 


1 ./^ 


r 
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Let DS, AO, BP, HQ, drawn from 
the centres of gravity of the bodies, be per- 
pendicular to a plane passing through SC/ 

Then sinc^ ail the points of suspension jj 
are in that plane, if we proceed' with the ' O' 
distances as in Art. 370 , we shall have j ^ 

HO.H I AO.A fBP.B + DS.D ^ , 

— ^ t B i D ^ distance of the centre 


of gravity from the plane. Suppose a plane GK parallel to SC 
to be at that distance from SC ; and let the distance of the 
centre be found from another plane CF, then the point which 
is the required centre will he somewhere in the intersection of 
these two planes; and therefore a third plane, found in like 
manner, if it cuts that intersection, will determine the point. 


CoTol. Hence if a body be suspended at 
a point S in the plane GH, and, after the 
manner of indivisibles, \vc suppose it to be 
composed of innumerable sections, AB, CD, 
VR, &c. parallel to the plane GH; then if 
SQ be perpendicular jo GH, 



the sum of 


I 


so X section AB ^ 
SP X section CD \ 
SQx section VR C 
&c. &c. J 


divided by the body 


will be the distance of the centre of gravity from the plane GH. 
For if the body b( homogenous, the magnitude of the wbo]e« 
or any part, is piopovtioiul to its weight , 

There||^e, xi d — the distance SO, or SP, &c, s — the sec- 
tion AB, or CD, &c. and B = the body, 

♦ 

Then distance of the centre of gravity from 


the plane GH. And by finding two other plants in ^ich the 
centre lies, iu exact situation will be tietermined. 
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ExampU. 


Ixt SVR be a'l^glit cone suspended at the ver- 
tex. Then since ll»e centres of- gravitj^ of all tlie 
sections parallel to the base arc in the axis SQ, 
the centre of t;rj^vity of the cone must also bo in 
that lin^#,. 

Let CD, AB, &c# be circular sections of the cone indefinitely near the 
base VR. Put /j = area of the base V U ; /t =s a = SP, czsSOt &c. 

then (Gcom. 135) A* ; /j :: area of section CD; and : d::§^ 

L'h 

8 77 area of section AB, A'c. 



And h X 6 2 = X rr. 

n- 

a X T-j X Tr 


_ V — / 3 V 

C ^ t X . i 


are the sections multiplied by their 
distances from the point of suspen- 
sion hi: 


&c. &c. 

that is ^ = all the ds. 


But siilfce the indefinitely small distances QP, PO, &c. arc supposed to 
be equal, SQ, SP, SO, &c. will be in arithmedcal progression, and there- 
foje H- -h c^ A'C. constitute an infinite series of tubes whose roots 
are in arithmetical progression, the greatest cube being and the least 

7|4 

or that at 8 the vertex = 0 ; now the sum of such a series is where ft 
dAotes the number of terms ( 177) ; and substituting h for //, we have ^ 
&c« in infin, therefore X = all the dsz 

this divided by ^ (or B) the content of the cone, gives ih the distance of 
the centre of gravity from the point of suspension or vertex S. 

» tf 

CoroL Hence the eahtie of gravity of an upright pyramid ii alM j of iU 
distant from tb^ tcitac. 
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To find the centre of gruvity of a triangle (ACD). 

379‘ Bijiect any i\vr> »>f its sides AD, CD, ('. 
by lines CB, AO, drawn from the opposite /V\...Q 
angles ; and the point of iiUcrsccifion G is the 
centre of ^ravitv. / 

i 

Conceive the triangle* lo be composed of an ^ 

indefinite number of right lines A I), IIP, 8tC. parallel to the 
side AD; I hen since Cli his‘*cts those lines, or passes through 
iheir centres of gravity, the tomnion cenfre of gravity of the 
whole, or the centre of gravity of the triangle, must also lie 
in that line. And in the s;nnc maimer it i- proved that it hdU 
in the hiseeling line AO ; consefpiently it mu-sl he at the inier- 
hcction G. 

If DQ he parallel to BC, the triangles OQD, 0(iC are 
e([ui-angular, aiulliecansc CO nOD, they are alsoecjual, there- 
fore DQ ‘ CCi ; and since AIi~:BD, it follows, from Minilar 
iriangUs, that (jB riODr^ 'GC, iherciore CB is Iriset ted in 
G, and conscijiuutly CG” ';CB. In like manner AGx jAO. 

C'nrol. If CAD be the base of an npriebt prism, the centre 
of gravity of tlie prism will be in the middle of the line drawn 
perpendicular to the base at the point G. 

To find the antre of gravity of a Trapezium (ABCD). 

3B0. Draw the diagonals AC, DB , - /B 

and find Q, P, the centres of gravity of g P yf 

the triangles ADC, ABC; and R, S, \ n. / 

those of the triangles DCB, DAB; 
join QP, a^ RS : then, as the centre ^ 

of gravity of the trapezium lies in QP, 
and also in RS, its situation must therefore be at O the inter- 
section of those lines. ^ 

Or the centre O may be found by dividing QP reciprocally as 
the areas of the triangles ACB, ACD; that is, 

triang. ACB : triang, ACD :: OQ; : OP. 
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To find the ventre of gravihj of ii Polygon, 

3S1. 'riie centre of gravity of any rcguliir polygon is evi- 
dently that of ilsJ inscribed or circuinscrii.uig circles. But if 
the polygon be Irregular, divide it into triangles, and find their 
centres of gravity ; then if wc consider the magnitude of each 
triangle to be a weight placed at its centre ol’ gravity, the com- 
mon centre of gravity /)f the whole may be found by proceeding 
as in art 377* 

382.^ If sides of a regular polygon (AF, EB, BH, IID,&c.) 
Le inscribed in fhe segment of a circle ; tfietij as half the sum 
oj the sides (DH 1 HB), is to (Cl) their distance from the 
centre of the circle^ so is (ND) half the chord of the segment 
to [CU) fhe disionre oj fhe centre of gravity of those polygonal 
AJes from the centre of the circle^ 


7 ^ 



Let the sides be bisected in L, Q, P, I ; then if LQ and IP 
are also l)isectcd in T and O, the intersection of TO and CB, 
or the point II, will evidently be the centre of gravity of tho 
chords or polygonal sides AE, EB, BH, HD. 

The triangles DSH, COI arc similar, 

whence CO ; Cl :: DS : DH, 

SDS {=:BD);2DH(=DH l-HB); 
or CO^: BD;: Cl ; DH4 HB 
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fyad from the similar triangles ORC, BND, 


, wii'get <^.t BD CR : ND; 
Therefortl^quaiity DM+HB : Cl :: 



(fofoL !• If wc suppose the Bides of the polygon lo be dimi' 
nUhed indefinitely} so as to coincide with the arc, then half the 
sum of the sides is equal to half the arc, and C| the pcq)endi« 
culir becomes equal to the radiua.; hctK C, 


As half any arc of a circle, to half its chord, so is the rttdius 
of the circle, to the distance of the ccnii c of gravity of the arc 
l^m the centre of the circle 


CoroU S. -Conceive the sector F3XC to be divided into an 
infimte number of triangles CXIC, CKZ, &c. the bases XK, 
KZ, See. being considered as right lines ; then (379) their cen< 
tree of gravity will be yCX distant from the centre C. |tet 
CW = 7 CX, and describe the arc WVY; then the centresof 
gravity of all the triangular spaces will be in that arc; con^» 
quently the centre of gravity of the arc will also be that;o£|«all 
the triangles, or of the sector FBCX; therefore i£jpSlphe 
centre of gravity of the arc WVY, or pf the sector^ .. 

arc VW : UW (half its chord) : I cW ; CG. 

But the sectors BCX, VCW arc similar, and CW ^-yCX, 
whence, arc BX : | chord FX :: 7 CX : CG. 

or, as the arc FBX : chord FX. : r | radius CX : CG. 

♦ 

Corol, S. If t and x respectively denote the di^ances o^|he 
centres of ovity of the triangle CFX, and the circular segment 
FBX, fromG, 

Then triang. x t—segm» / x, whence 

0 VKwIn » 

distance of the centre of gravity of the segment front that of ^e 
sector. 
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To find thej^entre of gra^vity of a " 


'm^' 



^83. It is i||||^PR|P|p^ centre of gravity lies in t ^ ^ 

lit the parabola be suspended ^ S 

its vertex S: and put a = SC the 
axis, and p = the paruinctiT. Also 
suppo««e the surface ^ be composed 
of an infi^jjle number tines AB, / 

CK, &c,^«iKHel to bl'::, »n<l at 
equal cUsU^ci^lSO, OQ, &c. fflom one another: 

Tb^, from tlie Mature of the parabola^ " , 

2v'/)SO = AB. ^ / 

St/A'QrrGR, 

&c» &c« ^ 

And (375. corol.) 2t//)SO x SO+2t//jSQxSQ+aM: 

or 2v'/>SOi+2i//.SQ*+&c Sy'P"* 

. That h (SO?+SQ^+&c a^) 2v'» = allthe*. 

|l Art. 1 19, ihesum of the series SO^ + SQ? + &c., ...at 

} ^ I 9 j ^ 

at S, to at C) will be ^ s ; therefore 

, l + ‘ =** ^ 

X 2v^j> =rall the ds^ wWi|{|i divided by ^i/pa^ the area of tlie parabola) 

(or B), gives the distance of the centre of gravity from the 

vertex S, ’ ^ 

To find th^'^intre of gravity of the frustum of a square 
^ e Pyramid, 4 

384. Let / s the side of the less end, ^as AB tbesytof tbchaie 
or greater end, and h = the height of the frustum. ^ . 

^'the be civt through the 4 sidw of the 

less fQfJ hy*^ihes perpendicular to the base, it 
efttb^be divi^ ’ Wto 4 equal ^square pyramids, 4 
equal triangjdlliiiprisnis, and a parallelopiped GHDR, 
all ^ the same altitude, Each pyramid having 
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ARorDBor 




F 

for the side of its base ; and AR or DB, and GH or RD 

'v*- I ^ ' T • 

or their cquai^ ^ and arc the sides of tlic4kaaes of the prisms’^. 

r^. ^ 




' •'’’i f 

= 2^^*+Oy« = thec!iibiccontentsofthe 

4 pyramids, 

X X ^ X 4 =: (gl — /*) h .of the 4 prisms. 

X ft ,^^f the pippii^elopiped* 

And the aggregate is (g- + gl + nVh tl‘<* coulciit of thg 

- ' ■ v,2? 

Suppose the frustum to be suspciirkd at thejeast end GH; 

Thcnf// is tlie distance of the centre of gra\ it v of the pyramids 

.A., 'ofthcprNins ' tl>“‘ 

jA., ••‘*1 j)aiallflc)|)ipeil 

And will be the dis- 

tance in the axis, of the centA' of graviiy of tiu* frustum from the least 
end, or plane of j,uspension G H, (37()). 'Dus ex])ression reduced becomes 

V V/ ' 

CoroL And the same expression will answer for the frustum of a cone 
or any upright pyramid, if g and / denote llie diameters or other similar 
lines of the greater and less ends ; because the surfaces will be as the squares 
of those diameters, or lines. 

.jF 

ExampU\ 

I^t the frustum be a scpiared piece of timber feet long, and the 
sides of tin- LTieater, and less ends = 2, and 1 \fcel, reipeaively j. 

Tln-ii * X — = 163 '/tff/, the distance of its centre of gia- 

vity from tlitleasl end. 

385. Suppose AB is a squared beam, or levef^^ oak, 30 
feet hug, each end being afoot square ; now w^tweight W 

^ These Mtioiis will readily be comprehended if the exterior llt2liaredr^|jliOS 
A model. Which tu^y be cut from a common cork, or soft wood , 
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at Ike end A, tvtmld keep it in an korixonial ^sitiont on a 
fulcrum C» ^3 feet from that e^, if each cuiic foot i^^'thi 

ueam weighs^ 


Since 1 foot in length is also a cubic foot, 
we have 27 x ^7 = 153i)//-». the wt^ight of 
the arm CB, and 3 x 57 = llilb, that of 

CA. 



CG = aA £and CP= \ \ feet, the distances of the centres of gravity of 
the arms^^rdl^he fulcrum or prop C. ^ 

We may now consider t weight of 1539M. at G, another of '7 1//> at P, 
and a third at A, all suspended on a lover void of gravity, and reslfeig in 
cquilihrio on the support C : and wo have 


Wx CA-hPx CP = G X CG, (3(i2, corol, 4) 


whence -*’^1-9^ — 1 ^39 X 13^ X 


CA 

the weiglit or force rcHpiired. 


386« If CD be an uniform iron bar, or lever of the second 
kind, 6 feet in length, weighing 3C/J, it is retjuired to find 
what power P would be sufficient to sustain the lever, and 
weight W = 64/6. in cquilihrio, if the distance CA = 16 
inches ? 

The lever being supposed a right lino, we 
have DC X P = CA x W (3G3), whence 

P =: in that case, would 

be the power ; ISiit Half the weight of the 
lever, JCD is^^sustained by the power 

P, (CD being inches}^ thereloreI‘is=iCD+ 9 iL>^i'f^ -- 19 /^ — 

st32^lb lequij^ed. , 

SoBOLius<( ^'cre the lever without gravity, it is manifest, by iiicrci*- 
ing ito lengtb/1^ necessary power would be diminished. Ihit wlini tlic 
Jewr i^an iro^har, beam ot wood, &c. there is a ccruin <li iiTiuinablc 
Ieiigtfa%ludiadimUof a itUximum power that will sustain, or raise a given 
'i 3 OS 
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weigftt (W) at a given distance (CA) from the prop C. Thus in the present 
let the length CD = xlifpltesj then half t|^ weight of the 
lever iti poiinifs ; and ^ =s the 


fcppose Jr + 


— = m, 'then by reductidn we have 


the quadratic equation jc* — = — 4CA X VV; 

' ' •* whence x sz 2m ziz ^{int^4C\ X W) : 

Now the least possible value of tn is when 4m* — 4CA x+J 
4m®=:4CAXVV ; for if 4m* be lJ^s than 4CAx tlie exp^|| 
-4Cix W) becomes impossible. Henre, w'hen 4w® ; 
get m =: |/ (CA x W) ; and x = db 0 =: 2|/ (C A X W)1 

5= O^ftches, the length of the lever. 


And P =s ~ 

4 


1 f:y r,4- 
ni” 


= 32/^. The least power by wliieh the 

weight can be sustained in cquilibrio, when the lever weighs half a pound 
per inch* 


387. ^ p/ece of timber nearly in the shape of a conic0fus^ 
tum^ 40 feet /ow/if, is supported ip anhorizontdl posi^j^ 'on 
two props C andJ^i 6 feet from the ends ; now if the diameter 
of the greater end be 2 /cet, and that of the less 1 /oof, what 
is the pressi^re on each prop ? 


Let g and / denote the diameters 
of the ends A and D« and h the 


^length. 


Then (384) 


12+4+1 

4 + 2+1 




X 10 = 24| 


G 

* 


^‘'fbet, r= DG the distance of the centre of gravitj^ firdjH the leiit end j 
therefore CC == and GR = ISyt 


% 


If s zsi the weight, or the cubic contents of the frusturiS, we may cm^ieive 
that weiglljpor conlejit3, to be suspended at the centre of gravity G on a 
lever AB void of gravity, and supported in ecjuilibrio gn th^lcrpm C by 
a powcl* P instead of the prop R ; 

'^hen (360) CG X ^ = CR x ^ * whence — “ 


'^r'alJ(OS}t94(CG)i:t:P, theptcHureonllt .1 

Had S8 on C.. . 



r* CBHZ»Z 

' That is, tha whole weight mint ba dWicled rMprocaUy ^ U^B'diiUncci 
oftfae'{>rops|^mtbecei^reof gf^it^ipf tliebod^rj,' 

398 . L£t heavy lody ituthe Jmm nf 4^ parallelo-' 

piped, stanaiTtg on the base j^CB perpendicular to the AuitKon; 
tojtnd what power P acting parallel to the horizon, at a ^ien 
height CO or Bli‘ibov9 the base, would be svjicient to turn 


it over. 





'' » 




, laet^|IH|iiperpen(licu1ar VS bisect 
Cfi) as the centre of gravity 

of the Triangle CQ is in tVit per- 
pendicuraTj we may consider the sur- 
face CQ as being collected into a 
weight suspended at the point S di* 
rectly under the centre of gravity. And if CB were at libertf 
to move about the point -C, the force at S to turn it over ii 
S^X the weight at S, or SC X surface CQ, therefore consi- 
"dtiphg SCO as a bended lever, and C the fulcrum, we shall 
have SC X surface CQ ir CO x power at P, in the case of 

. , SC X surface CQ „ 

an equilibrium : hence = P. 


,Now the body is composed of innumerable planes parallel 
and equal to CQ, therefore substituting w the weight of the 

body or of all those planes, for CQ, \ve have ^^q-- = Pf ’ 

. or CO ; SjC ! ! w J P, the force necessary to keep all the 
pUiilla or.tbe fai^y in cquilibrio on the edge or line CA, pro* 
inded it rested'bn that edge only. ' . 

^ I^t Cf) s= CAss3yfe'A the height COorBXs 4.^^, and 

suppose the .body to be a heavy stone or inarhle, wcigllihgakltft. per cubic 
&mC H 6X160 =^6*0ii. =: W the weight *. 


'^nd 



l^X R'Jto 


— s; 3340t». 

•}» tc , 'I ^ 


it vouM f^ite t force something grattar than 3^40^ when 
applied at the faei|d>t ofV/M', .oitber to puU or push it dowa. 
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389a Let BQAH /)€ the perp^diculat section of a bank of 


kt rectangular 


earth; to find the thickness of an 
wall necessary to support it. 

" ^ , 

If jlhe bank consisted of loose earth with- 
out any support on the side QB, a part 
QBA would slide down, leaving the slope- 
AB inclined to the horizon CH in a greater 
or tert angle, according as the earth was 
more olfcess tenacious. Sand and fine gravel wilf ^lscehd till 
the angle ABQ is Icc's than 30*^ ; but a slope greater than 60° 
may be formed w iiii some stiff soils. On these accc^fints, the 
inclination of Al» is usually taken at 43° in computations, as 
1 sort of iiiediuni. 



Lot h r=- BQ flu* luMgiit of the wall, ami x = BC its thickness ; then if 
QA = (JB, J//- is llu'a*‘ca of the triani;U* QBA, and hx = that of the reel- 
aiigit* DBor section of the wall. 

Now if we consider the triamrle CJBA as a hotly a* liberty (o descend 
flown fiv* plane AB without friciion, its force acainst QB in an horizontal 
direction RN will ho ei|iial to its weight (denotinii .t>- weight by the 
area or Mjifaee) : for it is sustained in ei|uilil)rio by the itsistance of BQ, 
which J-Lsislance is perjx ndieiilar to BQ; thfiefore (3-17, corol. 2) BH 
(or (JA) : BQ weigh/ ' the ftirce in tl;e horizontal line NR ; R 
being the centre of gravity of the triangle. 


Let hx be considered as n weight at S the middle of BC (as in the pre- 
ceding article) ; then C being the fulcrum of the bended lever NBC, and 
BN = -=BQ(:;7‘)). 


we have CS X hx = BN X in the case of ag equilibrium ; 
or i* X hxz=. yi X whence jc = //y'?, 

orBC = '816BQ: ^ 

That is, when the wall is built with materials of the same ^liilght as tiie. 


Bpraii 


curl ii, its tiftek ness must exceed of the height. This is ac^i^ing to the 
example in Dr. Hutton’s Course of Math. vol. II. * 

c . 

• > 


Muller however, Forlification) by allowing } of the pressure 

frlctioiv. on the plane AB^ reduces the force of the triangle to | x lA* 
o; H' against the point N ; 
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Hence {x x httslh x ih’‘i and« =/i/|s:*4TA. 

i ■ or at-nBQ: 

'' ‘5 

That is, the thicli^s il nearly hal^tfie height. 

But M. Iklidor (Science dcs Ingenieurs) endeavours to prove that tlie tri- 
angle QAB should first be diminished to half its pressure or weight on ac- 
count of the tenacity of (iie earth, lie then considers the parts of the 
triangle as acting s^arat^ly against QB in directions parallel to the slo|^ 

AB, and reduces all their forces to the point Q. I'lie same conclusion 
nearly hi&iSe^r, is obtained by taking ^ ol the triangle, or X for 
the forc^sM!||lgin an horizontal direction against liie point N ; ani there^ 
tore we shaH %ave 

J X kh\ whence = = 

or BC = BQ : ^ 

which is not greatly diiTercnt from the conclusion according to Muller. 

To compute the thickness when the ^all or revetment is of brick, or of 
stone: Let c = 124/^- llie weight of a cubic foot of common earth ; b:sz 
12516, that of a cubic foot of brick ; and .v =: 168/6. the weight of stone per 
cubiefoot. Then 124, 126, 1 jS, or any three numbers in the same proportion, ^ 

will denote llieir spccilic gravities. And since the weights of bodies are as 
their specific gru\ ities, if the wall be of brick we shall have 

X 6 = X Cf and x = = *816// = 1 3A 

Uix-X 6= X c = *47// = nearly, 

Ikx^ Xbzz Xc X == = J/i 

That is, if tlie wall be IG/cet high, its thickness, according to the first 
hypQthcsis, sliould^bc rather more than 13; butBelidor's makes it about 

If the w'all be of stone, then 

9p 

*= /i/l- = •■72A 

3ot 

. = VS =•.:» 

Hetace^ supposing the height BQ3=16/»/, the three different liypotlieKS 
give about 1 1}» Vet and 6^/ect, respectively, for ils thickness, 
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390^ •//’ CDQB Se the pr oj^e of a renetment or toali sttp* 
porting the t^ik QBA; < 0 ^^ the thicknesi DQ or OB 
when the tlupe DC is given. 



Let ArrOD or RQ, vh=z CO the base of the 
triangle CD(),x=RO, alsos(ipposer|3«59 to denote 
tltf same specific gravities as in the iSt article. 


TiienAxstlie rectangle DR, and JA* s= the ^ ^ ' 

triangl&DRA (as above) ; also \nh' == the triangle CDO> ^|i(|y^ead ol 
fintiing^e centre of gravity of ilie trapezoid CDQB, wc sl^ail conceive 
Hie surfaces of the rectangle DB, ahcl^tiie triangle CDO to be weights at S 
and T directly under their centres of gravity, S being the tOHdle of CRi 
(as before) ; but T will be I CO distant trom C; that is, Ci = W?, and 
CSsz + 


Then C being the fulcrum of the bended lever CBN, we have 
\uk X (;./i + \x) bhx = \h^e, 

or \nVi 4. wAA’z+l/iAz* =: \hh in the case of an equili^Oum 
when the wall is of brick, according to th($ first hypothesis in the preceding 
article. This expression reduced 


g^ves z 4 - n/i = |/ j 3 and a rr/zt/^Tjj "h 



Suppose CO = 4 of the height OD, that is, let 

tlien * = A — aA = ‘ 62 A, nearly. 

But adopting the second hypothesis (Mulleds), it will ^ 

J«Vi»A •+• nbU^x 4- \hhx^ = 5 A ’e, whence x = * 28 A. 

w*\ 

And taking instead of we gel c s A ^ 4 - -j- j ““ 

B '2SAi or DQ = uccording.toBeU(lor. ^ 

If the revetment be of atone/ttniu substituting r for A. we get 

^ = + ?) -"* = •«* 

* = *✓(1 + 7) -«AbH! 3 A 

* = *v'(~ + t) 
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Stippobc the height RQ =s 15 feet, 
then '53 15 ss 7 feet 'Yffi,. 

•23 X 15 s 3| I>Q the tM^nen at top. 

•2 ) ' 

And by adding CO*'— 3 feet (t of BQ) we shall have CB thtf thiclsneM 
at bottom. 


391. When the x€V€itment supports a 
lank of earth QQAS raised above the 
top = the area of the tri- 

angle Pft*'*and t zz that of the tri- 
angle PQS ; also suppose r to denote 
dr^lra 



Then ^BP X 7r = the force of the triantrle PBA to turn the liended 
lever PBC about the fulcrum C; and (BQ h- X /r = that of the tri- 
angle PQS; 

and their diflIWence *BP x Tr^ (BQ + jQP) X tr is the elTort of the 
quadritateral QBAS. 

Hence if the wall be of stone, we shall have 

^ nsti^x JAivt* = *BP X Tre — (BQ+ X trt^ when 
the revetment and bank aro in equilibrio. 


Suppose QP = 9 feet, and the talu^ QS parallel to BA, c»r the angle 
PQS = 4 j*; the other dimensions remaining as in the last article : 

Then the equation reduced gives -p 6 = 401*S0r. 


Ifr= 1, then Jp= 17M feet 

r=:| .....bX= 8*6 

r = f *= 7 8 


nearly, the thickness QI), according 
to the dilferent hypotheses. 


la these computations, the wall is considered as one compact 
blocks or the joinings as strong as the solid material ; and that 
its resistance arises from the weight only. But if the wall be 
finSfly attached to a foundation f^unk^ the earth, it is manifest 
some other^afa derived from the strength of the ,wal\|| must 
enter into the ^imputations. 

3 gs. To Jind the thickness of the piers necessary to support 
a semucirculqr Arch VQ^BTV. 

VOU XI. 3 £ 



«Efl'Tiii« or C9AytTy. 


»P4 

mVTAQ ^i a 
'^peiTJendicular section 
I of half the airch, t!> its 
c^re of gravity ; and 
. CBQD ' • the corre- 
* spending section of 
the pier supporUng 
that'half arch. 

the arch is 
to. be of such 

, materials, that were it not.ie|wosed by the pier DB, itswvn 
weight would break it at 1 a: the arch there(t||^ exert? its 
force or weight in three directions, namely in the perpendicular 
direction OK, in that of OV, and in an horizontal direction 
and. the forces will be as those three lines: but OK, 
yhich is in the <l^|:tion of gravity, must therefore be propor- 
tional to the weigM? Hcncgif w = the weight of the avQh, or 
the surface VTA Q (to wHK^it ^'proportional), 

\ Then OK : w :: KV : tbe latteral pressure at V, 

or that in the horizontal direction KV. « 

Vt *1' 

Wo noitv consider C as the fulcrum of the bended lever CBV, 
and suppose a weight at S the middle of CB, equal to the sur- 
face DCBQ, or = CB x BQ ; •*" . 


supposed 



V\T 

Then VB X is the effort of the^a at V in thedi-- 

rection KV to turn jt on, (he point C, andi^^ x CB X .BQ 
that of |>B on the same point C, in a perpendicular direction ; 
consequently, in case of ^equilibrium, those forces musllhc 
Mua^ I hat is, . . * 


.^^Cb7cBxBQ=VBx wheiJce {CB' 

• ' ■ * I . I 


Ijkt the radius BV or RTss3(^''^As4, aod V 
QD = 46- Kow' to find O the ceoUe tf gravity of ih?luSace 




c«KVi» Of 

Lei TI be parallel to AQ : dra^ IR aod IG, G be!^ tbe middle or centre 
of graT% of tfib:i^allelogram And if N be Ithe c^tre of^ravity 

of the quadrant RTy^.RN =s 1 S Mkarly (382| Also th^ area 

. of the quadrant yiWat'of the square ITRV = 900^ and 

the diirercnce^t^|^j|&^^ the area VTI ; and since Z the middle of IR, ii 
the centre of "gravity of the square J^RV, NZ is ss 3*313: hence, if R 
be th^Jplntre of gravity of th^ ^ce we shall have (37 ft) PZ 

^ i’76, therefoif^^s59'453|rt^arly. Moreover, since 

GI is = 4 Ibe^diagoSaJ of the parallelogram QT, we gel (by trigonom.) 
PG = l^ft^jlJiich being divided reciprocally as the two surfaces JQAT^ 
and VTF, =: 7‘414, and O is the common centre of gili^ity of 

both surfaces br of the quadrilinear VTAQ or suction of the half arch* 

Ai^ hence G|L and KV are readily to be 26«G4, and 9*87 /ar/,' rc» 
spectively* W 

These values being substituted in the above expression, we shall hatfb 

^'.^46 ^ whence BC = 7*8 /*$t, nearly, the 

thickness, when the pier just prevents the arch from Jelling, contequeiiily 
the dwonslons should be somewhat greajter. Also^,^en the pier stands in 
watdr^its pressure will be lessened, and ||^allow»i)ce ought to be made on 
thiu account, except it be suppoi|lj|l ontne side DC. 

393» Suppose CD is a leMi of wood movealle alout the end 
C, and supported by the weight W attacked to a flexible line 
DPW passing ovef a pulley at to determine the curve 
WRH, along which the weight W must move, $e that'the 
beam and weight shall always be in ctpiUibrio, 

Let CD bei&bri- 
zootal, and the.j|^^. 
pendicular 
CD{' also snppow 
the beam is of uin> 

(br^thickness; then 
we may cq||^ef it 
as 4 line cdS^er 
without ya^^^Siaving a weight at the middle point A (its cen« 
tre of gravity^kat to that tbe beam* Make CQ perpendi-* 
cular to PUiNw’QA will hs perpendicular to CD. 

3 MS " 




S9S 


CENTRE OF eRAVITV 


Since CQ and CA are respectively perpendicular to DP and 
QA the directions in whichjte weights W and A act on the 
lever to turn it about the end'^^'Hhe weight; or forces in equi> 
librio, will be reciprocally as those perpendicuVark CQ and CAi ‘ 
(by the properties of the lever).j,f' 

that is, CQ : CA : : weight A. : weight W ; 4 -, 

or CG : CS :: w.eight h (weight W, (by sim. triaug.)* 

Now suppose CB to be another position of the biaa^r lever, 
and R the corresponding place of the weight Wt SSaw RZ, 
VT» BE parallel to CD, and Vi parallel to PC ; then WZ is 
the perpendicular descent of the weight W, and IV thecorit:* 
spending vertical ascent of the weight A, and thosii|*%paceB are 
reciprocally as the weights or forces, in the case of an equi- 
librium, (348); 

That is, WZ : IV : : weight A : weight W :: CG : CS (by 
equality) : 

Hence it appears that WCscCQ : for WZ : IV CG : CS 
: ; CQ ; CA or CO, that is, WZ : IV : : CQ : CO ; but when 
the beam is vertical or in the position CP, V and O coincide, 
and IV becomes = CO, therefore the antecedents WZand CQ 
arc also equal. 


‘ Let WZ - x, ZR = y, CD or CP = h, PW = p, OT = », 
s d the length of the line DPW, m = CG, n = CS or GS ; 

'I’hen WZ : IV ; : CG : CS (or CQ ; CO) • 

that is, a’ ; -I/t — v ;n ; w'henceVs: — — ; but 

"it. 

sectors OCV, PCB are similar, and PC — SOC, whence 
/-.m - w/t — Qvx 

aOT = su = . 

- m » 


Adri because the triangle PCB is isosceles, PB|^ tPC x PE 

, vih — 2ni nhx . ^ ow 

:ss/i X •, therefore = 

m m ’ * 

, Qmh* — 4nhx „„ 

consequently s — v' PR; atn =: p +• »» 
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(. - If + ,). = ,•(= RZ-), 

the equation of tj^e curve^ etp ing the relation of an ordinate 
WZ or to its corresponding abscissa ZR or WN (y)» 

Suppose CD=:CP = f?0 411" or the weight of A. =s 600A« 

then 6& being the bide of a square, "and CG its diagonal, m and 7i may be 
<lenoted by 1*414 &c. and 1 ; aiicTt^e have 

1'414 : J :: CM : *1 ‘*>1/6. the weight W. 

Also 14-14 &c /ire/ z= CQ = C\V ; andPWssj'Sfl; whence 
34*14 Jcci; and Cn=v^(J4*l4*— 20‘)s:'i7'0'7 /ecf, nearly* 

If we assu/he x, and find the corresponding values of the curvf? may 
ht traced by means of points : 'rhus, 'snppf>se WZ or x = 10, which being 
Substituted for x in the equation of the curve, gives ZR or ^ = 10* Id 
nearly. 

If CV be the radius, the perpendicular ascent of the weight 
A will always be denoted by {VI) the sine of the inclination of 
CB to the horizon; hence M. BcTidor c^lls this curve the Slnu^ 
sold : see his Science des Ingenienrs, where a weight (W) 
moveable along the curve, is made the counterpoise to a Draw- 
bridge (CD) that turns on the end C. 

394. Let the plane AE¥Q he perpendicular (n (he horizon, 
G its centre of gravity ^ and CGH parallel to the horizon \ 
then if the plane revolves about C as a cenire^ always retain* 
ing its vertical position, the solid it r ,nrrat<js, is equal to the 
9 aid plane ^rawn into the arc (GR) descriLcJ by its centre 
oj gravity* \ 

Conceive tll? whole surface 
AEFQ to be collected in, or 
reduced to the axis or line 
.ZH by an indefinite number ■■ 
of perpdbdiculars to that line 
drawn tt^^f^gb the surface ; 
aiid 8up,OM the distaliccs 
GB, G^^IrCD, Cd, See. are 
reciprot^Iy as the number of particles in the points B, d. 
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8cc, respectively ; then if B, b, D, d. See. denote the number 
of particles in those points, we have {by prop, of the lever) 
GB . B = G6 .b, GD . D = d, 8cc. and tjterefore (37^, 
■corol. s^CB . B+CZf,. b = CG^pi), CD . D -jM . d=CG 
(D -1- d)i See. But the arcs.DQI BP, &t. areswfectively as 
the radii CD^ CB, &c. hence^ij^ taking those arcs i listed of 
their radii, we get BP . B f (B \rb), DO . D f-aT. d 

= GR (D d), &c. ; whence BP + 6S . 6 I- DO . D f dT. d, 

Sic, r: GR (B+A+D-4-d, &c.): now^thc whole i|H|^niade 
up of all the BP . B, bS , h, &c. taken togethj^^jPreforc 
b -f &c.), or GR Asi^/ace AEFQ is^h^solM. And 
the like is also true of surfaces ^tte^ibed by lines. 

Examples. 



1. If the circle whose centre is G, re- 
volve abqutjC, it wil^tonerate a ring {like ^ 
the ring of an ancho^^lits solid contend 
will therefore be = the surface^ th^icirclc 
mukiplied by the space described by the centre of gravity G, or 
the ikrcumferencc of the circle whojie! radius is CG. This is 
also known from other principles. ^ 



2. To find the content of a cone, or the solid generated by 
the revolutio;! of a right-angled ttiaugle ABD about the per- 
pendicular BA. 


If AC ~ |AB, and CS parallel to BD, then G » 

middle of CS, is the centre of gravity of the trian^j^jj^ 
that is, And the circle described by 

poin|.G in one revolution = jBDc (c being s= 3-14 1 ^ ^ \g 
this multiplied by {AB X BD (the area of the triangle), G , y , 
jjjl jBDc . • AB . BD =s BD»c . iABj^ut VD'-c is. the area I 
of the'base of the cone, or of the' circle described by BD; ^ 

therefore the base muitipUed by Jf of the height gives the sb^^Pcoh'fent 


3 . find the content of a parabslic ^indlcj^the adM" 
generated by. the revoluiioa of a parabola DVS itlfi||f|ji oedr* ' 
■:«ate 'gl. ^ ' 
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Ik 

If G the cenlve of gravity of the pa- 
^bol. 1 , GC ='^CV (383); heicq, putting 

' ‘ ■ ive I 


e=: 3*1416, we sJiaH have 


the cir- 



€umference|hLthe? circle ilescribecl liy the 
point G« ^j^since DS , CV ilf the ;irea 'of 
the parabola (307J or the gertjp^iinc surface, we get jCVc . ADS , CV 
= .^?CV*c . DSs but C\ -c . D!i is the content of the circiimsc rilMng c\ tin- 
der. Therefore a parabolic ^d'te is of its ciiciiniscribinjr ^ylnuler, 
when its axis (DS^s at right angles to (CV) the axis of the generating 

required to find the surface of a sphere dcacribed 
the revolution of a semi-ar^ar arc DBS about the diameter 

iS. * ''' 



Suppose C to be the centre of the circle, G (he centre of 

gravity of the arc DBS ; then (382,corol. 1) jDBS : CS :: CS 

CKi 4 CS 

: (pitting c == 3 1 146), ij the trsuk 

or circumference tlescriblfd by the cAilre ot G in one 

revolution ; this multiplied by DBSpif generating line, gives 

4CS*^ that is# 2CS the clialiieler of the sphere, multiplied by ^CSc its 

circumference, gives the supejficics. a 

*4^’* * 

a reverse operation, the centre of gravity of a given 
iurface may sometimes be determined. Thus, let, it be pro- 
posed to find the centre of gravity G of the semi-elhpse DBSCDj 
DS being the transverse axe, and CB fl^e semi-conjugate. 


Put /ssCDlfSe semi-transverse, g' = CB the semi-con- 
jugate, c 5 ; 3 ’ 1416^ and jc = CG. Then (j77, toiol. 3.) 

^tge is the an^^f'tbe semi-ellipse- And 2cx = (he cir^ 
cumftrrence de«^d by the centre of gravity G, sup- 
posing the dlipie to revolve on the axis DS ; thcretore 
^ X 01 tgc^xls the gener^ed splid or ellipsoid: 
b^ihis is also equal to ^ of the arcuif^^bing cyiindrr 

( 284 ) whence * = *^ = 00. Now 

*r’U '.p , 

il.3JdCG=r-irrrrE« t;!'- Therefore the centre of gi 




VL 


irily o£ 


and seiui-ellipse DBS are the same* And in like ntkn* 
ner it is %qW that the centre c^f gravity of the seini-el!i|>se OOH ifralso 
that of the senu-circl^ described with the radius Ci^. 
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If two or more bodies move uniformly in straight lines^ 
their common centre of gravity tdill either be at resty or move 
nni/ornfty in a right line. 

1. Let G be the centre of gravity 
of the bodies D and B. Then (37^) 

D : B :: GB : GO, Now if the 
bodies move from the positions D 
and B in any right lines whatever, 
but in opposite directions, and their 
vtlocities arc as GD and GB, the 
centre of gravity G will remain at 
rest. For suppose D moves to d while B describes BA, then 
the directions being opposite, Drf, and BA are parallel and have 
the same ratio as GD and (JB, and consequently the triangles 
GDtf, GBA arc simUa,r; hence GB : GD GA Grf :: body 
at d : body at h ; iheWTorc G is the centre of gravity of the 
bodies when at d and h. 



/ i 


Viben Dd and B6 coincide with the line passing through D 
and B, the bodies move directly towards, or from each other. 


2. Suppose C the centre of 
gravity of the bodies D and B, 
as before, and let D be stationary 
while B moves uniformly from 
B to A ; then if GP is parallel to 
BAj the ceiUre't)f gravity G will 
describe that line GP with an 
uniform motion in the same Again, if B be stationaiQf 

while D moves uniformly af^iig Dd in the same time that B de- 
scribed BA, G will then describe GO which is parallel to 



db, and draw Pg parallel fo Dd or GOj then the 
triangles DGP, DBA; and also PAg, DArf, aft ^IJ^clivcly 
similar; 
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Hence Dtf : GO :: DB ; GB : : D& : P& :: D<2 : Pg: now 
the antecedents Dd, D</> being the same, the consequents GO, 
Pg’must be equal, and consequlntly Og is parallel and equal to 
' GP. More qgur, since DB and db are divided proportionally in 
G and g, thel^er point g is tke centre of gravity of the bodies 
at d and I, t 

It therefore follows, that and B move uniformly toge- 
ther, and^^jlpcribc Dd, in the same time, their centre of 
gravity G^^ich is urge^ in the directions GO, GP, will de* 
scribe the 'digital Gg of the parallelogram GPgO with the 
sanie kind of motion, in that whether they move in the 
same, or different planes; for tlie points O and P will, in both 
cases, fall in Bd, and D6, respectively* 

We may now consider D and B as one body at G, moving in 
the given direej^ion Gg, while a third body describes st^^ine other 
line ; and the track of their common centre of gravity being 
determined, as above, a fourth may. be added ; and so on. 

CoroL Hence we conclude that the centre of gravity of t#o 
or more bodies is not aflfected by any action of the bodies upon 
one anoUi^r. For suppose D and B attract each other, then 
their centre of gravity G is the centre of that attraction ; the 
bodies therefore in approaching G must move through spaces 
proportional tp^GD and GB, whether they continue in the same 
line DB, or are^urged in the directions Dr/, and O/*, and con- 
sequently G wjli fomain at rest, or describe the line Gg. 

♦ ■'I' ’ 

It may als'o b^ observed, that when a body is projected with 
a whirling motion, the rotation is made round an axis passing^ 
through the centre of gravity.* So4 body if quiescent in free 
space, may (te said to rest on its centre of gravity, but an oblique 
impulse would destroy the equilibrium by turning it on that 
centre. ■? •' 

VOX. 11^ 3T 



Of Tni| CliNTRUS or 

PERCUSSION. OSCILLATION, and RATION. 


396. The centre of Percussion of a hotly, or a system of 
bodies, moving about an axis or jpbint of suspension, is a point 
which being stopped by an immoveable obstacle, the body or 
system is quiescent without acting on the axis of 


Thus if a rod of wood or metal, SB, vibrating 
aboi|t the end S, strike a fixed llo, and 

the momenta of oS and oh are equal (O being 
in the‘ axis of the rod), then all motion will be 
destroyed; for neither of the parts oS, oh would 
have a tendency to move round the point o, 
which in that case, is the centre of percussion, or the point in 
which all the moving . force of the body or rod is ^llected. 

397. To find the centre of percussion (O) of a system oj 
iJikies 2\j B, D, &c. connected ly inflexible lines without 
gravity j and revoluiiig about the point of suspension S, i 
M plane passing through their centres of gravity. 

Through G the common centre of 
gravity of the bodies, draw SC, upon 
which let fall the perpendiculars Aa, 

BA, D(/, &c. and let AC be perpen* 
dicular to SA ; also make CR SA, 
and draw CH perpendicular and RM 
•parallel to SC. Then A,C is the di- 
rection of A’s motion as^cit revolves 
about S ; and the system being stopt 
at O, the body A will urge the point 
C 4^rward with a force proportional lu • 
its velocity into the quantity of matter, that is,, A • SA^OC 
A.^R. Now if the force A.CR be resolved iut^lpi^e^wu forces 
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and A.QH, the latter A.CH will represent the eflbrtof 

A in a direction perpendicular to SC,|»l the point C ; but the tri- 

angles CHR, SrtA are similar and equal, and therefore CH=S<r, 

cunscqucntljfll Sa is the force of A in the direction HC ; and 

(by prop, of tlie lever) this fo^pe drawn into CO, or A.Sa.CO 

=:Sa.A(SC— SO)=:Sa.A.SC— Sfl.A.SO=A.SA’— Sa.A.SO 

is the cflbrl of A to turn the s^tem or bodies about the point O. 

, , % 

In manner avc get B . SB* — SA . B.SO, and 

D . SD* — 'Stf • D . SO, the forces of B and D to turn the mass 
about the same point 0. B|ut when O is cjuiescciit, tlie forces 
on contrary sides of ihar^point dcsirnv one anolher, or their 
sum is = 0, that is^ 

A.SA*— Srt.A.SOM- B.SIV — S^^.C.SO-p D.SD* — Sd.D.SO, &c. =: 0 ; 


, „ A.SA^ I B.SB* f D.SD^&c. ... - 

whence SO = --r — T> > the distance of 

Sa.A 1 bb.li I S(«.D, &c. 

the centre of percussion 0 from the point of Suspension S- 


Il muit be remarked, that ‘when perpendiculars, Art, BA, &c. 
fall on both sides of S, the expressions for those forces whidft 
have a tendency to turn the system in a contrary direction, ipust 
hit contrary signs. 


Corol. 1 . The common centre of gravity of the bodies being 
G, we have (A + B -t- D, &c.) SG r. Sc.A ht> 6 .B + Sd.D, &e.' 
(376, corol. 2 .) hence by substitution, 

A . SAf + B . SB* + D . SD*. &c. 

Corol. 2 . But(Georo.art. 86 )SA* — Sa*=(Aa»)=GA’ — Ga*; 
whence ^ 

SA’s 5 GA*+Sa*— G«* s^A* 4 -(S«+G«)(Si— O tf)=GA*+SG(SG~ 2 G<») 
=GA*+SG*— sSG.Ga (because Sa=:SG — Go); 

that is,' SA*=SG* + GA* — 2 SG.Ga. 

In like inai)^:^*=SG*+GB*— 2SG.G6: 
SAi4n»=SG*4.GD*-t-2SG.Gd. 
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thoie value* of SA*. SB% See. being substituted in the preening 
fraction which is equal to SO, and its numerator will be 



A (SG* + GA*) — fsSG . Go'A„ 

+ B (S3‘ + GB»J — (sSG . G6)^ 

+ D (SG* 4- GD*) + {2SG . Grf)D, &c. 


Again, G being the centre of gravity of A, B, D, fitc. the 
sum of the products of the bodies by their perpqpdicular dis- 
tances from that centre on one side, is equal to the sum of the 
like products on the other (376) ; that is, Ga • A + G^-B, &c. 
= Gd . P, &c. "i. 


Therefore — (2SG.Ga)A — (sSG.GA) B {2SG.Gc/)I), &f. = 0; 

. c- AfSG*-fGA*)+B(!5G*+f;n‘)-»- f)(.SG'-t-GD®}&c. 

(A + B-t-D &i .) ftG 

_ (A.(.B+D,&r.)SG*4- A.GA» + t{.GB».t-D.GD>, &<•. 
(A + B-t-D, &c.)SG ' 


But if we conceive the plane passing through A, B, D, to be 
Ae section of any single mass or body, and all the particles of 
the body reduced to this plane by perpendiculars falling from 
them upon the plane, then, considering A, £, D, &c. as fur- 
ticks, the sum A + B 4* D, &c- will be tbe whole mass or 
body, which put = b, and the last expression becomes 

A. GA*+ B . GB*+D.GD*. &c. 


SO = SG + 


d.SG 


And SO^SG(=GO)= A.GA»-f B^B^.GD*, &c.^ 

the distance of the centre of percussion below the centre of 
gravity 

Cor. 3. Hencealso,SG.GO= fB.CB*-bP.GP*.&c. . 

tiierefore GO is reciprocally as SG, since the bodies A,B, D, 
1^. and their distances from G are given ; if the 

mtance SG is known, GQ will also be given. 
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JPorol, 4. If a circfe be described about G with the radius 
GS, the point of suspension (S) may be any where in its cir- 
cumference, and the distance between the centres of gravity and 
percussion wll continue invariable, the platie of motion remain- 
ing as befoi^ 


398. Suppose the lady A (preceding fig.) be made to revolve 
about S ^ the constant force /, acting in a diruthm perpen~ 
Jicular.to SC, at a given point C ; to find iftc mass, which if 
placed in C, would receive the samp angular motion in the 
same time by the Jorce f acting at C, us the body receives. 


By considering CS A as abended lever moveable about S, we 
f.SC 

have SA : SC ; : / : tbe force at A in cquilibrio with the . 

force / at C or it is the effect of tbe force f on the point A ; 
f SC 

the forces/ and ’i>^^acting separately at C and A, respectively, 

would therefore have eqnal effects on the body A, the former 
acting at C, and the latter at A, 


Let X denote the mass required at C, v and F tbe velocities 
of the revolving masses or bodies x .and A, respectively, and 

= F. Then art. 320, (the times being equal), ~ = — 

JV 

X — , where W and w denote the bodies whose velocities arc 
w 

V and V, that is, W — h, and w — x, in the present case, 
Moreover/'iF|ieri the angular motions of the points C and A arc 

V sc 

equal, their velocities will be as SC and SA ; therefore -p = g^, 
whence by substitution, the equation = ~ x "becomes 


Anddf the force 


8C SA A .... SA?A 

SA = sc * J’ I = .gjr. 

/ acts.at any other poinsO instead of C, the mass required will 

be 
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^ SB* B « 

CoroL 1. In like manner, the masses or bodies -gQ-r 3^^ 

SD* D 

if collected in 0, would acquire the same angular motion 

from any constant force acting at O, as the bodies j3 and D re* 
ccive from the same force acting at the same point. Conse- 
quently instead of the motion of a system of bodies A, B, 

&c. arising from a force f acting at a piven point O, we may 

SA\A SB\Ji ^ SD’.D 
Sri* 


contider the motion of the mass -f -cV^T” + 


SO* 


SA*.A f-SB“.B I SnM),&c. 


SO* 


when concentrated in O, as an 


or 

equivalent. 

^ , - SA*.A|SB\BfSD‘.D.&c. . 

CoroL 2. IvCt ” 771; then the 

motive or moving force being/, and itt the mass or body moved, 
\he absolute velocity of the poitu O (or (^f m, or the whole 
system A fB I D is:c.) will be directly as /, and inversely as 

7/7, that is as ; but the* angular velocity is directly as the real 
or absolute velocity, and rcciproc.dly^ as the distance SO from 
•the centre of motion S ; thatis, as - oivided by SO, or as 


/ 


/.SO 


m.SO’ ®'‘ SA\A 1 SUMJ » SD^DAc.' 


* Let rn be a body at 0 ino\ ( ahU* about the pdhit of siis- ^ . 

pension S; then if it be urged lluough the arc OP by any force / 

/in a certain tiiuc /, a greater force would move it through / 

a greater arc in the same time j its velocity therefore will be 
directly as the moving force /. But ifthe body be increased, ^ 

(he force / will not be suificicnt to urge it through the 'ate “ 

OP in the lime /, consequently the velocity, or the space described, db 
minislies as the body is increased, the velocity therefore will vary as the 

fraction ^ varies, for a fraction is enlarged by increasing the numerator, 

but diminished by augmenting the denominator. the angular velo- 

city is nieas^d by 'the angle OSP or by the arc OP or space described by 
the body, which space is as the real velocity *^but if tbe radius OS be aug^ 
mentcd.ibe angular velocity is diminished, that is, a lessan^l^Xdescribed 
with (he same absolute velocity, io the same time; there^ ite angular 
velocity ijf directly^ tbe real velocity, and inverse^ as tbe dlibmce OS. 
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399 . T H E^entr^ of oscillation of a body vibrating by the force 
of gravity, is that point in which if any quantity of matter be 
pljiced^ it will perform its vibrations in the same lime, and 
with the same angular velocity as the body itself. 


Let G be the centre of gravity 
of the bodyi DBSAG the plane 
in which it vibrates, S the point 
of suspejnsion, O the centre of 
oscillation, ESK an horizontal 
line, and suppose tlic matter of 
the body to be reduced to tbo 
plane of vibration by perperiui- 
culars let fall from all il^ parti- 
cles A, B, D, &c. upon that 



plane. Draw A a, B/), IW, perpendicular to SeZ the line 
passing through the centres of gravity ami oscillation, and AK, 
Gif, BI, OC, DE perpendicular to 


Since A, B, D, act by the force of gr;r/ily in llie directions 
KA, IB, ED, their efllprts to move abv;at S, will (by j^rop, of 
the lever) be A.SK, B.SI, D.SE; but tli *eflbrt of A is opposed 
to that of B and D, and therefore subtractive ; whence (corol. 2. 
preceding art.) the sum B.SI+D.SE — A.SK will be equal to 
/.OS; therefore substituting B.SI+D.SE — A.SK for /.OS in 
the expression denoting the angular velocity (398, corol. 2) wO 
, B.SI 1 D.SE— A.SK . , . , j 

x:sa!+b:sshd.su- "" “s'J” "»“■ g'"'-"'®' 

by A, B. D. But if A B -f D, &c. were conceiitratccl in O, 
the numerator and denominator would become (A bB +p, &c,) 
SC, and (A + B "I* SO*, respectively ; consequently 

(Af or is the angular motion generated by a 

body at O^^ ndw the al^ular motion, are supposed to be equal. 
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B.SH-D.SE— A.SK _ sc _ S? 

^ A.SA*+B.SB* hD.SD^- S5» " SG.SO # 

«;m CPO Q„r\ U CP A.SA» + B.SB*+D.SD* 

sini. triang. SCO. SgG). whence SO = D.SE-A.SK ~ ' 

X But it follows from artl 376, that B.Sl 4- D.SE — 

A.SK =: Sg (A “}* B 4“ W’hencc, by substitution SO 
A.SAM-B.SB* l-D.SD* , ,4 . T, , 

1g (A + B:^D)SG ' 

CP . r cp_A.SA‘+B.SB*+D.SD* 

SG=A.Sa+B.SA+D.Sd.thereforeSO- ^ ^■H ■ .sy ^1 D 7 ST • 

being the same expression as that for the distance of the centre 
of percussion from the point of suspension. Hence the centres 
of percussion and oscillatum arc in the same point. And there- 
fore whatever has been demonstrated in art. 397 respecting the 
centre of percussion^ holds equally true for the centre of oscillation. 


And here it must be observed, that when any of the per- 
pendiculars (Aa, B6, &c.) fall above tlie point S, the expressions 
for the corresponding forces are to be negative* 


CoroL l. If the centre of oscillation O be made the point 
of suspension, S becomes the centre of percussion or oscillation « 
the plane of vibration remaining the same. For let?t := A.GA* 

f B.GB* 4* D.DG*; then (397, coroU 2), = GO, and 

g-gQ + so = so the distance of the point of suspension and 
centre of oscillation', therefore if 0 be the point of suspension, 
- ^ ■^■4- OG is also the distance of that point^ft’^ the centre, 

of oscillation : but OG = which substituted forOG, and 

M n • 

— ~ — + OG becomes . 4- SG=SO, the distance from the 

6,0G 6.0tjr 

point of suspension O to the centre of oscillation, as before. 

Corol. 2. If p be any particle. Is A, B, or D, &c. of the 
vibrating body, d its distance from the axis of>^aio^on S, and 
b =: the body or sum of all the particles*A 4- B 4* D, &c. 
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then SO 


A.SA"4-B.SB* I aSD^&c. 


sum of a ll th e p.J^ 
body b A SG 


(AHifD&c:)SG 
the distance of ihc centre of oscillation from the axis of sus- 
pension. 

Or if d zr the distance of any particle from the centre of gra- 

^ , 1 . , sum of all the 

vity G, then (397, corol. 2.) we have SG"” “ 

the distance of the centre of oscillation below the centre of 
gravity. 


CENTRE OK GYRATION. 


400. The centre of gyration of a body, or s)stem of bodies, 
is that point in which ii the whole mass were collected, the 
same angular velocity v\oiild be generated in the same time, by 
a given force acting at any place, as in the system itself. 


Thus, suppose the body nn to be moved with 
a certain angular vehicily abotit the axis at S by 
a force / acting at P, then if all the |)a nicies 
A, B, D, See. of the body were collected In R 
the centre of gyration, the same force at P would 
generate, in the same lime, an ccjual angular 
motion in the mass ai il. 



/’. SP 

To find the point R, we have ^ ^ ^1** 

angular motion generated iri the particles A, B, D, S:c. or 
system, by the force / acting at P (398, corol 2) ; but when 
the system is concentrated in the K, the expression bc- 

comes TT^VwTi for the auindar v-.!(Kiiy ; therefore (by 

(A-+-B-hU;bK» - 

the definition} those expressions arc e(jual, or g 


DM)* 

- ./ —— 


/ SP u CO 

- :v'.:.A»+~SB»+lJSn*’ SR _ v' •, 

the distance of4t>ie centre of gyration R frtjnt tht axis of susotn 
siun at S. ♦ 

3G ^ 


vou n 
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CoroL 1. Since (bythelastcorol.) A.SA*“hlJ.SB*f D.SD" 
ztS0.l.SG, we^et SR* = or SR- = SO.SG, that 

SR is a mean proportional between SO and SG the dis- 
tances of the centres of oscillatjon and gravity from the axis of 
motion* * ^ 


Corol. 2. If d — tlic di^tance from tlie axis of motion of 
any particle ^ of a body, I (or A t B t D, &c,) then SR = 
^•um of all the p.d* 

V 1 • 


Hence if a bod^ nn moves about an axis by the force of gra- 
vity, its whole momentum is, or may be considered as in one 
point O, the centre of percussion or oscillation ; but when the 
body is urged by any other extraneous force, that point changes, 
and is called the centre of gyration. 


401; Examples. 

1, To find the centre of gyration of a right line or very small 
cylinder SP, moving about the end S. 

4l 

Suppose the line or cylinder to be composed of innumerable ^ 
contiguous particles p, p, p, and o, m, &c. their respec- 
tive distances from S. 

» 

Then p(r -h pm * + + &c pSP * 

or «i* -I- SP*) = all the pd*: 

Now(l7P) ^lie sum of theiuhnite series of squares &c. 

Sp3 ' 

from o*lo SP*, is 1—; and ^iicc the body 6 zz SP, #bliavc 

=s = iSP% (rejecting p as inconsiderable); 

therefore SR t/JSP- = SP j the distance of the centre of gyration R 
from the axis of suspension S« 



S# Let it be required to find the Centre of percussion oroscil- 
laiion of the line or Mnall cylinder SP, the being 

ai S. as before. 
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L'‘l G In? llie ifiiddle of SP, or its centre of gravity, and O the centre of 
oscillation : llien if p, d, a^nd 6 deiidtc the same as in the preceding exam* 

l.!e. we have (397. enrol. 2) SO = = |SP the dis- 

idiice of O from the axis of motion. 

Coral. Since (lolL corol. 3) the length of a simple pendulum vibrating 
seconds in flit; latitude ot London is 39*13 inchest SO, therefore bP 
3?) • I '3 

= 39*13 4 --"^-^- = 58‘69 inches ; which is the length fit a small uniform 

* # 

rod that woul^ vibrate by its own weight, once in a second ot* time ; tile arcs 
of vibration being supposed small. * 


3. To find ilic ccirre of oscillation of the surface of a circle 
suspended at tlic circumference, and vibrating in its own plane. 


Let S lie the point of si^pcn.don, SP a diameter, G 
the centre of the <‘ir<*U* or its centre of gravih , and O 
the centre of oscillation. 

If we suppose the surface of the circle to be composed 
of the circumferences ofiimumerablc concentric circks 
DI, BK, &c. and p a particle in llie circumfeirnce' at 
D, or B, &c. then is Ihe product of the particle 

p by the square of its distance from the l entre of gravity C.' (399, corol. 5?)^ 
and (putting n = 3* 14 Id), ^?«GD is the circumfcnMice of the circle whose 
radius is GD ; therefore pG\)" X *2nQVy or = all the particles in 

the circumference drawn into the squares ot Ibeir di'stunces Iroin G. In 
like manner 2«pGB’ will denote the products ; \ the next circumference, 
and so on : 

Therefore Spac^ 4- SpwGD* + 2paGB^ &c...2/»//GS^, 

or 2p«(o^GD^ + GJi* &c GS^) =s sum of all the /</* 

«u the surface of the circle SP ; 

that is, (182) 2pa X or = sum of the prf*. But L (the 

4 m 

body) equal area of the circle = ziGS* therefore ~ the dis^ 

tance of the centre of oscillation from the centn* of gravity (399, corol. 2) ; 
tliat is SO = I of the diameter Sf . 

CoroL cylinder be suspended at the rirt !>m9'rence of the cir- 

cular section pmng through its centre of gnvit\, j.d it /ibratos in the 

3 C 2 * 
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plane of f hat section, the centre of oscitlatiou will be at the di'tanre nf J of 
the cyliiulci’s diiinieler from the point of suspension. For ue ni^iv cfJii- 
ceive the cylinder to bccomj)Osed of an infinite number of circular sections 
or planes# 

403# If on** rvd of a string PSR, &c. icrapped round a 
cylinder^ Iv fastened at P, and the cylinder left to descend iy* 
its own weighty it will wove with a n hirling motion ; and (he 
space descended will he hp the space described in the same 
time" by a body foiling Jreely^ as 2 to 3. 

Let RS be the circular section of the cylinder 
through G its centre of gravity, O tlic centre 
of oscillation, S a nionientarv point of suspen- 
sion, and SO parallel to the horizon. 

Now if all the matter of the cylinder were 
conceiilralcd in the point of oscillation O, its 
angular velocity about the point of suspension 
S at the beginning of the inoiion, would be the sanie as that of 
the cylinder (3pp); hut the initial velocity of a bodv at O would 
be the same as that of a body left to desccnd.frcelv ; hence, if 
Ooy Gg be indefinitely small arcs descrihed hy the centres of 
oscillation and gravity in the same time, their perpendicular 
velocities (and distances described) will be as the are.s Oo and 
Gg, or as OS and GS ; and since the centre of oscillation (O) 
is always in the horizontal line drawn from the point of contact 
S through the centre of gravity G, the velocities of O and G 
will have the same constant ratio in all stages of the body’s 
descent ; but the absolute space descended by ihe cylinder, is 
the line described by its ccnir/|of gravity ; therefore, as SG is 
lo SO, so is the perpendicular IJescent when it turns round its 
centre of gravity, the ^pace it would describe freely in the 
{lame iinK> 

A body (Uceiuls from re<t lu 13 /ect in the first **eeoml of time; ll\ere« 
foil' SO : SG, oi as 3 : C :: !d*l3 ; I0'75 /ect, the disUllitte Xvhich the cy- 
linder would fall in t!iat lime by the constant unwinding of the string. 
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CoroL l. The tension of the string is rr \ of the weight of 
the cylinder. For conceive a suppoil at O then the centre of 
gravity G i^ preveiUccl from descending l:v the siring at S ; con- 
sequently, by the nature of the lever, GS ; GO (or as : -.}) 

: : wyi;j[ht sustained a! O : we'h^ht sustained at S. And this 
tension is constant ; lor liie point O generates its inoiioii with- 
out acting on the point S. 

C*)rvL C. Hcncc it a])pear^ that when a cylinder rolls down 
an Ir.clincd plane, the space it docends along the plane, is to 
the sp.tee it would describe freely in iht same lime, were the 
plane perfectly smooth, as (iS to OS. For (he forces that 
generate their motions are both diininisiud in iljc ratio of the 
absolute to the relative gravity upon the piai\e {'M6); the spaces 
described will therefore retain the same ratio, that is, as GS to 
OS. And the friction on the plane has the same effect on the 
cylinder’s motion, as a string wound round it. 

CoroL 3. Since the progressive motion of ilte cylinder is 
uniformly accelerated, the rotation about its axis must also be 
an uniformly accelerated motion. 

Scholium. If a simple pendulum aiul any other body 
vibrate together in small arcs by their own weight or the force 
of gravity, and the oscillations are perfdrim.d in the same tunc, 
the length of the pendulum is the distance of the centre of oscil- 
lation of the body below the point of suspension. A simple 
pendulum however, is imaginary. But the centre of oscillation, 
or its distance from the axis of suspension may be «leicrmined 
by counting the number oF-vibralions made in a given time, 
thus : 

Suppose by a good clock or watch a body vibrates 43 times in 
a minute ; then (358), II* : 60* :: 39-13 : 63*8 hit/ics, nearly, 
which if lljte distance of the centre of oscillation of the body 
below the i^nt of suspensiont 
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In an experiment of this kind, the body should always describe 
small arcs; and be suspended freely, so that the 4east force is 
sufficient to mo9e it. Sf ^ 

403. Suppose S to h the suspension oj a pen^otkm 

SB, coj^osed of a blink of n^ood TB and a strong bar fe'F ; ^ 
tofinime velocity oj a bullet^ which being discharged against 
the block at shall cause the pend iilu)n to describe a 

given arc. 


Let G, R, O be the centres of gravily, gyration, ^ 

and oscillation of thei |K*ndLiIum ; and put SR 
HOzzbf SPzrc, the weight of the pciidiilunr — 
that of the bullet -r ?/, and .r ~ the velocity of the 
bullet when jt strikes the pendulum. 

(^mceive the whole mass of the pendurdirt to be 
collected in the centre of gyration R; then (400) the 
larne motion would be generated in the point R by 
the stroke nt P rhe nendnhini riPei^ivps • but 

corol. J ) ’ or is the mass, which if coflected in P, the 

pendulum would receive the same motion as before, or whep all 

Its matter was supposed to be in R. Hence if n and are 

c 

considered as two non-elaslic bodies, the former moving with 
the velocity x, and striking the latter at rest, we shall have 

1 % I 

(380, cor. (n f J or the velocity at P 

with which the pendulum and b^et^(as one mass)* begin their 
motion t<^ethcr. But a simple^mulum vibrating In a given 
arc has the same veiocite in ^e lowest point of that arc as the 
velocity acquired by a Upivy (pody in its, perpendicular descent 
through the versed sine of the arc .(357, corol. 1 ) { and since 
the velocities acquired by bodies falling freely are as the square 
roots of the: spaces descended (3S0), if o = the vefM sine of 
the arc described Efy the centre of oscillation O, and i = 16*13 
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Jeet, it will be \ : : 2s : r: the velocity of O at the 

^ ' If 2c 

. lowest point of the arc of ^ration ; and b : c :: 

the velocity of the point of impact P when the pendulum begins 
td*^ilftovc, which therefore must be equal to the former velocity, 

that is, > whence X = (I 

the velocity of the bullet when it strikes the^<p<titkikinu 


This is called the Ballistic Pendulum, contrived by that emU 
nent mathematician Mr, Bcnj. Robins, for^the purpose of deter* 
mining nearly the initial velocities of shot. We shall give an 
example in numbers from the pendulum described in his New 
Principles of Gunnery, Prop. 8. 


Let SB be the peiuhilum in a vertiiQal portion, O the 
centre of oscillation, and BA the arc which H dcscrihod hy 
the force of the stroke: the chord BA of this arc was mea- 
sured by means of a ribbon, one end of which was fastened 

atB. 

SB = 7 1^ length of the pendulum, 

* BA = I7i inches, chord of the arc BA. 

SO=: C'J| inches, centre of oscillation from the point of buspensiun, 

•f 

The jgh^rd BA is a mean proportional btftwceii 2SB and the versed sine AB 

BA* 

(Geoin. art. 219, \ol. I), (hercforc sectors SO^,SBA, 



being similar, we have* SB : SO 


^. 15 ^ 




X (I7 J)» 

J x (7Jii"‘ 


s: 1*83038 inahes, nearly, = qfj the versed^oc of the arc Oo described hy 


the centre of oscillation. 


Weight of the pendulum ^ 

Weight of the bullet.. ssri 

Centre of oscillation from the poiiit*of suA^sion.^O'?^ ittch*jssz& 
Centre of gravity of the pendulum 52 inches from the same point. 
Whence the distance of the centre of g> ration :r: |/ (52 x o ^ j) == « 

Point of impact P from the axis of suspension C, Cinches =: c 

.. . l6*l3/ce/= :y3*5^i«..../. =x 

i*83d^8 fV/ s; II 



416 CENTRES OF GVRATION, OSCl I.I.ATIO X, &;C. 


Then, by suhslitution, *%= (I + ^ ^sv = (J 4- ' — 

X ^ X t/(l93-jC X 1*83038) ftc(^ tlio vclocih 


pe r second, with which tin* liullct inovod wlun it simck llie pendulum 
Mr. Uoh^^^liy computing with the velocity of the pendulum at the 1^1 
^ instead ol’ the velocity dL'ihe centre of oscillation, brings 011 
l(i 41 ii)is ilfislake is noticed lify Killer in his comment on Riibjji ’ 


^Corolm Since in Ihb same pciululum, aiid'Wi^h the Mine weight of hall 
all llicquantilicsin the exjircsbion lor jk. ire con'^Umt, exccjit the versed :>in( 
V whose value depends on tfif? leugtii 01’ the chord .hercloie the vein, 
city of the ball is diiertly as tin* elioui of tin* arc: ckMi ihed by tlie pciidn- 

limi. 


' Scholium. In the foregoing conclusions it is supposed 
that the periduluin begins its motion at Sli by the stroke of the 
ball with' the same velocity as it acquires in falling back from 
the position Sil> to the perpendicular SB by its own weight: 
this would be exactly the case did the bullet communicate all its 
motion to the ^pendulum at the moment of impact. 'I’he ball 
however, continues to act during the time it is penetrating the 
wood ; and since the motion of the pendulum is circular, and 
the bullet endeavours, to proceed nearly in a right line, its action 
on the pendulum must ])roduce a shock, or stress on the astis : 
now both these circumstances may aftixt the velocity' deduced 
from the rule. A small variation will also result from the aug- 
mented weight of the pendulum by the ball, but this is too mi- 
nute to be of consequence. 
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Or THE STRENOTH.and STRESS of TIMBER. 


40^. The Internl strength of square! Tirnler is propor- 
tional to its Ircadth drawn into the square oj ifttfi depth* ' 


Let PAD 11 represent a 


verlicLil seclion of a beam of 
limbci All, the mil DH be- 
ing fixetl Ml a wall ; aiul con- 
ceive this action to lie coin- 
po-^ed of inmitnerahle p.irallcl 
fibres a, r, u, ^c. 


1 



IXi 

1 ' u 



1 ~ 

TTm 



—op' 


- U 

Tr5 

r - 

riz* 


p 
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Now a force P tcling perpendicularly at the end AP sufficient 
to break the bcuoi a an will bend it downwards, and the upper- 
most liiire a will be first broken ; thi.s done, a less force will 
bend all the remaining: fibres, but the fibre v is the next that 
will break; and then a less force would I)rcak the following 
fibre w ; and so on : consequently the forces just Mifficieni to 
break the fil)res in ‘-uccc.^aion will diminish as their number or 
the depth of the beam is diminished ; il.at is, the .strength of 
the s.ecti<^p as the number of fibres 1/lng upon one another. 

Therefore taking DH as the firNt or greatest force, and calling 
a fibre f, the successive forces will be represented by the infinite 
arithmetical scric.s DH, DH — f, DH — ‘J/, DH — 3/*, &:e. . . 
to DH — DH or O; but the number of lcrmi is DH, and there- 
fore the sum of the scries (DH I O ^DH or 'DH*. 

Hence if B be the brt adih her of perpendicular *scctions 

in the beam, its strength or tffe force necessary to break it, will 
lift as iDW-H, or as DH^/?. because the wholes are proper- 
lional to their halves. 

Corof. 1. .Hence a rectangular beam is stronger wiih the 
broadest side vertical than whe.. that side is hwzouUl, ia tho 

3 M 


VOL. 11. 



4J8 
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proportion of the dept^ to the brea^itlu For let D the broadest 
side be the depth, ahcl B the bread^f ’^W^^hi^rength is as 
lyB wh'w vertical, artd ai^JB’^whJSn is ^drizonlal; but 
D and B have the samc^ratio as and B’D. 

^ For^a|np1p, suppose the dcpliijMf ^ * Ipchrs,.*nd the bredidt|^^ I ; 

catfMusi siippfjft a P r= i* i^COOib. 

l5oSs the weight it would hear were^Il pLsced hoiilpCHital. 

i' ' 

the strength of b^n^s of tlic same.d^th are 
U.thetr breadths. For, let B and /» deiVolfe the breadth^ and D 
the- dnithnian depth, then /)*/? and will; represent the 
SfrengthjS which cx^ssions are as II and h. 

CtroL 3s{ vHcnce also, tliQ Jateral strengths of beams whoste 
sections JSi^ Vimilar, will be as the cubes of tbeir breadths or 
: ^|l||s if D*J^' and 4':h denote the strengths, then the 

. . *'■ ' *’ •* Hd .ii 

sldes^being prpportional, we have D : BA id: i, jyhich 

' JBf/’ " £d^ 

sabstituted and d^h becomes ; now D'B and -g- 

mtllUplied by D, gives and B’d’, vyhicir'^as and d*. 

K 9 ‘V‘*f 

Carol, 4. Alsti^. since i)*B and d*b are the areas ‘bf . tlie 
seetions multiplied by the deaths ; therefore the s |y iCTW-Gf 
b(»to8 ^ving similar sections, will bl^ their areas muitij^hed 
l^ lho depths : Or as the cubes of the depths^ when l^sc d^ths 
are hdihologous. <* 


, , ^ he diumeto^te is 4 inches, jthl autaia 

a^iB|pf»a'l^ as H(hVA tlien ayyliiij^ of^c sa 
^ of the sauic length, wil^ 


ran IS 4 incnes,«u jnsi ^sraia 
same materj^; J ing^n <iia> 
inly 12^b. for 4» : l^V*©: 18|. 




or TIMBER. 


S^ipposc the beam ,ji!9^be bf uniform ' jfjggggstgg^gl^ 
thickness, a[|jli fetjfegi'Hb -weight, • j' J ■ j,' h 

Then we may cohsKW^e^gad 

the fulcrum of a Itver NH void of ** K 

grai^^ supporting a weight at N |qual 

to f^sencl^noUier Wright M ^ ^ 

the mi^^lc of NH Arectly undCT the ' ■. 

centre 9f gravity of the beam. And by the ]p^|ge|Bf*fhe-^ei^ 
the effort of the weigl 0 . j/y lo bend-nr brei^N^^veiMt BIfc 
will bc'sfe Pl-I./F, ami of the weight jP & 

NH.P, therefore iNH.fK |- i V P) NHjsUje 

whole effort, or stress on the fulcrum DHr. ^ 


But since the bemns are similar, their weights will be ai the 
cubes of the lengths, or depthl) ; hence ‘.t IV t 

IV ■ "iA " 

-—p- =: the weight of die bcan^a/t ; aiid DH : ||(B : : 

NH.dA. , , ;--v. ihKw^'mM ^d h\w:sik 

its length therefore x or^^-^pip- 

is the stress of the beam ah on the end or fulcram diu 

Now t^e slr^l^s of the beams must be as the stresses^ but 
the streftglha* are as DH’ and d/t’ ; liiereforc DH’ : dA* ; ; 

P)NH : w'hence fV: : : DH t dh 

th^i^t^f the beam DH : NH : * dh : nh its length*. 

Let the ends of Afl he stiuares, the side Dll =: I iwh, lenethfffiiW: 


Let the ends of All lie si(iiares, the vide 071 =: 1 inch, length^miis 
1 foot, its weijjlit ssi'3li, and the weiglif P ss loo/i. * ' 

thenr:/^ + 2/»::DH jdA,'' ^ ^ 

or *3 ; •^+ 200 ; : ~ ^ andW’l4XI2 

ssGGI-eyywit, iifarly, th^cngtlfHAj||t ‘t ‘ 'J ■ 

CowL , .Hence, if it be rcquiil||^find the lenglli of a spar havilig the 
depth and breadth.as AH, that would ^ak by iU ufn.wjei^hi, let 
/=: the len^^ f«d, then *4|r= tlie weijfet iii^. aud'^ M*3/it'thcenoit 
^,of its osrti ; therefore V X '31 = {h/P + /')N H the eiiait of AH (t<w ' 

■ithervdthtlie weightP)on th(?endosfulmim ini. ■' 

” ^ jo6*ij * 

' llat1s,l51»s6frX’*3+'lOO)xI=»IOO-r5,aBdi==^^j^^ ast 2 S>S&e. 

fief, the length leqtdnd. ^ ' 
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STRENGTH AMD STRESS 


ScaOLTUMt . From these computations it appears that in 
the cnnstructinn of works, &c. it is pbssj^e 4o t|)(e a beam of 
such dimensions that the^stress by its owrf weip'ht may exceed its 
strength. "Machines may also bc'madc to > large to be useful, 
for the less we stronger in proportion to their bulk than the 
grekter when the dimensions of both arc similar. Thus w^ find 
that small anh|i).'ils are stronger and more 4bUve in proportion to 
^hicr weight o,r,8izc than large ones. 


406. It is found ly experiment that a^fipar oj oak fAH] an 
inch square^ and 1 foot in length (SU', u hen supported horu 
zontallynt the ends^ will hear about 670lt\ (?/') suspended at 
the middle (C) before ii ireaks; hence it is required to find 
what weight a piece of the same ouk will leai\ which is 10 
feet longy ^ a foot deep, and ^ of a foot broad, the weight 
being also suspended at the middle. 


tiicdcptbrOS =:</| depth ( fb* t =r D, 
breadth O ss ^ breadth j fool = /?, I* • 
length SjU =/* leiigfh lO feet = A, C; 

recjuiicd weight /f", , 




Tlicn, SV; will denote the lateral strength of the spar AW, and D-B that 
of the other pieec. AM since each prop subtain'* a uvight = 5«*'^iC!Linpat 
C, if C wiMC the fulcrum, and a fo^te = §rr acted \frl|c;iiiy at cac||j end 
A and II, their efforts to break the spar wo^iUI l>e th.e s.iioc a< ttiat of the 
weight w wlien the spar is supported on the pixip... (Irji l.y prep, of Die 
Itnt i) the elTon oi Jrcis Uc x J/ and ll.atof and since the 

two jiM biipporl the weights, liit ir sirengliisaiuist be as the elToits 

or the gri-iiie«i fordes thev rei^ist. 

that ht^4t^b : D^B ti 4&- X H : {L ^ 


w>#ncc iPbft^L = and If' i 

the ansu'er. 




_jfixtx<rroxi 

r . i ^ J>G48/5. 


407. If the AH' (preceding art.) Ireai^with 66olh, 
^suspended at C ; then what i/ill l^^the length of another piecf 
of the same wood, | a foot square, that will support IJSiolL 
at its middle P 
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I.b*=660.Z)ss 1, J!ss i.^rar nsiO. An4 
from the eiiu^ti^n IfiBiri, we get 

• D^Bwl •! )C ft60x I 

* T-w ' x I **^"^’* 


408. A deal spar I fool lon^, and an inch* square, when 
supported horizmtally at the ends, will bear <l^uf 500lb. sus^ 
pended at the middle ; then what weight wilt h plank 3 inches 
deepf and 10 inches wide, sustain in the samIt ptfsUion, if it 
rest on two props g jeet asunder. 

In this example A =^*., /=!,»= 500, Dss B =■{’1, Lsi9 

which subslilutctl in the e(|uation tf = ~ 2a|)0/A. the re- 

quired weight. And t(ie came e(|ua(ioii or ilieorem will save for comparing 
the strenglii; of prisms, or bars of metal one with another. 


40g. If the beam HD in a position oblique Iq the horixou 
HO be loaded with a weight P at the centre C, and CA, DO 
perpendicular to HO; then the stress at H .^orD). is as 
AH X P. 

For sijippose tte horizontal line H B to 
be connected with HD at, II, then BHC 
mayf.'be considered as a bended lever Vyhere 
the force P attts perpendicular to the hori- 
zon BO, and therefore (362, enrol. 2) ^ 

AH X P is the effort of P to turn the lever ^ 
about the fulcrum II. 

CemL Hence if HO were another beam ^supported at the 
ends H and O, and of the same material and ' thickness as HD, 
the twp beams would same weight at the centres 

C and A to break them. 

■ a 

When the beams an large it may ||^ necessary to make an 
allowance Sy including their weight in the pressure, &c. 

B 

i 

410. To cut the strongest scantling or rectangular beam of 
tinder SPNG from a cylindrie one. 
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STBBN&TR AND STBBSS 



^ P 




the greatest 
angle CA 
and DC 



Let th^ circle whose diameter is & 

ti^ion of the cyjindeis * Put d = SN, 

= SP the breadth of the^ani ; th^ i* 

= PN* tht* of the depth : dnd since 

the strength ilUs the breadth the squ^re^ 
of^he d<spth, iL will be doiiol^%r'(c?* 

is’to be the greatlst posfiibl^or a maximum. 

■iA 

'*■. Ji. .'4 

Suppose EIP an absciss, DO the 
spoiidihg ordinate of ihof^ar«abo|a EOW^^ 

OA a tangent at OB n'QA, and CB 
paralIcNo pO« Then because A B is bisect- 
ed in 0,Jthe rectangle Dr is a maximum or 

can be inscril^c4 ia^the parafe^a, or in the tri- 
48, corul. 2} ; at^ since ED-EA (300, corol.S), 
A> ihcreifcrc Ep.=: i^EC. ' ^ ^ 

V the absoiis ED = x, ordinate DO = y, the paramfier, 
tnid ant EC ; then a —x = DC, and («f — x)y r the rentable 

DR } but px =f / (by prop, of the itorabo(^) which 

auhilitulf^ot X, an^(a — x)y wiif l^e (a — ^ jy : let tl|j|oa. 

• , ,0 M'% 

ran^terpr:!, then (a — i jy becon^^^y — y* = the tectan», 

gle ijR ;^|but when p = l , th«?i x = y*, iherefoi;? y* that 
%, when ay — y’ is a o|^ximiai, y* = fer, an^JhcrefotjCjithe ex- 
prfi^op d*y — y^s a maximun^hej|^y'=^(/^j^SP*i^N*; 
an^^hnsequent^^N* ; tbdl^, SP and Bht^re m the 

aaiD^ratb «ti the side o$ a ^iu|||||mf1ts diagonalj^ Hdkice this 
construc^ph ; M^e SV rr erect the perphiilicular 

VP ; then PS is the breadth i^{ tl^^tant^r end. -Foi^ yp* 
= sj: VN = iSN^lSN = 4Sll|jBnd m twr‘+vp» 
= iSN* '+i^SN;=is|i'..’ •, ' 

* V ■ > 

CeniK SV.VN = VP», t&refbn Sv;<^N + VH* 

=: PN^ 'Aun^sim. S!^ : SP : : ilP^: SV, wbeoce 
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^(SN.SV} srSP } an? jthe maximum SP . PN*:: • . . < « i . . . . 
V(SN^V)(Sy.VJ|tl^)fel/C^N.SV.VN»){SV+^^ but SV+VN 
is given*, ^h^WoHI^Sl^j^.VN*), ^ its square 8N.SV.VN* 
is also a maximum ; conse(]mntly (bc^uSe SK^isgive^i^] SV.VN* 
is a maximum : hoice Uthcn a given line (SN] i»^uied so* that 
the*^p1ld u^r ibhe part square of the other, is the 

greatest pos^bie|lK^ast {^(aV) will bg half|^^ther (VN^* 

Sn* ^ 

< ” i,* ^ 

♦ 41 la ^ippose a weight P is supplied at one end of, a beam 
EH o/a given dep^^^^ or Dll, ttae ulher end SDH^eii}^ 
fixed in a^alli to^'fiud the figure oj the beam when its 
strength’ at any vertical section (lOR) is equal tojf^ stress 
at that section ; Or that it shall be as liable to break at any one 

place as at aiio^er. ^ ^ 

4,fU 

\r 

]^t the section IQR be, para^el to 
the end SDH ; thcj^jaoi , curohli) the 
Bti^gths at lOR and^DS, are as OR 
at^DSr'and ti^ stress at lOR and 
HlSs,«s EO'x^?an*ED .iit. P, or as 
£0 thjt streh|th is. sup- 

posed ^e'^ual to jlhc str^ ; therefore OR and DS have the 
sdt^atio as £0 and and conse(]ueqij|y ESD is a triangfe; 
thqppn^ ^ i ESD (and also thejower) 

being p^arallei to the h<^||jK>n^ , ' « 



delaine the Jlgure%f the team when the IreadtH 


EN ^ln^D ii^en.- 

If tMHtIbions IOR, S jteuinaQel, 
as in Sh hist article, ihestn br stresses 

at tfef^ sections wiR be as X ^ OR and 

Hby oilsTC^^ HD‘, b«% 
OR = Dp t but the stresses are as hi I and 
I^H, tW is, the squares df lo4lid HD are 



as NI ail|d'hi.U» l^^tlffercfore NOD is the cq|U||5)(.a opimon 
l^iabj^iU whoa(^i|i»u.Ni|^^dn^ ' 
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STRENGTH AND STRESS OF TIMBER* 


413. Let AOBI le a vertical Section or one side of a learn 
of timher of a given Ireadth^ siippotied ilorizonfallfi 09 the 
props at A and B ; to fnd the figure of the learn so that its 
strength shall le as the stress when a given weight (P) is sus^ 
pended any where let ween the dnds A, B. 


Since the weight P is support- 
^<3 by both props, we have (384) 

AB : P IB :i^ = that part 



TA.P 

sustained by A, and the uthtr part sustained by B ; and 


IB.P . 


therefore lA A is the stress at 10 arising from the weight 


IB.P lA.P 

and IB X the stress from the otlier weight, and tlic 

TR P TA‘ P oP 

sum of both, or I A x -^g- + IB x - I A x IB x 

sP . * 

is the whole stress at 10 ; but is given, therefore the stress 

everywhere is as the rectangle I A X IB.- 

Now the beam being of an equal breadth, its 8trer>gth will 
be as the square of the depth, or as 01* ; but the strength must 
be as the stress, that is, 01* is as lA x IB, or the rectangle of 
the two abscisses, is as the square of tbe corresponding ordinate. 
Therefore the section OIB is a scmi>el{ipse, (270.) 


414. If (he beam CD when resting loose on the props A 
and B near the ends, can just support a weight Pfit the mid- 
dle, it will bear doubli the weight token the ends C, D are 
fixed down so as to be immovi^llel 


^ "..-I 

When the ends are loose on the 

props, each bears half th^' weight, and > ^ 

the beam will break in the mjddle 1 

where the fttress is greatest. Hence, if 

the suppwts A mid B were removed, aijU^iS beam rested on a 

p'op at Q, it foil ows that hllf the weight P Suspended at each 
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of the points A and^B would a]so break the beam at the middle 
O, tlut is, tlK prMS||Rot^.ihed(^cruni 0 when thebeain broke, 
would be equU'to l^oweij^ l\ Now (if the ends C and D tat 
fastened down, and the weight P. doubts,* eacU of the props A 
and B will^supportlialf'the weight, or a weig^ e<j|ual.to P, 
ther^ure double the weight ^t^id just break the beam at A 
and B when the eildearc tixt; 


^ Or thus. When the ends jfre vfc may^^ncelvc forces 
actiiig and D sufEcWnt to prouuce nn equilibrium .on’tlic 
fulcra A aitHl so '’1i|[^t CA / Jorce^t C = AO / JP, and 
DB / farce '^t D =: BO x ]P, Snd hence it appcars'thafan 
additional weight equal to P will be necessary to produce a like 

Reirlark. Pieces of woodv«f'^^ial dimensions, <Ji|j^fjpm the 
same beam or plank, are ioutid to^ililler in strength,' apd there* 
fd^ computations from thcorj|,«elllbim agreb wi|h experiment. 

^ experiments!' made on deal spars an inch square, resting 
loose on two props 1 fi^t asunder, jt was found that thejf^bore 
from 460 to Gdt^iK'Ht the middle before they broj^'** Oak spars 
from 66tf|o^(|f^P'. -Il^nd cast iroiwbar^froni 730 to 990 /A the 
ba wl ing an inch square, ahd the supportiv.3 feet apaft. - 


ROSTATICS 


r 

4IS. If a of uni/ortf^flensity of the swne specific gra^ 
vity as watfri-or whose ta^ht is to thT weight of the 

same,butR' water, i^ikat jiHiil,*it will rest in 

any pofition, f 

for when the ^oific gTignties of the bpdy and fluidDre eqbal, 
the latter is pre^d by '1m former just tt muctf as it it by the 
lik^bulk of water when it^fills J^^e spaceipceupitS by the body. 
The body therefore io^y position can have no more teddency 
to rise ’or bink UiiliridMi'ater itseif. ^ 


VOIi. li» 
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4\6. A body heavier thap the^ fiuii wiU sink to the bottom, 
But if it be lighter it toitt float toitlt only a ’part mmersed. 




Let AD bt^t surface of tlie'watcr in 
the vessel AC. Then if the body GIU 
be heavier that! the fluid, its pressure on 
the water underneath is greater than that 
of an equal bulk of water, or the resist- 
ance i^fhe fluid is less than the force by 
which the body endeavours to descend ; and since the parts oT 
fluids arc easily moved among themselves, the body will sink 
by its superior gravit}*. 







C 


But v^hen the spcciflc gravity of the body is less than that 
of the water, the body can only sink till the weight of the fluicj 
displaced is equal to the weight of the body, or till the pressure 
and resistance are equal. Thus if GP be a cube of wood weiffh- 
ing 500 ounces avoirdupois, and the side OP or OG a foot, it 
will sink just 6 inches in spring water, which weighs looo 
ounces per cubic foot. Hence it appears th^jt fluids press up- 
wards as well as downwards, fur the action of the water in a 
vertical direction untler the body GP is equal to the compressing 
force or pressure of the body downwards.^ 


If the weight of the cube were 1000 ounces, it would sink, 
*till its upper surface became level with the surface of the water, 
And the water would exert a force against the bottom OP equal 
to the weight of the cube. Thd pressure of fluids vertically is 
therefore the same as in 'the ^rectiott of gravity at the same 
depth ; hence a body dightcrHjjfe the fluid, when ipimersed, 
will rise till it floats at the sunn^ fur the force of the fluid 
against the b'idy underneath is greater than its weight together 
with that c^f the%olumaof water directly oyer 


417. Bodies suspended in a fluid h 
the weight of the fluid displaced. 


mtuh weight Of 
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Thus the cube 6P whose side is a 


foot, and its weight r: 1000 
when put in water, ^oses all its weight 
that is, it will r^iuire no foree to keep 
it suspended in the fluid, because it 


it is«ju8t as heavy as the same bulk of 
wateri But if the cube were of brick 



(the specific gravity being double that 
of water) its weight wpuid be ^ooO'fmnces, and a counterpoise 
:= 1000 otinces in the spale W would be necessary ttt^eep it 
from sinking, because/ in that the water sustains half the 
weight of the cube. A body of lead of the same dimensions is 
11325 ounces^ therefore its weight would be 11325 — 1000 or 
10325 ounces whpn weighed in water. But a cubic foot of cork 
which weighs only 240 ounces would require a weight on the 
upper side, or a force equivalent to 1000 — 24Q or 7fl0 ounces to 
sink it even with the surface of the water. 


a 

Coro/. Hence to determine the specific gravity of a body 
heavier than water ; first let it be weighed in air, after the usual 
method, then WiBigh it in water (which may be done by sus- 
pending it from (he balance or scales), and the difference of the 
results will be the weight of the water equal hi hulk to the body; 
and that difference, and the weight of the body in air, will be 
the specific gravities of water and the body : for the specific 
gravities of bodies are denoted by their weights when the mag« 
nitudes are equal. 


$ 


Thus suppose a mass of lead to vreigh 226|ai]d ounces, respectively, 
in air, and in waj^er, then 20 prices is the weight of a volume 

of water eqir il in magnitude to the ]fl|Riencc the specific gravity of water 
to that of lead is as 20 to 22( u^jfFYooO to 1 1325. 

=^h c absolute weight of a body, ^ ' 

a — its weigh| in water, • 

$ — ituitfific gravity; 
w = tl^PRific gravity of water. 

31S 
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Then A — a is the «re'^ht|| a volume of water equal In 
nagnitudeto the body: ' 

And — a i A ‘.l tv : -j — = s, llic specific gravity of. 
the body A . . 


The value of tv, which denotes the spLcific gravity of Water, 
is arbitrary. In some taldes it is supposed to be 1 . But it is 
much more convenient to make it = 1000, l)ecausc a cubic foot 
vater weighs 1000 ounces avoirdupois. 

418. To find the specific gravity of a body (B) Ughler than 
water. 


Let a heavy hody whose weight is A he attadied to it, so that 
both will sink together ; 

and put*/? = the weight of the body B, 

'r- =i its specific gravity, 
c =: the weight of the compound in water, 
a 12 the weight of A in water, 

%v z: the specific gravity of water : 


Then, proceeding as in the last corollary, we have 
c — . the weight of the lighter body B in water, which, 

in this case, is negative because a is greater than c. 
B — • a) or B f a — c, the weight of a volume of 

water equal in magnitude to the body B : 

And B h a — c : B : : u/ : the specific gra- 

yity of B, 

A 

^.Exampts. Suppose iSb QuncM||^ad is attached to a block of deal 
weighing 275 ounces, and that th^^HImt ot' the whole together in water Is 
4631 ounces. What ft the specific gravity of the deal ? 


I1J25 : i(.3jr. :: .755 : ounces, the weight of the lead.jto water. 

0 = 688 } 

c =9 ‘ ~ iboOa „ 
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This result is outtces : ami it is rn^vulk to 1 00||^ottncek of water' sv ith 
which it is compaix'd. The wi^i^hs J550 otmces [Mir cubic 

Itjot. % ^ 


4 1 9- weights of bodies are proportiona^ to the products 
of iff^ciT masses aud specific gravities. 


Thus if a mass of lead be I cubic inches ; then since a cubic 
foot or 17^B cubic inches weigh 11325 oiinoea. 

1 1 3 ^ S Z fc ‘ .1 

\<’e have, 1728 : 11325 's: I ; , %ciglit of the raws. 

' > I 

Or if d = the cubic iffches io a piece of deal, 

^ , 550J . ... 

then 1728 : 550 ounces :: d : lU weight in ounces: 

But 1 1325 and 550 denote the specific gravities of lead and 

1132.5/ 


deal: and 11325/ and 550i arc in the same ratio as 


and 


5fj0d 

1728 * 


1728 


420. To deierfiiine the quantities in a mass compounded of 
two ingredients \chen its weighty and the specific gravities are 
given. ^ 

Let ji afid B denote the magnitudes of the two ingrcdiooits, 
a and b their specific gravities, respectively : 

C the weight of the compound, or the weight of 
c its specific gravity :* * 

Then by the Iasi article, a A IB. and cA f c5. will denote, or 
be proportional to the -^+■^8# respectively: 

consequently aA = cA 

or 0-4“ ^ 

wh&c6 A: Bi^.c — I i a — c, that is, the magnitudes A and It 
are a» c^b^ and a — c 

And therefore ^ ® ^ "" 

b{a — c), or as a^^ah and ah — be. 
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Coasequently we have to dtvj^ the weight C into two pans 
having the proportion of ac ab la ^ 

Therefore 


ac — ah-\-ab — be : C ;t ac-^ahi 

or ac—bc : C :: ac — nl > . : — 

(a — 

ac — be : C :: ah— be : - — — 

(a — 


h)aC 

ri,)P 

c)hC 

■ %’ 


the weight of A, 
the weight of B, 


' ■l'" 

Efontfit. Suppose a coinpusition of Copper Tin to be 42/A. and il> 
specific gravity 8000; ^vllat is (lie quantity ofeach rnctulf the specific gra- 
vity of Copper being 900(>i and that of 'l in 7320? 
a = 9000 t = 8000 

As=7320 4J 

And weight of Copper. Consequently 4 2—19-'- 

= 22\lb, llic weight of Tift 


CoroL Ilcncc we can find the specific gravity of a mass com- 
pounded of two ingredients when their weights and specific gra- 
vities arc given. For suppose A and JS to denote the weights of 

A and B, respectively: then = A^ whence 

Cg the specific gravity required, 

Si 

Ant) in the same manner a, or h, may be found when the 
values of the otlier letters are given. 


421. To ^find the specific gravity of a fluid. Let a body 
whose specific gravity is known, be weighed both in, and out 
of the fluid, then the specific gravity may be found from the 

expression = * (Art. 4l7,*fe|oI.) orw — — where 


w 


denotes the specifi(||^ravity of the naid : 


Thus suppo>c SS/A. 5 ounces of lead wlicn veifihed in water, is 35B* 
13 ounces ; thew A = 28^»£, a = 25^1, and j ss 1 1325 the specific gravity 
of lead ; * 

miduirr^-*^ "^*^'* — d'.e specific gravity tlWler. 
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Corol. Hence to coniparojffic specific gravities of two fluids, 
weigh the sune body in botlr9ni\'e shall have, 

As the loss of weight in one fluid, is to the loss in the olherj 
So is the specific gravity of the former fluid, to that of the 
other : 

TTJus if 31 } ounces be the loss in water, anJ 27 V- ounces tlie loss in recti* 
fied spirit of wine, the specific gravities of the fluids are as 3H and 27j*y, 
or as 1000 to So'G whicli therefore is the specific gravity of tiie spirit, that 
of water being 1000. ^ ^ 

Platina and Gold are the only known substances that will sink 
in Quicksilver or Mercury : but its specific gravity may be deter* 
mined by putting it in a smalT^open g!a^s vessel suspended from 
the scale, and weighing it in water: the vessel however, must, 
be first balanced in w ater. 




422, The instrument used in these experiments for weighing, 
is an Hydrostatical Balance^ whlgh however, differs but little 
in the construction from a pair of scales. But for comparing 
the specific gravities of fluids that are nearly of the same (l< n^nv, 
^mother instrument has been contrived, called the llydrow* Ur. 
Thecommon sort consists of a graduated cyliiulric 
stem AB fixed to a hollow globe of copper BC ; 
its weight being adjusted so, that it may .swim -j:rr K 
in the fluid with part of the stem above the sur- 
face SR. When this is put in proof spirits (for 
example) it will sink to a particular division on 
the stem ; but if the spirit be under proof or 
weaker than proof spirit (as common brandies, &c.) it will 
not sink to that division ; contrary, should the fluid be 

rectified spirit of wine, the^j^wometer will descend to a division 
on the stem much above the proof point. 



Scholium. The specific gravity of bodies however, must 
necessarily vary with theii^ temperature, for most bodies expand 
by heat, but are conttRCted again in cooling. And in com- 
puting the specific gravity of a compound, an error may arise in 
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consequcncp of some uncertaint^riU bulk* Thus a pint of 
spirits of wine and another of IpKer when mixed |pgether will 
be les^ than a ijiurt. lo account ibr this iliminutioni or pene- 
tration of (Hwensions, it has been supposed that the constituent 
particles of the fluids an^ olobulaf, but of a size much less in 
one fluid than in the other, because in that case, a considcji^le 
number of the less particles might taji into the spaces between 
the grealj|r particles in the operation of mixing. Mr. Ramsden, 
in J 792 * published an account of a new instrument called the 
Bala7/re Hijdrdmtier^ by which he could determine the exact 
quantity of spirit and of watjer in any coin|ioun4.of the two, its 
specific gravity, the diminution in the volume, &c, &c, at any 
temperature. 


♦ 

423. A Talic of Specific Gravilm. 
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^ denote the ipecac '^a# 
iI^ t^^««^'t .of a eiibie foot' 
Thus ii cubic' foiiC of common 


obAviTifcs 

the nu 
Viriies 0^ 

Pf ’ 

water'^IH^ tooo euncM or ' A cubic fddt oFcast iron 
Jt^SS oUncii^JiC. , 8^. Hence We .have a m4y1tliiietl^'«F find* 
iog^ magiiitade of a body froi^ iW^weiglitt’or the weight fn>m 
Itt^Hgiiitude*^ in. tite following iuteihpie>« " ^ ‘ 7'.. 

^'Suppose an irregular of t<lt,^eigh u||^n(in^ 

loU it contain ? ' f 


vrelght riiow many cable 

14i X I.12±:.16?i^« s± ^5984 ounc^^^ the height, which divided by;9|^ 
(the buncet'p^r foot) gives feetj the mumr^f * 


rare feet of sice/ Lead of an inth 


What is tfie weight of 600 
thick? «• 

^ X Vs — Tie ^ H'f ^bickneqt : 
and j}^ X 6U0 ±s 5 cubic fcet| the content : 

Then» as 1 /oo/t 1 (325 ounces 5 : 56625 oi 
vicied by 16 gives 3539V^if5< the afi.tti«ro 

3« Whai is the diameter of a cast Iron Shot whose weight L Olb,} 



^weigiiti which. di» 


M*. X Ui ounces. 

Then, 7425 : 1728 Iff. :: 144 ; 33*5127 imhes, nearly tlie cubic coutenf.'; » 

Aind *5236 Iwiiig the contents of a sphere w hose diameter h wc have 
s523$ rl^ s: 33*5(37 : 64 inches^ very nearly the tube of the diameter ; 
Therefore the diameter of a 9/5. iron shot may be taken ut4 inches without 
itotble error. ^ 


4 . Tq find the weight of a lead Shot of a given diameter, 

l^ut d t the diameter in inches; then *5236</3 is the cubio cooteiits in 
iachffssl 

! ‘‘V* ■* , ► 11325 X’5236d* 5930d* 

^ ^!Wl J7l»fii,t‘imSo*,s;*5236i*:.^^ — nearly, 

kcfHamcter.is d ; hence if dcslQ inchef 


istheweij 

tbe weight wA lie 693aTWiWd8re''^’“'^ 

j&f tlje defter di 3*6 wdght’fliiotf. ca^ 

iearly; iqf 

Or thet|^eof4|i(^^iaii]«tercilp^ ^’532 gjvelthe weig^ 

in MMcW, i 

thep^u^Wi^ be tWjj^ipiBcteriA ^ 

▼ot, u. " 
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5« Let ABDC the, profile of 
Aoatiog in wator (be vater mark :|^ng OR. 

Put n ss CD the external length at tx>ttQi]], 
r ss the difierence of CD aiid the length at top 
AB, ss SC the depths r a PC the depth of llic part immersed^ and 3 a 
thebroadthvV « 

■' '%-t 

By similar triangles^ d : Jr (or AS) : : j : ~ a 6i\ whence n 4- ^ ifcOR, 

r a the area of the trapezoid tiCDR, therefore (w+ 

is the cubic contents of the immersed part. Suppose the dimensions arc in 
^nch^i and let/=: 1728, i ss 624 / 1 ^ avoirdupolise the weight of 1728 cubic 
inibhea of water, and uf r= the wililt (in pounds) of ••water displaced, 
or the weight of the pontooif;'£^^hcr with the weiglit it bears; then 
, . sr\s3/ nhl rbl _ ' ‘ 

If the weight w be givl^, 'and the depth PC requin-d,’ the ct|iiation gives 


Let the outwIfji^SlIhiensions be 
AB =t RIJ feet, 

CD =: 174 == 206 itu ss W| 

SC ss 2^. ss 27 in* ss J, depth, 

r ss .alt' • 52 itt* 

, ^bilid^ as 41 ..w.=? 57 !>!. = *: 

And suppose the water mark OR to be d inchj^ Ironi the lop, or PC 

=3l8i>i.s=5i 

ThcniJ^a + 8288/5. szw, tlie weight (including the pontoon) 

that sinks it 18 inches. 

Aga^n, if the weight including^^e pontoon; what is tlie, 

deptlrtn,U|e watjrr ? ' a* ^ _ 

Hence for l^bdyVdlrii&dow; v 

' Th»t^»t^Uply WnK^«ii»»^) by wd i||«^re1>7 

1 prod^i^^ the of the mdfifl pofitpon to 

immds. 


ffye^s ^ PC, the depth required. 

wUh become 




?R£SSUXJI or FLUIDS* 4$^ 

‘ A ml Jo wheir tRe jpigid (ihcladfDg the poittbDn)i 9 givm^ 

MuUiply the bv4hi6 d^imal*5C57 1^^ add the product to 

HH1» the|J^i&t\ul)ltrac|tf(l troih thei^uaie rootoftheftofn; gives the depth 
Ptirt^nchesn ■ 

A pontoon of the abdvc (Jiir.en>irias weighs above 900/6. a , t.. . 

424. 1/ a^hody is at rest when floating inn fluid', its centre 
of gravity and the centre of gravity of the fluid displaced^ are 
in the same vertical line* 

■ r* ‘ ' 

Suppose the body to be a globe^hose centre 
is and let itrf- density be that G 

(instead of the centre C) is its detitre of gra- 
vity ; then since the centre of gravity of the 
fluid displaced or segment SRB, is in theever* 
tical diameter VB, the centre of pressure of »• 
the fluid upwards is in that vertical line^/ll^fcentre C may 
therefore be considered as the point uppit'^mch the body is 
suspended, consequently i^ must move round that point till the 
diameter AD becomes vertical, (375, corol. l and s). And the 
same method of reasoning will apply to bodies of any form, 

Corol. Hence if a body be left to float in a fluid, it will turn 
by its own gravity till the heaviest side is downwards, ‘ 



435. Suppose HBOPGS to lea hnde I funnel orgies con* 
taining a fluid, and open at loth ends, and GBit vertical 
section through the lowest point; then the two parts of the 
BOPG and BHSG, press equally against that section. 

For If the pressnrfe of^ BHSoAhe 
largesjf bod)^ of the fluid tiyf^e greatest, 
the other must asrand in conmuence 
of diat supmor foiBe, ^Kit flie' two sar> 
faces HS.wd PO will 
same horatptal.lioe HOjifirbm.tbe fliud is.quiMceot, w^j^ef . 
be the dififeiense in the diainetess HS and PO ; thiiic is, tte i>ur» 
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lowttt 


1se tfecjiuid 4 


Win 
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fA<i «!s;%M?'M?Rjb'rfe ‘al 

»*“!JS'’ ■ .' .t^Kw'b: ,‘f4: 'i : 

V^d«;. 1. Hijn(» water eQnve3w4l«»4-”»e'i^«’ 

Cfl^l i. '■ The presaiire^^uWs .' .' ^ * % 

.. thprefi>ie, ph‘^9al .wrfe^^^^ M 

i)»l,tte ijj^e^t equal |)e)5)endi. 
calaif'hdgh^^^!^' aiiferencjUhwe ^ ^ 

i«« iliw. fSffijn^; ABiCDyCH *<«i»I» rf 4S 

height'® Vnh ll»ei» ff^ebasli are ^a!, 

. will sustain .a weight equal toiW of the pti^nrqf 

y j yh^yy* r'* . 

a ^malji^quantity of . 

fluid 

, wei^tSj '^tfon ® 


r^hSOfl^Q 
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ABCX since Binds press equally' in all directions^ and that 
in proportion %o t^eir depths, an indefinitely Small column AB 
Trill press at B in* the, horizontal direction BC with the ssime 
force as upon the base at that point B, therefore if the pressuVe 
of the QolMlIin on the base be < denoted by the depth ABjj^Jts 
equal pressure in the horizontal di^ction BC will also be^- 
presented by BC ; in like manner, the horizontal pressure of 
the vertical column AR will be denoted by RS which is equal to 
AR, and so on ; consequently all the BC, RS, &c. together, 
or the ArCj^of the triangle ABC will repfesent the whole hori- 
zontal pressol’e against the the line AB taken 

BD rithes (or the area of the s^al'^ AD) is .the pirssure on the 
lineBD; but the pressure on*^lhe whole base is the weight, 
or content of the contained fluid, or AD X the side of the base 
(=:AD X DQ);# and the pressure on either side = triangle ABC 
X side of theba$^(l^ABC X AP); that i?, one pressure is double 
the ether, AD r. twice the triangle ABC. 

Coral. 1. But if BG (instead of BD) be any other breadth 
of the vessel, the pressure on the side BP will remain the same 
as before ; the pr^sure of Jthc fluid therefore, -against any upright 
rectangular surface, is equal to half the weight of a prism of the 
fluid whose base is the surface pressed, and height equal to the 
perpendicular height of the fluid, 

Thii'*, let the depth of the cubical vessel be 3 feet ; then X CSJ = 

813^//’. the pressure against one side. 

Or, siipjiose.thc jj^uto or lock supporting water In a canal to be \2jeet 

broad and \ a feet deep, and we have x s= 315001b. the 

piTssiinr it sustains. 

^Corol. 3. Let 0^*W;^the centre of gravity <4 the triangle' 
ABC ; then since the pressures at B, Rj &c., in.;|n horizontal 
dirtetioB are denoted by BC, RS, &c. .ai^ tbe whole pressure 
against /||B .by the triangle ABC, the eisatre of p.rBSSure of the 
fluid against AB, '^ centre of ^vity’fOTlhe trianglelre in the 
.saint horizon^ line 01, becaose cf ia the centre of pressure of 
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the triangle } and siiwi^ AI tlie cenirea nf pressure and 

percussion of the upright surface of the. fluid BPA eoineidc, the 
axis of motion, being suppoRed at th(| surface AP. iThus, if 
BG GD, and GT s: 1 foot or ^ of the height of vessel, then 
T is the centre of pressure, of the fluid against the side AO, 
ai^A &rce = SiSilb. acting perpendicularly against that side 
at the point T, would just sustain it in equilibrio with the fluid 
if the side were a loose board. 

Scholium. If ABC be the vertical section of ^ bank or 
wall supporti^.,a body of water, tlie thickness at bottom must 
exceed the hiij^t when its stpe^c.^gravity and that of the fluid 
are the same. If be constnicted of brick, which is about 
twice as heavy as water, the breadth at bottom should therefore 
be rather more than half the height, supposing it to resist by 
its own weight only ; for if the foundation., sunk below the 
water, the breadth may be less, hut in tbe^hicktiess 

must depend on its strength. 

Hence in computing ’the thickness of a' wall (Art. 389, &c.) 
regard should be had to the consistence of the body it is to sup- 
port, because the centre of pressure will vary with its tenacity. 
Thus the centre of pressure of loose earth in tth horizontal di- 
rectira, is usually taken at one third of its depth, but in a fluid 
it is at two thirds. 


428. Let ©VQG le the perpendicuiar section of a wall 
supporting a fluid ; to find the nature of the curve V QG when 
the strength of the wall is every where as the }orce it sustains^ 
or that it shall be equally liable to break at all depths. 


Conceive any depth VP to be divided 
into innumerable equal parts PO, 

&c. ' Then since the pressure of the fluid 
against any pditit L is as the depth VL, 
the* number <d- particles actiiig by their 
weight a^iiist; the that point, 

will be deimtcd by VL,'knd Qieif force at 
L on the lever PL (considering P as the 


V 




m RYAROtTATlcr* 

fulcnan^is Inl^ like taMDW^iKKVO will <knot^ tbe 

force 0 of the panicles represeated^by VO, and so «i, 
Theafdre all the PL . VL .’VO -1- &c ^ wiU be the 
whole fofce tending to break the wall at P, ' -Heoce* if yp = i» 
aad any 0|||r depth VL — y/then all the PL,VL’ (-‘p6iV04‘ 
&o. will be denoted by bll the [d or dy y* $ now^7) 

all the ^y-j* is ,= («rbcn yrdor VPJ be- 

2 '3, 


comes ~ Y Of iJ* » therefore the force, or tendency of the 
fluid tobreak the wait Vadii^ ‘he cube 


fluid to break the wialru adimipl^^ as^y^.jg^'y* the cube 
of the depth. ' H 

And if 6 =;;the breadth m roe wail, afld « =: LQ its thick- 


ness at the depth y,' it follows from Art* 404, &c; that the 
8trehgtH.will1k^ ones x* (the bt^adth. B being given^ 
thjit is*''‘the'i|ii|§^^e wall's thickness is always as the cube 
of the ctorrespolinw^ih of the fluid ; or the' cubes of the 
ordinates BD, are as the squares of the abscissas VB, 

3qj,,&c.t This curve is c alipd a smkubical parabola : V is 
the vfltex, and VR the axis. 


The thickness hf the wall must evidently diepend on its strength 
or tenacity. Let the depth VC = lo feet, thickiiess at bouom 
= ifeet '= ,CG,'; ' ‘ 

‘S'-*' -jl’ >. , 

Thtin 10* ; 5* : ; d’ : 5;4,'and;the ^uare mo^jpj d'*** 
feet, nearly, the thickness at the depth of 6 feet^ &c. 

4S9. If the A)B of a veim contkiimg Be 

to the horizon^ the pressure it mtaine^p e^ual ^ the weight 
of a body oftfuffiu^whose magnitude is theswhfe AB mul- 
^lied by ihe pe^Mti^at dUtanee of its 'ietm ^ gravity 
ielow the surfiue'ofthi^jiuidy 1 
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Suppose the surface AB to con- at 
sist of an indefinite numiKT of nii- 
nnlc surfaces represented by S, \% 

B, &c. that support the vertical co- 
lumns PS, RV, &c, thei> the force 
or ^ssure on S, (or content of the 
coluAn PS) will be denoted by PS 
/ S, and that on V by RV x V, and so on ; hut all these forces 
or columns together make up the content, of the iiicunibeut iluid. 

Now if we. consider S, V, &c« ss a number or system of 
bodies, it foHoWs from Art. 37(1^ corqi}> l*, that the aggregate 
S 4 V I '&c. mullrplied by {d) the distance of their coinnioii 
centre of gravity from the plane OG, is ujual to the sum of he 
products of those bodies drawn into their respective di>lances 
from the same plane ; that is, AB X d — PS xS | RV x V4-&C. 
z: the pressure on AB, bec.iysc S V \ &c, the surface AB. 
And the same method of reasoning is appHc^tble to any curve 
surface whatever that supports a iluid. 

I.i'l A 15 be a squaie whosr ^ If !e i-> I ./??<;/, anij the litMal) of ih;* v«*ssi*l 

3 Jo'tf then the centre ot‘ tiie surface Alt is I hel<>vv the 

suifaceOG ; and it the tluid be water, lb K X e-J = ihe pics- 

sure on tlie side AB. 

And if a hollow sphere be filled with a Hiiid ; then as the 
centre of the sphere is also the centre of gravity of the surfiu e, 
its distance from the highest part of ihc’fluiU is efpi.il to the 
radius, therefore the internal surface multiplied by the radius o) 
the sphere zz the pressure ; that Is, the pre.‘>'*ure on the inUTiial 
surface r: 3 times the weight of the contained lluid ; as in the 
cubital vessel. Art. 427- 
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430 . If a vestel AC h full of tuater, the first or greatest 
velocity with which it issues through a lioleAi the bottom, in 

3 L 
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folcnmiH* Itt Jikc JMhn^^^mVO will <]a)Otfc ilie 

force 0 of uie partides fi^Mresentetl'by VO, and w oa; 
Thercfdre alt the PL.VLHKljpiVO-»-&c^wiU be the 
whole fofce tending to break the wall at P. - Hence, if V.P ..= 
«d any o||||r depth VL =:y, then all thc'PL;VL |-f6;VO+ 
&c.wili bl: denoted by all the (<l~'j^y ori/y—i^ ? 

all the is = ^ which, (when or VP) be< 


comes ^ j or ijf* J therefore the forii, of tendency of the 

fluid to theVallV a<il^| h, is the cube 

of die 'depth/- ' ' 

And if h r:\thebreadth ^ l!^e wall, jfld xr LQ its thick- 
ness at the depth y; it follows from Art. 404, &c. that the 
atrehgtl/will #ii®‘ or?as x* (the bitadth b being given), 
th^ is/tho^dMipj^^e wall's thickness is always as the cube 
. of the t^rtespPf|n|^th of the fluid j or the' cubes of the 
ordinates BD, IC(^|I^ are as the squares of the absdssas VB, 

' This curve is ca||;d a semiiubical parabola : V is 

the vertex, and VR the axis. 


The thickness of the wall must evidently depend on itr stren^h 
or tenacity. Let the depth VC = 1 0 feet, thickness at bottom 
= 5 feet = CG,:'- ■■■. ; ■ • '^'r- . _ v;' 

■ . '•/ .• 't*.. j’v, 1 1 '- "•'•iv 

Thdn 10* : 5' :: 6f : 5'4,aiM the 6quareiroo;(|pf ^*4 is ij[‘324 
feet, nearly, the tfaick'ness’at the depth of 6 f^et, &c. ' ’ 

r ■ ■“ ■ 

489. ff AB of a vesiet contMtmg a fluid, ieollj^ 

to the horhtm,' the pressure it mtiunh^ equal to the weight 
efa body of the fiiMwhose magnitude is theswh(e AB oistf- 
^plied by the petpmspular distanee o/ifi eei^ tf gravity 
telm the surf^ of.ti0uidJ ‘ ' ^ ^ v;ir r 
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Suppose llic Surface AB to con- 
sist of an indefinite iiumlK*r of nii- 
niUc surfaces represented by S, \% 

B, &c, that support ilic vertical co- 
lumns PS, RV, &c. therMhc force 
or ^ssure on S, (or content of the 
coluihn PS) will be denoted by PS 
/ S, and that on V by IIV / V, and so on ; but all these forces 
or columns together make up the content, of tlie incunibcut Iluid. 

Now it we consider S, V, as a number or sysuin of 
bodies, it follo^^s from ArU 370^' COr^. t?, lliat the aggregate 

4 V I &c. multiplied by (d) the distance of* their commoa 
centre of gravity from the plane OG, is c()ual to the sum of he 
products of those bodies drawn into their respective distances 
from the same plane ; that is, AB x d~PS xS |-'RV x V-h&c. 
r: the prcssnr(! on AB, because S I V | &c. surface AB. 

And the same aneihod of reasoning is appUciUc to any curve 
surface whatever that supports a Iluid# 

l.ft AB be a s^uaie \\1)Om- ^i^!e is ) /txi, ami Hil* of Ih.* vps-n*l 
then the ccnln- of gi\i\nv ol tiw* '.urfaco Alt is P /cri, hel-nv the 
suifticeOG ; and it the iluul lie water, hi K Ij X ‘'-J = tin* |*rcs- 

siire on tiie side AlL 

And if a hollow sphere he filled with a fluid ; then as the 
centre of the sphere is also the centre of gravity of the .surfac e, 
Its distance from the highest part of the 'fluid is ecpi.il to the 
radius, therefore the internal .surface multiplied by the radius ol 
the sphere = the pressure ; that is, tlie pressure (»ri the internal 
surface ~ 3 limes the weight of the contained fluid ; as in lie 
cubital vessel. Art. 427. 
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430. If a vessel ^ ^ greatest 

veUtnty with which it issues through a lioleiat the bottom, is 

3 1, “» 
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equal to that tvhicha body would acquire in descending freely 
from rest tt^rough the perpendicular height AB. 


This appears from experiment. For a 
heavy body projected vertic^ly wiih the 
Velocity ii*®acquired in descending from a 
given height, would rise to that SMme height, 
provided the motions were made in a non- 



resisting medium (380); and when the 
orifice 0 of a pipe OB inserted at the bottom is horizontal, and 
the vessel kept full, 
high as the surface 
by the resistance of 
it would be in vaciu 


, the ili^ 

th^i^ 


observeefeto sc 


ji, hovvcvcr^i 


up nearly as 
f is impeded 




Its as( It 13 less than 


To determine the velocity from theory* wc suppose the weight 
or pressure oL'tbetMt^ijj^bcnt column of water to generate that 
velocity ; thiirlm^J^ nTore will vary as the perpendicular 
height of the fliNW^mpce above the orifice varies, and conse* 
quently force a^ depth increase uniformly 

tojjether, ^e the bemling of a spring. Thus 
let SG be a spring of uniform strength, and 
suppose that Ub. weight when laid on the ei}d 
at S will bend it through the space of 1 inch, or 
from O to P, then it is found that 2/6. will bend 
it twice that space (= OR), and 3/6. three 
times Op or three inches (= OD), and so on ; 
therefore the space through which the spring 
is bent idl^ascs uniformly with the com- 
pressing force : hence the velocity of the water may be cotti* 
pared witli tliat of a bent spring whea«)ddenly leaned. l.et 
the spring SG be compressed into the space- BC, and a small 
rveight B aUached^to^ldie end or top B when it is'disengaged, 
tRen ^he weight., is an uniformly retarding foK^'|||(d the'height 
to which it wll ascend* by the force.Of the spri^i^ will be zi 
the square orT^ initial velocity, 'as 4^ bodies when projected 
upwards taSOj. same tiring, ho«|i||rr, is evi^^nt.'witbout 

supposing a w<4glV<it the end B * (ot auce the spring is com- 
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pressed by an unifonnly nccuniulated weight ar force, it must 
regain its unbent position by a motibn uniformly retarded. The 
initial velocities of the spring and effluenL water are ihereibrc 
analogous ; and hence the velocity of the water tlirnugh an 
orifice at any depth, will be as ih^square rout of tha^kpih. ^ 

not infered from this delerniinalion that water is an 
elastic fluid. But if the experiments of Mr. Canton are con- 
clusive (Philos. Trans, vol. 53, 54) the whole mass of water 
belonging to our globe is in a constant state oP compression by 
the weight of J;|^surraiiDding 

But the/^^^et veiocit^ 
is at a little distance from the 
For since the pressure of the fluid in the 
vessel is in all directioil^i it is observed X 

that the elfluent water converges after 
quits the hole, so that when the orifiei^yi^;.^ 
is circular, it forms the frustum of a Sir 1. New* 

ton found that the area of the section at V |yhich he ^Hcd the 
vena contracia) is to that of the orifice BR as 1 to nearly, 
and therefore the velocities of the water at BR and V, are as 1 to 
• V^2. Now it is the velocity of the stream at V ^hich is equal 
to that acquired by the descent of a heavy body through the 
whole height AB, consequently the velocity at the orifice BR 
will be nearly the same as a body would acquire in descending 
through half that height. 

Suppose the height BA.=:12/^ff/=:5', and Ivt s-silG 




the velocity at V ; then (;V20)f^ =sv =s ^isS =s |/7T2 = 27 

Sec: feet, the velocity per tecooci at V. And |/2 : 1 : : 27 *78, 

Secjeci per second, the velocity at the orifice BR. 

431 > Lelihe ^pth of the vessel be 12 feet, and the top and 
bottom AP and BC squares, each side being 5 feot^o find the 
time in tvhkh.it would be exhausted through a cit^lar onfice. 
in the lottm Udipse diamffjxr zz {an inchf sy^sing killed 

with water, c 'V . > 

31.8 • 



444 


IIVDRA U MCii. 


Put a n area of the orifice in ft-ct, h = 23 feet the area of the 
top or bottom, A z= 12 feet the depth, and ah IfirV Then 

will be the first velocity or that with vdiich the water 
fjuits the orifice when it begins lo run out. And since all' 
horizontal sections of llie vessej are equal, it is manifest the 
surface of the water in the vessel will descend with an unifc^tiily 
retarded velocity, that is, the velocities will form an infinite 
arithmetical progrcssiofi whose first term is and last term 

zz 0 the least or last velocity, lienee ^ o 1^'* 


second, will be the mean velocity* 

# , V 

Now the whole Icn 

the orifice is h feet: hence i/— 
a ^ Q 


of water thalflows through 

hh h /2h 

: 1 see : : — : y- ~ 
a a s 


22397 seco?idu nearly, is the time it would require to pass 
through the orifijce with the mean velocity, which therefore is 
the time of 

y r - 
, '* 

CoroZ^l . And if d h any other height from the bottom, the 
.. !• Cd 

time of cxiianslion \\ill be - therefore the time ofemp- 

(l^S ' 

tying any depth h — d from the top is ' 7 )’ 


CowL %* The velocities through apertures in the side and 
bottom arc the same at equal depths. And the velocities at dif- 
ferent depths arc as the stjuare roots of those depths. 


CoroL $. Hence the exhaustion is performed in a less time 
through a pipe or tube inserted iu the bottom ; for its lower end 
becomes the aperture in that ease ; and since the distance from 
the surface of the water ia thereby increased, the velocity will 
also be increased. 


SciiOL^Iki. The orifice is here supposed to be completely 
jGllcd tby the cflj^ucp.t water during ilu^nic of exhaustion; that 
however, is not||||i\ a\ s liic case^ when the aperture is large 
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in proportion lo the size of tlu: vessel, the surface of the water, 
soon after the evacuation coninicnecs, is observed to move on all 
sides towards the colimui diiLCtly over the orifice, and this mo- 
tion l)ec(mie3 more iuid more preceptihle as the surlace descends; 
the water, therefore, meeting in diHcivr.t directions, forms an 
Ih’ which means it acquires a spiral motion in descending 
to the orifice, and the circmnjacciu water joining; 
in the whirl, produces a lunncl-slia|)ed vortex r 
A HO that extends through the bottom at O, the ; j. 

iu'^idc A HO bciiii;- tolallv void of water. But the ' 
difference in the pre1#<iire of ibc Air above an^l he- 1 
low tlic stream may conduce ^ the ^mation of 
this vortex : for the force of the e^iiciU water di- 
minishes il'ic pressure ljcueaih,'on which account the iiicumbenl 
air following the stream, finds as it w'crc an easier pa^>sage ; and 
this appears the more proi)ahli!, because the velocity ot tlie water 
in the middle of llic elTluent column is alvVaj^S greater than that 
towards the sides, wdiieh is retarded by teuacHy and friction. 


'We may therefore conclude that theory and exj^rinient are 
most likely to agree when the orifice is small. 


432 . Suppose GC Ihc horizontal plane ^ and RC an upright 
vessel filled with water \ to find the dlslance BH to which it 
will spoilt through an orifice O in the side of the vesseL 


We consider the effluent water 
as a projectile discharged hori- 
zontally at 0 with a velocity equal 
to that which a body would ac- 
quire in descending friely from 
rest through the height RO. And 
therefore ( 330 , corol. 3 , 4 ) if OS 
:= OR, and SP (perpc/idicular 



to RB) r: sOS == O will be the veriest S the /ocms; and 
SP the semi^paramai^ of the parabola described by the 
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issuing stream. Hence by prop, of the parabola, OS (or OR) 
: SP* (or 4 X OR’) : OB : 40R x OB =:BH* ; consequently 
S^(OR.OB) zr BH the distance. 


CoroU 1 . Let E be any other aperture, then BGzz 2v^(ER.EB) ; 
therefore the distances BH and.BG arc as iv/(Oll.OB) and 
V'(ER.EB). Atid if BD = OR, then DB.DR = OR.^B, 
hence it follows that BH is also the distance to which the 
water would reach through an aperture at D ; that is, the hori- 
sontal distances arc equal through apertures at equal distances 


from top and bottom of tjtf jtettel 

IP 6 i.'* • 

If EB=: 


Carol, 2. 


elc ER.EB uira maximum, 
and consequently IIR.EEQ is also the greatest possi. 

ble; but when ER = EIJ, B6 is zr RB, therefore the greatest 
horizontal distance to which the water can spoui is equal to the 

If RRss 13 each =s 4 feet, then BH s 5v'( t X 9) 

Bc 13 fei't, s^po^ing tl^Hream is not imiicded I>y the rrsi'.funcc of tlie 
air. And ISbi (he oiiiice £ is cijualty dikUnt from the top and liotUnii, 
then BGs Bits >3 feet. 


433. Let TR be a vessel filled with water", to find the 
quantity that wouli flow out through the rectangular aperture 
ABCO in a given time, supposing the vessel to be kept con* 
stantly Jull, 

Make Ot^e vertex, and CB the ordinate 
to the axis C6 pf the parabola OIB, and 
let PI bfc any’ other ordinate. 

t * 

Since /OC : -/OP : ; veloc. of fluid of 
• *BC : veloe* at DP,- •• 

4knd)|i/OC : <v/OP : : BC : IP, by prt^. of tW parkbbla; 

I^IierefoiR tll^locUies of the elftaenV water at the d^thi OC 
and'bp tlfe^ioates BC and IPadteence, if BC and DP 

|ie the petp«|kdicultd^ctioas of two inffi^ttly thin horixoattl 
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lanunx of the issuing Mra^er, the quiutities of tlie lamine flow- 
ing OoC in the same time, will be as tlwse sections ilrawn into 
the respective velocities, flf as BC x BC and DP x PI ; bat it will 
amount to the same thing if the issuing section is denotud<by the 
part PI and its constant v^loeity by DP or its equal RC, because 
* PI||BC=DPxPI; conscijuently if the part PI (or ordinate) 
were to issue witli the velocity of the fluid nt the bottom PC. the 
same quantity would be dischai^ed in the sante time ns when the 
whole DP runs out wish slsr real velocity : but the sum of alt 
the ordinates jr.^Prs# &c. t^ellii^arc cquaHo, or make up 
the surface df ^ parabola r ^|kmiO|il|||||||Urater rau through the 
parabolic sedw'n 01 BC ou^J^J^.witu a velocity every where 
equal to that at BC, the ()uantit,y Issouig umdd /’c-tltc same as 
that which flows through the whole aperture ABCO. 

• . . 1 . w 

Put s — iCfif feet, and let the dimeqiiillnjl'^thc aperture be 
also in feet; then 2\/.fOC feet is the second which 

a body would acquire in descending freely .from 0 to C, or the 
velocity of the water at BC ; and OC x BC being*e area of 
the apcrlute, that of the parabola will be yOC / BC ( 307 ); 
hence |0C / BC x Sv'iOC ^ the cubic feet per second, the 
quantity running out, ^ 

The same conclusion however, is obtained without the para- 
bola by finding the sum of all the velocities from 0 at the top 
0, to 2 v'iOC or 2 \/5 X v'OC at the bottom C, anil dividing that 
sum by the number of velocities, for the mean veldphy ; thus, 
suppose OC to he divided into an infinite number of equal parts 
OP, &ci then the sum of the infinite* progression oi square 

roots 0^ +„OPf ,+ &c..OCS will be or 5 OCVOC 

( 177 ), wHSch divided by OC their number, givis j /OC, there- 
fore 2^/5 X 7 v'PC is the mean velocity, this 4lllll^ into OC 
X OBfthVare^^of the'a^ure, gives -jOCxBCxSt/sOC, asi, 
before.* ♦ • - ^ 
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Suppose the depth OC =: 3 feet, breadth BC n 2 feet ; then 
•JOC.BC.2\/40 C-j. 5-3 cubic fijet, nearly, the quantity that 
nms out per second. ^ 

But ifthe velocity at B(’ is suppcLed to he equal to that which 
a body acquires in i'llliiig through .OC, then fOC.BC.\/2.vOC 
n: 39*3 cubic feel, the (|uaulit\ p r ^ceond. This last result is 
probably less than would he found by experiment : and on ac- 
count of the friction aiiainst tin' *<ides of the aperture, and the 
oblique motion of the particles in ^nU.i iu;j jt, See. we may con- 
clude the former, A5^feet, lo be greater. 


Carol. Jlence for the quAn^'ty tljat runs out througli an 
aperture DBCP not reaching to the top; find what would be 
discharged through ABCO, and ADPO separately, then the 
difference will b^^the Answer. ' 

434. Suppose AB to represent part of a river or cavul 
whose brMtIi is laicqual : then the velnciti/ of the water at 
any two places, as OP and QK, will be reciprocally as the 
transverse sections of the stream at OJ^ and QR. 

For let A and a represent the areas ^ ^ 

of the sections at OP and QR, and v 
and the velocities of the water at ' P 
those sections, respectively ; then An 

and a F" will denote the quantities that run through OP and QR 
in the same time ; but those quantities are ecjual, or Av zr aT, 
that is, V : n : A. And the velocities iu a pipe are found 

in the same manneri provided the water fills it at the different 
sections. 

' , Btit could we obtain the velocity of the water at th^ surface, 
and also thajfcxact dhiicnsions of the section at any particular 
place (OP), that data would not be sufficient to coniplite the 
quantity of fluid iliat flows along in a Jl^en ilme : for by reason 
of the friction at ihc bottom and sides of the canal, the velocity 
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of the water is always greatest at the surface and middle of the 
stream* The following methoil, however, has been proposed 
for determining a mean 

Suppose AC is the section of a river 
or canal in which the water runs from 
S to\Vtrds R. And let 'FB be a small 
uniform rod of wood loaded in the in- 
side at one end B with a weight siiffi- 
cient to make it swim with a p%rt isT above the surface. Now 
this being put/into runuing^Watfrj jmatcrgvelocily at the 
surface SR wUI 'make it inc)ine|||^aiK the direction of the 
stream, and consequently ac«jijired an equilibrium, 

it must float along in an ol)li(|u^6siti(m 11 RT, but the upper 
part will move slower than the water at the surface, and the 
lower end B flister than the stream at that 4ep(li ; and hence wt 
may conclude that the mean velocity of be nearly 

the same as the velocity of the rod. ' 

The experiment, howevtr, should be tried in diflerenilparU of 
the stream, and a mean taken of all the results. 

The area of a transverse section may be nearly ascertained b, 
taking a mean of several depths at equal distances across the 
stream : . 



Thus, let ABC represent the section; 
breadth at top ACs=71/««/, and the depths 
at 7 equidistant places ‘J, a,*f, st-r** 
21*1 . 2t*i. respccUvcly; then 



feet, the mean depth, which inultipUcd by 7jytenhp biMcilli at top, giv« 
\m/eet, theconteut of the section. (Mensur. Ait. a7J}. 

Now supping the mean velocity of the water Ik touiid f n be 1^/eetptt 
minute, we shall have X 78 = cubic fiet, Ihc^uantity that 

flows aioiig.|D one minute. ^ t ' 

The result found in tbi Asnner will not, perhaps, be ^ 
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wide of the truth when the velocity of ibc water is uniform for 
a coiisidtrahlc distance. But in small irregular streams and 
rivulets, other methods must be adop||^. 


Of pneumatics. 


Pneumatics In the ancient schools, and what we under- 
stand by Metaphysics, were sypanymoiis : but in the modern phi- 
losophy, pneumatics the. scienceiwhich treats of the weight, 
pressure, elasticity, &d. of air. 

435. The ahnosphere or mass of air svrrnyn ding fhcglole, 
is a Jlnid that presses by its wcighl on all par^s of ihevafllds 
surface. 

If a glass lube BT about a yard in length, 
close at Mte end T, be filled with tncrcury 
and the open end B slopped with the finger 
while it is immersed in a bason or vessel 
AC of the same fluid, then ou removing 
the finger from the orifice B, the mercury 
in Jthc lube will descend into the vessel till 
the weight of the column SH is equal to 
the weight of a column of the atmosphere 
of the same diameter but whose height is 
equal tg the whole height of the atmosphere above the earth's 
surface. For the end T being close stopped or air-tight, the 
empty space TH is a vacuum, consequently there is no pressure 
on the surface of the mercury at H, and bnnee the column HS 
is a counterbalance to the weight of the atmosphere acting da 
the orifice B by its pressure against the surface of the fluid in 
the vessel : Ais also appears by letting in the air at the top T, 
for the mercury will all sink into the vessel ; it is therefore kept 
suspex^ded in the tube by the weigf^ or pressure of the atmo- 
’Sphere. This is called tlie jQjpricdlian experiment from Torr^ 
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ccllius the malhematician and pupil of Galileo, who made the 
discovery. 

The length of the column SH varies from ahont 28 inches to 
SI. Suppose the height to be 29? inches, the tube uniform, 
and the area at the orifice B — 1 square inch, then llie column 
of mercury SH will be 295 cubic inches, or 239 ounces; and 
therefore in a mean state of the air (or when the height of the 

column SH is inches) its pressure upon every square 


inch of the earth’s surface U nearly 15 pounds. So if the ori- 
fice at T were stopped with the p^m ofethe hand, a pressure 
equal to would be fell on the back. 




But the tubes corniuouly used are 33 or 34 inches long, and 
the internal diameter about \ of an inch ; they arc scaled Ikt- 
mctically at the end T; and to the upper part Il'T is attached 
a scale of 3 inches divided into inths, aud sukH^ided to lOOiiis, 
by means of a sliding vernier; the lowest division is numbered 
26, and the hcighc.^t 31, these arc inches, and the heijjj^u of the 
mercury in the tube above the snifaceol ilic mercury in llic 
vessel at botloiu is shown at all times in inches and parts of an 
inch. The lube vviili its scale, &c. when fixed in a frame is 
called a Barometer. 


In fair settled weailier the mercury is up at 30 inches, aiul 
sometimes higher. When it falls to 29 ; ; change is usually ex- 
pected, But., it seldom sinks so low as 28 inches, except in 
very stormy weather. 

Mercury is about 14 times heavier than water^" ilurclbrc if 
the fluid in the tube*TB aud vessel AC were water, the height 
of the column US would he 29j X 14 == 413 inchc‘>, or about 
34 feet, supposing the tube long enough, which is the reason 
that the piston of a common pump for raising water must work 
in the barrel or cylinder at a distance less than 34 lfN;t from the 
furface of the water in the well. 


S M2 
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But because the perpendicular preasure of the column of mer* 
cury BH and that of the column ofcaic on the whole surface 
Ai> arc in cquilibrio, it may not be conceived- why the 

weights of the two columns are unequoL Let us suppose the 
tube tn be lengthened, but bent at. the lower end, so that its 
orifice OR is even with the surface of the mercury ; also let 
RV be the column of air having OR for its bastj^ and height 
RV equal to tbe luight of the atmosphere; then if all the mer- 
cury were takep out of the vessel (that in the bent part'of the 
tube exceptedj it is evident jhe’j^^ilibriuin would sHIl remain, 
and therefore the U’et^^i^l|(p%^mns Sli tihd RV must be 
equal. Frtr it the cw«a.((i^rei cylinders of' equal diameters, 
their weights will be as i^jr..'B£f8surc$. 


Since the atmosphere is a fluiil variable in weight, it fcdlows 
that bodies of un^)i,al;|sp,ecific gravities will weigh differently in 
different stattHH|£ Thus, if a piece of wood is an exadt 
counterpoise to^^jlutid of lead in a nice pair of scaled wrhen 
thclnercury in tbe^baronicter is at 2S inches, it will not weigh 
St pound when the mercury stands at 30 inches. For the air is 
more dense in the latter case by about fV than in the former, 
therefore the lighter body or that whose bulk is greatest, will lose 
more weight or became mtirc buoyant than the heavier,' and 
conseqiienity the lead must preponderate. Hence it has been 
suggested that advantage may be taken in buying and^aelling 
gold and jewel8i,-by vi^ighing them in pahicular stales of the 
weather. , , 0 - ^ 

It appel^ from many experiments that the weight c^^cubic 
foot of air whin ip a niean<.state near thq earth’s surfaw^ js 
ounces avoirdupoise, very nearly. Hence tbe absolute weight 
of a body is what it would weigh in vacuo. 


/se 4-39. //’#« air was of the same densitjf> at ail^kitiides is at 
the earth's suijace,^s height would be between five^and six 
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Let RV reprewnt the bomogeneons column of »ir equal in 
weight to the coltimp of chercury SH which suppose to be fl9| 
inches. Then (426» eorol.) the heights RV, SH will be reci« 
procally as the specific gravities of air and mercury } therefore 
1-jr : 14000 : : 344 1 66 inches, ot 5 A3 miles the height of 

the colun^n RV. The specific gravities of the two fluids how- 
evi^r, wilh''vary if the tenqx'rature varies (Schol art, A9^). So 
when the mercury in the barometer' stands at 30 inches, and 
the thermometer at 53 degrees, it h-is been found by experiments 
that thfi specific grayitieai^^ai^mter, and mercury, are nearly 
as li, 1000, and 1360o|:%ilG^IWs^ll have, l|- : 13600 : : 30 
: 340000 inches, or 5*366 ou|n^^ freight of an huniogeiicuus 
atmosphere whose density Oe equal to that.of the air at 

the earth's surface, and weight the same as that of the real at* 
iliosphere. ' , , 

Or taking if for the specific gravity.Oj^ttjlgiFes 276ig feet, 
df 5:269 miles. 

437* The air is also an elastic fluid that may he condensed 
or expanded. 

One of the most simple instruments that shows the air to be 
elastic, and condensible, is a boy’s popgun. For by pushing 
in one pellet with the handle or ramrod, the air that occupied 
the whole extent of the barrel is ' cohdetfsed till its spring or 
clastirf foi^ is sufRcient to propel the other* On this principlc- 
the air-gun is constructed, only the air is fir|^t condensed in 
th^^^am her or barrel, and this being suddenly dpentil by means 
of a trigger, the air rushes out with great violence against the 
bullet. ' • 

ASSt JFhenair is compressed, its density, and elastic farce, 
tr* proportional to ike weight or force, that cOjmpreises it. 

*' > »► , ■■'.a- ' ' ^ 

Let ABCD be a lot% crooked glass tiilil, close at tlu^sUt^M, 
Mat open at D; the internal diameters of the parts a.aU CD 
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being equal. Fill the lower part BC carefully, $o 
as to leave the air in BA in its natural state, but 
stop its communication with the external air. 
This done, pour in more quicksilver till it ascends 
in the leg BA to H the middle point between B 
and A^; then IG the height of the mercury in the 
other leg above H will be found equal to the height 
of the barometer at that time. 



on 



The air in H.\ therefore is condensed into half 
its former volume by the weight or pressure of an additional 
atmosphere or the weight of the column of mercury IG which 
is equal to it ; for the air in its natural slate was pressed by the 
weight of the incuml)cni atmosphere only, but now the com- 
pressing force is the column IG, together with that of the 
column of air directly over it ; consequently the density is dou- 
bled by a doubte^^^gtessure. And since the pressure of the 
mercury and the aefion of the air are equal in opposite dire<;tioris 
at H, the elastic force of the latter is increased in the same pro- 
portion as its density. 


Again, if the pressure be doubled by pouring in a sufficient 
quantity of mercury at D, the mercury will rise to O the middle 
of H.i, and condense the air into the space OA or ^ of BA. 
In this manner it is found that the density is directly propor- 
tional to the compressing force. 

The spaces BA, HA, OA, arc reciprocally as the densities 
or as the compressing forces. It is said howt-ver, that after air 
is condensed into about 7 or -j- of the space it occupied itH its 
natural stale, the repulsive or elastic force increases in a greater 
proportion than the volume diminishes. 

Carol. 1. Since the atmosphere at any height from the earth 
is pressed by the weight of the air above it, the greater that 
height, the less must be the air’s density ; thus it is more dense 
at th^,<foi>t*’of a mountain tlian at the top ; and still greater at 
the bottom ^ a deep pit than at the earth’s surhic* 
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CoroL 2. Thf elasiic force of the air heinp equal to the 
force of comprc^sicMi, and (arL 4361 5 j(»6 miles or 310000 
inches r- CS333 feet the height of an iHjmogxneniis atmosphere 
whose pressure would be equal lo lliat of ili^* real atmosphere, 
wc shall have (arU 430), ^/(4 X le.V / ‘.^H333) - J350 fret, 
the velocity per second with which coinn)*)n air at the earth's 
surface would rush into a \ac;juni. 

439 - Heat erpands, and cold randrnsrs air. 

I'huc, Let d bladcLr with a littk it be tied very close, 
and laid before the fire ; ihcn as the inclosed air ^rows warm, 
the bladder will distend, and at last burst If the beat be con- 
tinued. Rut when ihc bladJir is removed lo cool, it will con- 
tract again to its former size, 'riie elastic force of the air is 
therefore increased by heat, and diminishcd.by cold. 

v'f.' 

'i '* ‘I 

It is aUo found that all fluids, and most solids expand by heat, 
and contract by culd. And therefore in det.rniining specific 
gravities, and making experiments with the baroineU r, it will 
always be necessary to mark the tcmperainrc a< shown by the 
Tiiermomkter. This instrmnenl is well known. 

It consists of a glass bulb H with a small tidje ST of t ;! 
the same material fixed in a frame ; the bull) and lower 
part of the tube arc usually filled with m. rcury, but 
the upper part of the bore should be a p'/vfect vaemm, 
and the end T hermetically sealed. The digrces of | 
temperature arc shown on a graduated scale in the I- 
frai^e. Thus, when it just begins to freeze, the snr- 
face'of the mercury in the tube will be at the divi-'i i.i ^ 
numbered 32, which therefore is call* d the freezing 
point. But when the weather changes to warm, the 
mercury in the bulb will expand, and Cf)n5cquinily rise in the 
tube, so th^t in the summer it is sometimes a*.high or higlicr 
than the 80th.' divisiorA If the instrument he immersed in 
boiling water, the mercury will ascend to the 2l2tludivi^on or 
degree. And if the Itcat be sufficient to boil mercury, it will 
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rise to fioo degrees^ provided the tube'he'Iong enoogh. Thie 
is called Fuhrenheit'i i>caiey 'which was cetfsfhiMed thus : Having 
observed where the mercury stood in the tube in a very severe 
fiost in Iceland,* he marked that point with 0 for the lowest, or 
the beginuine; of his divisions ; and then deiermilted the other 
extrenftor highcht point of his scale by boiling the mepcury'; 
the distance lictwcen those extreme points he divided into 600 
ccjiKil pans or degrees ; and afterwards observed that the mer* 
enry in the tube stood at the 32da division of his scale when 
water iust becran to freeze or snovyi'to ntelt ; and that it rose 
to the 212 // 1 . by the heat of ^tiT. It is found how- 

cver, that the heat of cncreasps with the weight 

of the atmosphere as shewn by^l^ barometer. 

The Thermometers in common use contain about 100 or 120 
' of the 600degi'ccs. .Qi^ fur part^ular purposes the graduations 
arc continued do\||H|Myieom 0 ; thus mercury is congealed by 
the cold at 10 point on Fahrenheit’s scale. The 

freezing point on Reaumur’s Thermometer is o, and that of 
boiling water BO : sometimes however, this iatte’r poiAt is num- 
bered 110) hence, by proportion, the different thermometers 
are easily compared. 

The temperate state of the air in England is reckoned at 55, 
which is ue^ly a mean between freezing and summer heat. 
And to this degree ^ tho thermometer, 'when the height of the 
barometer is 30 inches, the Uble of specific gravities (art, <t23) 
is calculated. ^ 

'jf( . i- li , 

440 /^hC expansion of air, water, and. mercury, answering, 
to one degree on Fahrenheit’s scale, arc aUpdl ^ 

,^55 of their bulks respectively. ^ 

Brass rcnl «.• • • s ♦0(M>is63 ioeb^ by 

Expans^po.^of , Steel rod, ./.. = ’00007® f doe degrec^of 

Ifuptof Caglkon.?^., St *000074 FalfNnh^ 
Solid glau rod r t00go|36 J, 
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44 !• If vertical distances he taken from the earth^s surface 
in arithmetical progression^ the corresponding densities oj the 
atmosphere will decrease in geometrical progression ; sup^ 
posing the force oj gravity constant. 

Let BT represent a cylindric column of the at- 
mosphere perpendicularly incumbent upon the sur- 
face of the earth at and suppose this column to 
be divided into innunuTable thin parts or laniinsc of 
equal heights BC, CD, DE, &c. also let o, hj c, 

&c. denote their densities in succession from B 
upwards then if the magnitude^ or the height, of 
each laminae he represented by m, their weights 
will be proportional to ?« / a, w X Z*, m X c, &c. 
or wfl, mb, mcy &c. (considering the density of 
each as uniform) ; and since the densities arc as the compress- 
ing forces or incumbent weights, the densities at B, C, D, &c. 
will be respectively 

as ma I mh i wc | rr/cZ, &c. or as u f fc 1* c V d, &c. 
mb I wc t md, &c. h \ c i d, &c. 

me \mdf &c. c; I d, &c. 

That is, a : a y h \'C fd, &c. : : t i fc l-d, &o. 

or, a : b \ c |-d, &c, : : h \ c-\rd^ &c, by division. 

In like manner we get, i : r + d, &c. c : d -4- e, &c. 
therefore by equality, 

a : i fc l-d, &c. :t b : c f d, &c. : ; c : d+a, &c. 

but 5+c f d, &c, c + d, &c* arc as bj c, &c. 
hence a : b :: b : c :: c : d, &c. That is, a, b, c, &c. are iu 
geometrical progression. 

Hence, when the heights are in arithmetical progression (the 
common difference of the terms being m) the corresponding 
densities a, b, c, &c. will <slecrease in geometrical progression. 
Now when an arithmetical series of numbers is adapted^tp a 
geometrical one, the former will be analogous to the logarithms 
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of the tatter (Arith. 155)^ it therefore follows that the altitudes 
increase as the logarithms of the corresponding densities de« 
crease. Or If we make the heights beginning at the surface a 
descending series^ the two progressions will decrease together. 
Hence any height (BE for example) is proportional to the dif- 
ference of the logarithms of the densities at B and E, or to the 
difference of the logarithms of the heights of the mercury in the 
barometer at B and E, because the^ densities are measured by 
those heights. This however^ is better explained by means of 
the Logarithmic curve. 

44S. Let BT be an indefinite right line pcrpendl* 
culiir to the earths surface at B, and siipj^ose the densi* 
tics at B,C, D| See, to he represented by the lines BA| 

CG» DK, Ac. (perpendicular to BT) then a line through 
the extremities A| G» &c. is the logarithmic curve. 

For if PE| ED^ DC^ are equal, liic abscissas PE, 

PO. PC, &c« are ii^rithmclical progression, \vliile the 
corresponding ordinates (or densities) FQ, EL, DK, &c. are in geometrical 
progression, which is the property of a h>garithmic curve. Thus in Brigg's 
scale, or the common logarithms, if PQ, EI^ DK,&c.are 1, 10, 100, &c. 
then PE, POf &c. are I, C, (the logarithms of 10, 100, &c.} And 
since the series 100, 10, 1, ^*5, Ac. may be continued 1/1 it is evident 
the curve can never inert BT, whicli therefore is an asymptote. 




443* /ft Ms curve all the subtavgeuts are equal. 

Let K1 be a tangent at any point K, KD the ordinate 
at that |K>iot, then DI is the subtangent. Suppose 
DC, CB are indefinitely small biitei[ual parts of the 
axis; draw the ordinates CG, BA, and let GO be a 
tangent at O, ^ 4 make KR, GS perpendicular to 
CG, BA* Then since CG is a mean proportional be- 
tween OK and BA, we have 

DK : CG :i CG i BA : : (by division) CG— DK (or RG) ? BA— C6 (or S A), 
theiefore DK : R6 : : CG c, SA. But the indefinitely snutll am RG, GA 
may be considered as right lines cotnddlng with IK. OG at the points 
R, O, respet ’ivHy, and the triangles IKD, KGB; OGS, GA5 will be re^ 
epcctively similar, whence ^ 

m : j|^ : : DK : KG i : CG : SA (by tlie former proportion) \ : CO ; SG4 
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l^hat iS| D1 : RK : : CO s SO 5 but KK =* SG^ therefore DI rs CO. And 
since the same reasoniiig will liold good at any point in the curvCi all the 
subtaii^nU must be e^ual. 

444. Jm NGA (preccJing fig.) and wQZ he tx£>o lof^aiiihmic cw'vcs, 
MN = mu MC, /wll, the logarithms of equal numbers or ordinutvs CG, 
IIZ ; GO, 2X tangents: Then subtafig* CO : suhtang. IlX : ! MC : mil. 

Suppose CD, IIW aiv indefinitely sniall, but pro- x 
portiunal to the logarithiiis MC, mH,or so that MC : ^ 

CD : : m \\ ; n W; and draw DK, WQ parallel to CG, ^ 

IIZ; and KR, QF perpendicular to Ct^i HZ; then 
CR and RG are equal to HF and F!Z| and the triangles 
RGK, CGO; F2Q, I1Z\ being respectively similar, 

Mrc have 

CO : RK : : CG : RG t ; HZ ; I Z : : HX : FQ, 

And alternately, CO ; IlX : : KK (or CD) ; I Q (or IIW) 1 1 MC ; mil. 

These constant subtangents of the logarithmic curves are called the 
moduli of the systems. In the hyperbolic logarithms ^he sublangcnt is 1, 
and the logarithm of 10 is 2*3023851, now 1 being th^logahthin of loin 
Biiggs’s8cale,wc have by the last proportion, 2*3025851 » I :: I : •43420448 
the modulus of the oominon or 6ngg*s logarithms. Hence if the common 
logarithm of a number be multiplied by 2*3025831, or divided by its reel- 
procal '43129448, the result is the liypcrbolk Jogarithni of that number. 

445. (f a fiumher be very nearl^y tpial to J, its$xce\s abovt I is to its 
logarithm^ as 1 to the snbiangaii. For letVVQ= 1, QX a tangent at Q, 
HZ the number or ordinate at a small distance Irom \VQ, and WU its 
logarithm ; then the arc QZ and its chord will be nearly equal, and the tri« 
angles FQZ, WXQ similar; whence FZ ; QF (or WH) : ; WQ : WX. 

446. Let HZ, VN be any two ordineUes, NO perpendiq^ to HZ, and 
ZX^MMige^i^iz/Z; tlutfi the quadrilinear space lYttiV e^ZmtdnpUed hy 
the sMfmgeni QX. For suppose \VQ is parallel to, and indchrp*e«\ mur 
HZi apd QF perpendicular to HZ; then tlu^ triangles HXZ, IQZ rna> l>e 
considered as similar hence HZ i HX : : I Z s i Q, and HZ.!* QsHX VZ ; 
but WQ being infinitely nearly HZ, the n ctangje HZ.FQ may be uken 
for the area of the ^uadrilinear HZQW, u>ji>equ4 iitly KX-FZ^s the area 
HZQW ; hence if we conceive the quadrihnear HZN V it* he c-omposed of 
^nn infinite number of elemenibry quadriMnear s(>af:es HZQU , &c. theif 
areas together^ Jwill be HX X all thf f Z^ but all the FZ (ogctiicr ^ 

tfieicfor^ the qi&driliiiear H2!NVs= HX.UZ. 

3 H S 
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Corol. H^’ncc the infinitely long space contained by the ordinate HZ, 
asymptolr H I', and curve ZNT is = the subtungent ilX drawn into the 
ordinate HZ : For ultimately OZ =s HZ. 

447 . Now let iheilensitics of the air at the earth’s surface IT, 
and heights W, V, &c. be denoted by the corresponding ordi- 
nates HZ, WQ, VN, 8:c. respectively ; also suppose HV — the 
height of an uniform atmosphere (Art. 436), and complete the 
parallelogram VIIZP; then llie pressure on the surface at H 
will be proportional to the sum of all the densities or (HZ 
X subiang. HX) the area of the infinitely long logarithmic 
space in Z which is composed of the infinite progression of 
ordinates. But this is also represented hy the parallelogram 
HP, or nV X density HZ ; iherclore HV the altitude of an 
uniform atmosphere is the subtangent of the atmospheric loga- 
rithmic ; and if ZX be a tangent at Z, the points V and X will 
coincide. 

If therefore IIZ be the density at the surface H, and WQ 
the density at W (which suppose to be the top of a high n)oun- 
tain, for example) then the height (HW) will be proportional 
to IIVV the dillcrence of the logarithms of HZ and WQ : But 
if the curve were actually constructed, its sublangent w'ould be 
27 blt) fett (436), and the difTercnce of the logarithms adapted 
to that siihlangent would be the height HW in feet ; therefore 
to find that difference by means of the common logarithms, let 
Z) and d be the densities at H and W, then log. D — log. d 

z: log. of hence to find the log. of ^ when the subtang. 

is 27819, wch'Ae ••1342914S : 27819 :: /of. of ? : — ■ 

° a *43429448 

X lot or 64056 X log. of the log. required, or the height 

fiW in feel, when the temperature shown by Fahrenheit’s 
thermometer is 55°, and the height of an homogeneous atmo- 
sphere “ 27819 feet, answering to 3® inches the height of the 
mercury in the barometer: But if 29 J inches be the mean 
Bei^t of the barometer, we sbal) get 27355 feet instead of 
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and taking the mean or L'73S7 feet for the length of 
the suhlangent, gives 035:21 / /o(r. the heightj in ^lect, or 

10587 X log. ^ the lieight in fathom'^ ; But the densities ( i), J) 

are measured hv the heights of the iKiroiiietcr at the places of 
observation H and W, therefore the diOerenee of the coninum 
logarithms of those lieights / 105S7 i^ tl'c* height of one place 
above the other in fathoms when the iherinoinctcr is at 55®: 
But as the air expands about - 4 };, of its hulk by I degree of 
Fahrenheit, and the compressing and expanding forces equal, 
it follows that tlic re>idt or height must be corrected by adding 
the 435 th. part of it>ell for every degree witieh tlic temperature 
is above 5.V', or su!)lracting, when llte teinpcralure is belowv 
The factor 105^7 however, is usually changed to 10000 , and 

the expression for the height given thus, 10000 xhg. (where 


H and h arc the heights of the barometer) which is found by 

H 

reducing the temperature from 55'" : 'I'bus, let / =: log. then 

10587/ 

since the heieht 10587/ — 10000 / 1 55//, and answers t(» 

^ 4 35 


10587/ , 

1 degree, we have : 1 

^ 4oo 


5S7/ : 


5b7 /435 
10577 "" 


1257 

10587 


degrees, ibis (neglecting the fraction) wlurn lakcn from 55®, 
leaves 31® the temperature in which the expression 10000 X log» 


H 

h 


gives the height in fiithonis ; and the result is to be aug* 


inentcd by adding Its 435lh. part for every degree that the 
teniperature is above 31® ; but diminished by subtracting, when 
itfs below. 


Examp. 1. Wbat is the air's density at 7 miles above the cartl/s fliii f.ic v f 
7 miles = 6160 fathoms ; therefore 10000 X lOOOO (Jog, D — 

iog^ d) = 6160, whence log ioooo ' ” "" ' assuming D 

the density at the earth’s surface = tO, iU log. is 1, wliich gives log. d =s 
•3840 the log. of 2*42, which is nearly J of 10 ; therefore tliC air if abotit 4 
limes rarer at the height of 7 miles than at the surface of tiie earth. 
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E^tmp. 2. Siippfwe the mercury in the barometer is 25’74 inches high 
at tlie foot of a mountain, and inches at the summit ; what is its 
beighti if tiie mean temperature be 50^ ? 

log. 1*473341 
26*41 log. I M i *768 

0*051573 and lOOOOX*Oj|573=515*73. 

teiiiperalua* above and of 5I5*7 j =s2f*53 add 

515-73 
Height =s 538-26 

'^ili 

Computing by the formula 10587 X log. we liave 10587 x '051573 
SS 546. 

55^»»j0'*=5* lempcralurc below 55"; and ah of 54CssC*28 subtract 

54(?* 

Hfijjht sr 5.li>-7g /a/A. 

The difference of the rcsnlls arises in consequence of neglecting the frac. 

tion iVVtV 

Examp, 3' If the lieiglits of tlie baromeler at the irattom, and top of a 
lull, are 29*37 and 2G*59 indies respectively, and the mean temperature 
what is the height ? 


29 37 l^'g. I'-ltM.mt 
i(t;-59 log. 1 4247 IS 

Y /p^'. 0*0 13186 and 10000 X *043166=: 431*86. 
h _ 

Sl'«~26*sc3‘‘ temperature below3I*; and 431*86 s 4*96 subtract 

431*86 


Height 426*90 /alh. 


44 S. But on Account of the great difference of temperatm, 
iu tow and elevated situations, several corrections are necessary 
to make the results from barofnetrical observations agree with 
geometrical measurement Before M* de Luc begifn his expe* 
riments with' the harometer, a mean of the two temperatures 
shown by the thermometer attached to Uk barometer, and the 
heights of the mercury iavthe barometer, at the botUmi and 
top uf^ a hilt, were thought sufficient to determine ite height 
41 ^. dc Luc however, found that an additional or detached tber> 
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niometer was also necessary, (see his Recherches sur les Modi^ 
ficaiions d« V Atmosphere), .and this has been confirmed by the 
experiments of Gen. Roy, and Sir. G. Shuckburgh. The for* 
mulae for the height (in fathoms) according to the two latter 
observers are the following : 

Gen. Roy... (IOOOO/:;:*4«8(/) x (I (/— 32*) X *00345) 

Sir G. Shuckburgh (I0000/qp‘440<f) X (I + (/— 32") x ^34J). 

■ 

Where I zi the difference of the logarithms of the heights of the 
barometer at the .two stations, 
d = the difference p/f the degrees shown by Fahrenheit’s 
thermometer attached to the barometer, 
f zz the mean of the two temperatures shown by the de* 
tachrd thermometer exposed for a few minutes to 
the open air in the shade at the two stations. 

The sign takes place when the attached thermometer is high- 
est at the lower station, and the sign + when it is the lowest 
at that station. 


Examp. To And the height of a mountain from the following observes 
Sions taken at tlie foot, and summit! 


attached 

thenn. 


detached 

therm. 


Lower stalion....M.....29*863 68*. 7 1“ 

Higher staUon 26-137 63®. 55® 


inches 

Barom. 29*S63...'.A?g. 1-475119 attached therm. 63* detae.ther. 7 1 
26*137. ...&^. 1*417256 63'’ 55* 

diff. f)*Oj7S63a!f. diff. Tsd mean «*=/. 

i ’ . > * 

/— 32®=531*,and l+(31X*00245)=!l 07595 
I0000£=l000OX-057863=s578-63 
•468ds=-468 X 5=3-34 subtr. 2*34 

57b'2tt, and 576*29X I‘9~595 ss620 Jathoms, 

the height. 


'tfe 

By the first forwulai 


ia computing the height by the formula 10000 X (in die preced- 

ing articteyflke take llio mean tempmture by Uie detached thermoinet-r; 
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and correct the barometer for the ditrerence of tcniperaliire shouii bv iffc 
attached thermometer : "I'luis, since mere ury expands about of its 
bulk by 1 degree of the ihennomcler, of 'JC-137, or *014 ol au inch 
will be the correction for j Ibis added to 2G'137 gi\cs 'J6*131 inches the 
corrected height where it a as coldest. 

I 

59*8(i2 log • I *475 ] 1 9 fd ^ — 3 1 ® = 3'S mean temp, abov e 3 

i6'l5l log. 

diff. (vo:)T6:3I 

Then 10000 X *057631 =576*31, and 57C‘3t h- X 57031 = 618*7 

4Jj 

the height. 

Rarnsden^s engraved Table gives the height = 3730 feet, or 
fathoms. This Table is on a slip of paper I fool long, 
and about 3^ inches wide ; the logirithniic clilfcreace from 25 
to 31 inches arc given to 5Q0ths. of an inch, and the corrections 
for the thermometers at both stations foinul by inspection. 

Jlemarh In determining altitudes liy the barometer, it is 
best to make the observations at the upper and lower stations at 
one and the same time as nearly as can be ; but great care must 
be taken that the two barometers, and also the thermometers, 
arc alike ; that is, they should precisely agree when together in 
all slates of the air. It is also necessary that the specific gravity 
of the mercury be well ascertained, because it is not equally 
pure in all barometers ; which is the principal reason why dif- 
ferent results arc so frequently obtained from observations made 
with different barometers at the same stations. Other circum- 
etances however, not generally known, may contribute to such 
disagreement : thus, Mr. Ramsden proved, by experiment, that 
the quicksilver in barometer tubes made of different sorts of 
gla^s will be suspended at different heights. 
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449. The Syphon is a bent tube RHO 
for drawing off liquors ; one leg HR is usu- 
ally made longer than the other, so that 
when it is resting on the side of a vessel, the 
outward end R fit) Is lower than the end B 
immersed. 

To use the syphon, fill ^ %ith the liquor, and stop both ends 
while the end O is immersed^ in the vessel, then if they arc 
opened, the fluid wili continue to run out at R as long as that 
end is lower than the surface of the liquor in the vessel, pro- 
vided the end O be kept under that surface. For the weight of 
the column of fluid in HR is greater than that of tlic column 
in ll)e other leg, therefore (considering the bend at H as the 
fulcrum) the former column must descend ; and the effluent 
stream is continued by the constant pressure of the atmosphere 
on the suiface of the liquor in the vessel, which makes it ascend 
in the leg OIL 

If the vessel contain water, tlie bent part of the syphon (H) 
must be less than 33 or 34 feci from the water's surface, because 
that is the' greatest height to which water wili ascend by the 
pressure of thc;jitmospherc. 



450. The common sucking Pump. This 
id ^vhollow cylinder or barrel TB containing 
a fixed valve V, and a piston P moveable up 
and down by means of a rod R fixed to a 
handle ; in the piston is another valve, and 
both valves open upwards. 



V 



To work the pump. fLct PA be that part 
of the barrel in which the piston moves, and 
suppose ifbth valves tabe shut, and the lower 
VOL. 11. 3 0 
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end B iinmersefl in water. Force down the piston, and the air 
beneath will open its valve, then draw^^it up, and the valve shuts 
by the pressure of the air above, by which means the column 
of air in AP is lilted up or drawn out of the barrel ; now the 
quantity of air which occupied PB .being diminished, the air in 
BV Will expand and open the valve V ; thus the internal air be- 
comes^refied, and therefore the external air by its pressure on 
the surface of the water at B will raise it a little in the barrel. 
Again, force down the piston, and the air in PV will shut the 
lower valve, but open the upper Qgg ^^ t hcti by lifting the piston 
another quantity of air is expfl!cd^4i|^ihc water in consequence 
rises higher; thus, by continiiing'thc operation, all the air is 
drawn out of the pump, and the water will ascend above the 
valve V and be lifted up by the piston till it runs out at the spout 
S. W<iter poured into the tup of the pump will exclude the 
external air, should the pistoti not lit the barrel quite close 
ftiough to be air-tight. 

The pressure of the external atmosphere must raise the water 
above' A, which thercl'oYe cannot be more than about 32 or 33 
feel from (he surface at B. 

451. Fokcing Pump. In this the 
piston P, which is without a valve, works 
above the spout S where a valve opens out. 
wards. To expel the air (the valves being 
shut; force down the piston, suppose to 
A, and a quantity of air equal to that in 
PA will escape at S by forcing open the 
valve, then on drawing it up again that 
valve shuts by the pressure of the external 
air,. and the air in- PV being thas dimipisiied, tlic valve V is 
opened .by tffi expansion of the air beneath .as- in the other 
piimp. Now if the piston be . again forced ,down, the lower 
valve will Atsc and anodicr quantity of nr be forced out at S ; 
and since the wa^ rises in''tl^||^rrel everjr time the piston, is 
drawn up, it will finally ascend to P (if PB is not-moie than 
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about 32 feel) and be forced through the at S by the 
descent of the piston. On this principle the engine for extin« 
guishing fires is constructed. 

If the end B of the barrel be closed, and the valvj.»s made to 
open in the contrary directions^ or that at V" downwards, and 
the other at S inwards, it becomes a condenser^ ^^*bua| when 
the piston P is pressed down (suppose to V ) the air in rV will 
be forced into VB j then on lifting the piston, the valve V is 
shut by the spring of the inclpsed air. and the external air will 
rush in at S and fill the 9 ^md by depressing the piston 

again, another quantity of ;air is forced in. and so on : in this 
manner the air in VB will become more and more condensed. 

452. The Air Pump. This is a machine 
contrived for drawing the air out of a vessel 
which ill experiments, is usually called the 
receiver^ The principle is the same as in 
the common pump : Thus, TV is a barrel 
in which the piston P (with a valve opening 
upwards) works perfectly air tight, R is the vessel or receiver, 
this communicates internally with barrel by means ol a bent 
tube OV, and at V is a valve that opens upwarch as in the 
common pump. Now when the piston is forced down to V 
and then drawn up, it lilts out or expels the air in VP which is 
immediately fillei again by the air in the vessel R that expand? 
through the tube^V j in like manner, by depressing and lifu 
ing the piston, another quantity of air is drawn out ; and if the 
operfUion be continued, the air in the receiver may be txhau-^L- 
ed till its elastic force is loo weak to open the valve at V, 

Hence if the capacity of VP, and that of ihg receiver and 
tube are given, we can find how much the air is rarefied by any 
number of lifts or strokes of the piston thuSf 

Let 1 denote the air in and R togeth^r^ and ^ 

that in PV.' 
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1 * 1 

Then 1 — or is the air left after the first stroke; and 

P P 

since the remainders arc successively diminished by the pth. part, 
we have 

f^-^) the rchiainder after the 2d. stroke ; 

p p* \ p J 
^ ^ 

that is, 'the remainders form a descending geometrical progres- 

p J 

sion, the first term being 1, and ^mmon ratio and there* 

fore the remainder after n strokcsTwlll be ^ ; but the rc« 

inainders successively occupy the same space, and consequently 
the densities are denoted by the terms of the scries. 

Suppo'Ne the rapacity of the tube VO and rrrt i\pr K together is cijualto 
10 times that of PV llie part of the barrel in which the piston works, then 

PV is of tilt* whole, ni pssl I, and let n = 30; then 

= -008318 the density of iheinclosi-d air after 30 strokes or lifts of the 
piston, which is ucaily y{.r of I the fot deusih j so the air is rarefied 
about 117 tiinej.bv SOslroktsw 


Should it be required to determine how many strokes would be 
necessary to rarefy the air a proposeil number of times, lei r == lliat number, 

(lien (he density will be and we pet (^”) = “» "hence n x fog, 
=z log, L Suppose r = 60, and let p = 1 1 ^^as above), then « 
rfrfo' (taking the rccipiocaK) w = 7 —“^ = 4 J, nearly the num- 

T1 Iff 

her of strokes by which tin* air would be rarefied 60 limes. 

But a complete air pump is constructed with two barrels : and 
furnished with various apparatus for difftrent experiment®. 
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Of Tii:: RESISTANCi:, and the FORCE or FLUIDS. 


454. fVhen a woies in a JluiJ at ml, the rcshlunce 
is as the square of the velocitif. 

For the resistance is cviJently as the velocity of^the body 
drawn into the number of particles it strikes, or if v z: the velo- 
city, and n — tlic ininilier of particles, the resistance will be as 
ni", but the number of pitticles struck in any time is as the 
velocity, therefore substitiljfiig v for n gives i/’, that is, the re- 
sistance is as the square of the velocity. And since action and 
re-action are equal, the force of a fluid moving against a body at 
rest, is as the square of its velocity. 

Carnl. If the body be a plane moving perpendicularly to its 
surface p, the resistance will be as pu*. I’or the resistance or 
re-action of the fluid against an indefinitely small part of the 
plane is as n’ or l x t»’, against double that part as 2 / r', &c. 
and therefore against the whole plane p, ds p ^ ii'. Also 
because the number of particles struck in any time is propur. 
tional to the density [d) of the fluid, the resistance will be as 
d 'A p / or dpv^. 

455. If a plane PL move in the di >crlion PR or obliquely 
against a fluid, and s - sine «/LPR the angle of inclination 
[radius being 1), then supposing the resistanre in a perpen^ 
dicular direction to be Jpn^ (as in the last corol.), the resist, 
ance in the oblique direction is dpv s • 

Make LR perpendicular to PU. 

Then the number of particles struck 
by the plane moving in the perpen- 
dicular, and oblique positions, will 
be as PL to LR, or as radim 'it* the 
sine of the angle LPR ; hence the 
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expression dpv* when reduced in that proportion becomes dpv*s\ 

, for 1 : 5 : : dpv ^ ; or dpv's ; therefore supposing LR a 

plane moving perpendicular to its surface, the resistance would 
be as dpv*$. Let this resistance l)e represented by PR, and 
draw RO and OB perpendicular to PL and PH, respectively; 
then since the resistance perpendicular to LR is to the resist, 
ance in the direction RO, as radius to ;lhe sine of the angle 
LRO (=:fEPliJ the inclination of RO to RL (319, enrol. 4) 

we have rad. : PR ; : sin. OPR : RO,.or 1 : i : : 

consequently RO w'ill repvsent thj^’'%i^stance or the re-action 
of the fluid in a directionij|]l^rpendieu)ar to the plane PL ; and 
hence by the resolution of forces, RB and BO will respectively 
be the resistances in the direction of, and perpendicular to tlie 

dtiv^s^ ■ 

plane’s motion, whence 1 : * - (or OR) : : s (or sin. BOR) 

: or dpv’s', (or RB), the resistance to the plane in the 

direction of its motion. 


Coral. 1 . Hence the resistances to LR and LP In the direc- 
tion RP, are as the square of radius to the square of the sine 
er-.’.nr < » '^P*'** dpv\s^ 

of LPR, for 1’ : = jT~* 


Carol.' S. Let c = cosine of s, or sine of the angle BRO; 
then 1 ; dpwV :: c ; rfpvVc or BO, the resistance to the plane 
in the direction BO or perpendicular to the direction of its mo- 
tion; this resistance therefore varies, as s*c, 'oras(l* — c*)c, 
because s* — 1* — c®. 

Hence we may determine what will be the most advantageous 
angle the rudder of a ship can make with her way to bring her 
round, l^t LP represent the top of the rudder, and hA. or 
PR the direction in which the vessel LA, moves ; then the re. 
sistaucc to th||^rudder in a direction^ight angles to LA or PR, 
that is. In the direction BO, mual the greatest possible, or. 
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(v*— c‘)c=ri*c — c% a maximum, which (art. 410) will be when 

c* — Llj whence c = /-j = *57735 ihe natural cotine of 5'4*44' 

= LPR the angle which the rudder must make with the ship’s 
way to produce the greatest effect in turning her. 

And in the same manner it is found that the wind blowing 
in the direction of the axis of a windmill, will have the greatest 
effect to turn the sails at the beginning of the motiorif when it 
strikes them in an angle of 54° 44'. 

456 If a fluid moving mih a given velocity v, act against 
a plane in a perpendicular direlMon, the real or absolute 
force OH the plane is equal to the weight oj a column of the 
fluid whose base is the plane, and height equal to the height 
through which a heavy body must descend from rest by own 
gravity to acquire the velocity v. 

This is manifest from art, 430 : for the weight or pressure of 
such a column of the fluid will generate the velocity v ; the fluid 
therefore moving with that velocity must act with a force c(|ual 
to the weight or pressure which generates it. And if the plane 
be urged with the velocity v against the fluid at rest, the re- 
sistance will be equal to that force of the moving fluid, because 
action and rc-action are equal. 


Thus, suppose water to move at the rate of 10 feet (_ r) jicr second 
against a plane surface (p) I foot sijuare, ami let a = the vieiglil ol 

a cubic foot of waler.and s = Icy, feet j then feet is the ahiUuJc due 


to the velocity v, or the height of the column, f-- ds cubic coutcnls, ai.d 

• kt |- , , — ssIlTtf nearly, the fntcr 

the weight or force ^ ^ 

of the water against tlw plane, or Uie ie»i.taiu e to tl« plane if it nuwed per- 
pendiiulor, to its surface througluth^ water at rest. 

This force of resistonce'ti^^ mtviiig plane is n«t called the 
rctotding force; for if the plane “be Ihe face of a body having 
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weight, its momentum, with the same velocity, will vary as its 
weight, hence the greater that weight, the less will be the rctanl- 
ing force, we therefore divide the resisting force by the weight of 
the body resisted, and the quotient is the retarding force. So if 

♦ 7 “ 

Vf the weight of the body v^hosc plane face is p, then 
will denote the retarding force, the motive or resisting force 


CoroL If the plane be inclined to the direction of its motion 

in an angle whose sine^ then (455) by diminishing 

in the triplicate ratio of radius to the she of inclination s, we 

get or the resistance to the plane in the direction 

® l*/4r ^ 

of its motion. 


457. If a right cone CVT wove against a fluid at rest with 
its vertex Jorcwosl in the direction oj the axis BV, the resist^ 
ance, to the resistance of a ciftindvr having an equal iaseCP, 
and nwving aho in the direction of its axis, will be 05 PB* 
to 

For the same quantity of fluid is struck 
by the cone and cylinder, and every pan of 
the cone’s slant surface is inclined to BV, 
the direction of its motion, in the angle 
BVP; therefore (455, corol. 1) the resist, 
ances will be as the square of the sine of BVP to the square of 
radius^ that is, as PB' to PV*. 

456* When a sphere and cylinder of equal diameters move 
in a fivid with the same velocity in (he direction of the axes, 
the resista?ice to tie sphere ilg/bvt half the resistance to the 

ci^linder. 
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Let DA be the diameter of the 
sphere and the cylinder QA, and CV 
or SR at ri^t angles to DA, the di> 
rection of motion. Make LP a tan* 
fent to the circle DVA at P, and 
from the centre C draw CP, and the 
angles LPR, PCS are equal. Then 
since the tangent LP and surface of 
rtie sphere are struck in the same direction RPS at the point P, 
the resistance to the sphere at that point, to the<^c$istancc at the 
point $ on the face of cylinder, will be as the squitre of 
the sttts of the angle LPR (or SCP^^^ the square of radius, or 
(making CP radius) as SP* toCP* (455, corol. 1 ). Let CV 
tienotc the resistance to any point S on the face of the cylinder, 

Cps 

then CP* or CV* ; SP* ; : CV ; ilu; resistance to the corre- 
sponding point P on the sphere, being a third proportional to 
CV and the sine SP. On DA describe the parabola DVA 

about the axis C V, then = SO : 

For let 01 be perpendicular toVC; 

Then(27liVC: VI::CA’:IO*, 
and VC-VI(=SO):VC :: CA*-IO’:CA*(=VC*) by division; 
But CA»-IO»=(CA10)+(CA-10;=:DS/ SA=SP';by prop.of tliecirck, 
' SP* 

whence SO ; VC : : SP* ; VC*, or = SO; therefore the 

loais of the third proportionals SO, 6cc, or resistances to the 
semi-circular arc DVA, is the parabola DVOA. Now if lines 
equal to CV are drawn parallel to CV from every point on the 
end or base of the cylinder, their sum together will denote the 
resistance to the cylinder, and the corresponding third propoi • 
fionals on the same points, the rcsisumce to the sphere; but 
the aggregate sum of the former lines constitutes a cylinder BA 
whose length or height is CV, and all the latter a paraboloid of 
the same base and height which in that case is equal to half the 
cylinder (SOS), consequenUyi^e resistance to the sphere is but 
half that to the cylinder. 

VOL. II. 3p 
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CoroL Hence if p - the area of the great circle of the sphere 
or base of the cylinder, v =: the^elocity, 5 = feet, and 
d zz the density or ilie specific gravity of the fluid j then 

(4.U) the ret>Islar.ce to the cylinder >vill be-^^ and that to the 


4f 


sphere 


dj^v^ 

’bv‘* 


Tlius suppose an 16//'. iron shot to be discharged with a 
velocity of 1500 feet per second, vve have p — *138526 of a 
foot, nearly, dzi ounces = weight of a cubic 

foot of air, and v zz 1500,; then n 185//-. the resistance 

Oil 

to the ball. 

But the air rushes into cinpiy space with a velocity not great- 
er than between 1300 and I JOO feet per second ( 43 S, corol. 2 ) 
the ball therefore moving at the rate of 1500 must leave a 
vacuum, or the air will cease to act by its pressure on the ball 
behind during a short space of time, ^^'and consetpiciUly, in ad* 
dition 10 the above result, the ball w'ill be resisted by the weight 
of a column of the air having a circular base whose diameter 
is that of the ball. The area of this circle is 19*948 inches, 
nearly, and allowing 1 5//;. avoirdupoisc for the pressure of the 
atmosphere upon every square inch ( 135 ), we get lO’tHS X 15 
zz 299/i. which added to 183 //'. gives 4 Si//’. the resistance, 
exclusive of the resistance arising in consequence of the air’s 
being condensed in front by tlic rapid motion of the ball. And 
hence it is found that the horizontal ranges are not increased by 
discharging balls with initial velocities beyond a certain limit. 

The theory of Resistances how*cvcr, and experiment give re- 
sults considerably diflerent. , See Dr. Hutton's Mathematical 
and Philos. Dictionary, vol. 2, p. 363, 8cc. 

c 

459 . Let a stream of water Moving in the direction WR 
irithu vclocitij turn an %ij0ershot wheel uhose centre 
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is C ; (hen if v ::: the velocity 0/ (he pallets or /louts SP, 
BO, m — the momentum of the wheel , vi uill vary 

(15 ( F — vf X V, 0?* m oc (V — x v. 


'•Since the water and floats move 
witli the respective velocities F* 
and Vj the former will strike 
the latter with the relative ve- 
locity V — V, or the impin- 
gent velocity of the water upon 
the floats is the same as it 
would be if they were at rest 
and the water moved with the 
velocity F — V, and hence if 

the water strike the floats perpendicular to their surfaces* its force 
(454) will be as (F — v)*. 



But the absolute force of the water moving with the velocity 
F — t; is equal to the weight of a column of the fluid having a 
base equal to the surface of a pallet or float, and who«»e height 
is equal to the height through which a heavy bcnly must descend 
by gravity to acquire that velocity (4 56), this weight may there- 
fore be represented by the force (F — whence it follows 
that the momentum of the wheel will he directly proportional 
to that weight or force drawn into the velocity v, or to 

In estimating the force of llie stream upon the floats we 
take a column of the fluid whose base is equal to the surlacc of 
one float onJVf because the section of llic iinpingint; stream 
which is perpendicular to the direction of its motion is ectual to 
that surface. 


CoroL 1. Hence if the velocity of the stream be given, wc 
can detenniue that of the wheel when its eflcct is the greatest 
possible in a given time ; for in that case ( F— i/)* x 0 must be 
amaximumj but (410, cor#f. 1), ^ risa maximum 

3P2 
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when V n v), hence v — **» velocrt)' of the 

wheel z: T the velocity of the stream. 

Carol. S. And since thejvhole force of the ini^ngcnt water 
is to its force on the floats, as V* to or as K* to 

(t ^)*> that is, as 1 to v» therefore the resistance of ihe wheel, 
including friction, &c. when its eflect is a maximum, will be f 
of the resistance which would be joet sufficient to counteract 
or balance the whok force of the water. 

Scholium. The above conclusion is deduced by Maclaurin, 
Atwood, and other writ^ who have considered the subject. 
But it appears from experiments made by Mr. Smeaton, that 
J^he maximum effect of a water-wheel is when its velocity, in- 
stead of being -f, is nearly equal to | the velocity of the fluid. 
This disagreement it seems, induced a writer (Mr. W*Waring) 
in the 3d. vol. of the Transactions of the American Philosphical 
Society, ''W reject the preceding theory as fallacious, and adopt 
another fobndefl on the following jtrinciple, namely, ** that 
while the stream is invariable, whnever be the velocity of the 
wheel, the same number of particles or quantity of the fluid 
must strike it sOmc where or other in a given’time;" and hence 
it is infered ^t the force of the stream upMi'the wheel is in 
the “ simple direct proportion of the relative velocity” ; hence 
(retaining the above notation), the momentum of the wheel will 
be as ^ V — v)v ; now if P be a quantity or line divided into 
two parts F — » and v so that thtSr rectangle ( V — v]v is a 
maximum, it follows from art. 242, that the two parts are equal, 
or V = {V, that is, the velocity of the wheel ~ \ that of the 
llnid. Which is Mr. Waring’s conclusion. , 

Let the circumference describetl by the floats be 30 feet, the 
number of floats equal .)0,^d the surface of each =: 1 foot 
square; also suppose the velocity of the stream = 31 feet per 
second, and that of the wheel z: -1 foot ; then the quantity of 
water that strikes a float or floats in onb second of time will be 
30 cubic feet. ^ a 



FORCE OF FLCIDS. 


477 


Again, if we conceive the wheel to move ronnd once in a 
second, the motion of the 'Stream will be 'hyV feet, and that 
of a float 1 foot in -jV of R second, and the quantity of fluid 
that strikes a float in that time is l-rs — 1 or Vv of a cubic 
foot ; now when the lowest float 30 is perpendicular to the 
direction of the stream, four other floats are partly in the water ; 
let us however, suppose that the whole surfaces of i floats aro 
struck at the same time, then the quantity of fluid that strikes 
1 float in every revolution will be -jV x 4 of a cubic fo6t, which 
multiplied by 30 the number of floats gives only 4 cubic feet 
the quantity of fluid impii^ng on all the floats in one second 
of time or during a revolution of thO;;«h<'‘<?l • the difference of 
the two results is 26 cubic feet : it ^therefore appears that the 
number of particles or quantity fluid which strikes in a given 
time will depend on the relative velocity ; and consequently Mr*^ 
Waring’s jirinclpie (quoted above) must be erroneous. I'his it 
also evident from the fallowing consideration, that the velocity 
of a body, after being struck by running water, iua]p,» become 
cquid to that of the stream, in which case the body floats with* 
out being struck by the fluis^ 

By increasing the . number of pallets on the wheel, the num* 
ber Gonsiantly moving in the water will also be increased, but 
it does not follow that more surface would be struck, or the 
velocity of the wheel thereby accelerated : for the nunaber of 
floats upon a wheel of any diameter nia;,; be augmented till its 
motion in consequence becomes actually diminished. 

But in computing the velocity of the wheel according to the 
common tb.eory, we estimate the force of the water too great by 
supposing the floats arc constantly struck perpendicular’ to their * 
surfaces, for the direct impact, which can only take place upon 
a float when in the position BO, i%momcniary. The particles 
of vi-ater are also conceived to act in succession without impc* 
diment, Init itis no» easy to comprehend how that can actually 
take ' ■ because the (farticles ia inunediate contact with the 
floats " .'t room to esq^^e before ihfy are struck by those 
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which follow ; the force of the stream therefore seems to be com- 
pounded of pressure and percussion. Now these circLinistances 
all tend to shew (what Mr. Smeaton’s experiments prove) that 
the actual force of a stream upon a water-wheel is less than that 
deduced from the common theory, — In this coinputatloii we have 
not considered the effect of friction^ because no general rule has 
yet been devised for that purpose. 
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ADDITIONAL EXAMPLES 


The APPLICATION.of ALGEBRA. CONIC SECTIONS, 
MRCilANICS, HYDROSTATICS, &c. 




l. Givf.n the area of a rectangle J, and the ratio of the 
sides as mto n ; to find the sides. 

w/rt , na 

An'i. t/ — , and >/ — . 

« m 


2 . If a rectangle he insevihed in a circle whose diameter = <i, 
what are the sides when thc> have tlic ratio of w to n ? 


, , W 1 J / w 


I n' 


3. If the side of a square be denoted by r, what is the length 
of that line, di awn from the middle oi one ol its sides, which 
divides the area Into two parts liasing tlic proportion of 2 to 1 . 

Ans. lu. 


4 . What Is the length of a line di.iwn iioin an angle of a 
rectangle whose sides are 6’ and s tliat divides the area into two 
parts having the ratio ol 2 to 1 ’ 

Am. \ 1 i')- Ori/(2is'+.S-’;. 

5. If the circumference of a circle and the perimeter of a 
square are equal, which contains the gieatest area? 

Am. The circle is to the square as It! t 9 IS-Sfifi.r/, nearly 

6. If a sphere and cube have equal surfaces, which has the 
greatest cubic content ? 

Am. The sphere to the cube as s/3*14159, &c. 
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7. If the three perpendiculars let fall from a point within an 
equilateral triangle upon the sides, are denoted by a, I, c; what 

is the side of the triangle ? * , • 

. 2a + + 2c 

Am. 

8. What plane triangle is that, the natural tangents of whose 
angles are whole numbers ? 

Ans. 

9. Given the base of a triangle = b, the angle opposite the 
base, and the rigl^t line drawn from that angle to bisect the 

base zz 1; to find the peipendicular. 

: 

- Ans. {- — il] niang. given angle. 
* 

10. If the base and perpendicular of a triangle are denoted 
by b and p ; what is the side of that inscribed square, one side 

of which coincides with the base ? 

♦ .bp 

Ans. r---. 
b+p 

11. If the sides of a triangle are 28, 25, and 17 ; what is the 

aide of its greatest inscribed square ? 

. Ans. lO-^y. 

12. If the base and sides of a triangle are denoted by b, 5, 
and s; then what are the expressions for the perpendicular, and 
segments of the base ; 

V n //'S»H s* . SV S^ + s*+i*\ 

Ans. Perp. = 


- Greater segm. = — . Less = 


4i* 

J* + 5*_S* 

“ 2b • 


13. Having observed the elevation of a distant object, I ad* 
vanced 60 j ards directly towards it on a level ground, and then 
observed the elevatiq% to be the complement of the former to 
a right anglq; advancing 20 yards still nearer, the elevation 
now appeared to be just double the first. Hence the height of 
tlie object is required? 


Ans. 74*16 yardr* 



ADDITIONAL EXAMPLES. 
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14# If the radius of the circle be 10, what are the sides of an 
Inscribed triangle when they have the proportion of 2,3, and 4 ? 

jins. 9*GB‘i4 
14\S237 
19*30 IQ 

15. If r =: the radius of a circle, what are the sides ol the 
regular inscribed trigon, tetragon, pentagon, hexagon, octagon^ 
and duodecagon ? 

Trigon r^3. Octagon r-v/(2 — a/-). 

Tetragon ry/ 2. Decagon — ;)• 

Peptagon Duodecagon rv' (2 — 3). 

Hexagon r. . . ' 

16. If the side of a regular trigon, tetragon, pentagorf? licxa- 
gon, octagon, decagon, and duodecagon be denoted by s, the 
expressions for their areas are 

Trigon Octagon .v*(2 + \/8). 

Tetragon .v* Decagon a* -y / a -f V H )• 

Pentagon ^Vlrtr +* V Duodecagon j'(C h 

Hexagon V* 

Required the investigations ? 

17* Let the linear side orsidcofa face of a tctracdion, iicx- 
aedron, octaedron, dodecaedron, and icosaedron (the 5 logul.ir 
bodies or solids^ be denoted by s ; then the expressions ioi 
their cubic contents will be 

Tetraedron ^VtIx* Dodccaedro.i xV — - 

Hexaedron ^ 

Octae4ron Icosaedron 

N. 13. The Tetraedron has 4 equilateral triangular faces. 

Hexaedron or culie, 6 equal square faces, 

Octaedron, 8 equilateral triaui'iilaf faces. 

Dodecaedron, 12 equal regu'.dr pentangular fj^ccs. 
Icosaedron, 20,j*qual equilateral triangular rates. 

These solids can be iusciilied to a sphere 
# 3 Q 


VOL. IX. 
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18. If the length, breadth, and depth of a rectangular paral- 
leK.pipcd are denoted hy /, i, and <f ; what is the diameter of iis 
circumscribing sphere ? 

Ans. 1 

t 

19* If the perimeter of a tiiangle be denoted by p, and the 
three perpendiculars lot fall fiom the angles upon the opposite 
sides by <7, and c; what are the expressions lot the sides ? 

Jins. . 

uA-t-uo I ()c* ah \ ac f Ac* ab be 


20. In any trapezium, the sum of the squares of the two 
diagonals is equal to twj,ce the sum of the squares of the two 
lines joining ihe middle points of the opposite sides of the tra- 
peziunf. Required thq demonstration ^ 


21. Having the base of a triangle :r A, the perpendicular 
upon that side r- /^ and tlic rectangle of the other two sides 
n / ; toiincl the angle oppoMie the base. 


Ans. ^ —the natural sine of thcrcqtiireJ angle, being l}- 


22. Let the base of a triangle ir A, the tangent of the oppo- 
site angle and the perpendicular let fall from that angle 
upon the base ^ p \ to find the segments of the base made by 
that perpendicular. 


Ans. \h I- - /i’ i**) 


bp 


23. If t/. A, and c denote the sides of a triangle, what is the 
radius of its itfisciincd circle ? 

Ans. y/ where h zz \ the sum of the 

Ihree sides. 


24. Civen the base and verical angV of a triangle; to find 
liic toeus ol the cciiuc ol the inscriuc^ i .rcle. 

^ A'lS. Tne arc of a circle. 



.\DOITIO||AL EXAMPLLS. 4S3 

If the liypotlicnusc of a right-angled triangle =r a iid 
the .radius ot its inscribed circle r- j‘ ; what are the sides ? 

\h 1^ r%x^L\lr — hr — ?•*). and ti i r — 

‘J(5. If r :l; the radius of tlirce ci|ual ciicU.. ui contact with 
e^i other; what «irc the i«\dii ut the two circles desciibcd to 
touch them internally and externally ^ 

ytn'i* — r, Jtid | r. 

27 * If ^ = the icctangle made by two lines, and d the 
difference of their squares : wliat are tlios^ lines ? 

Ans. 1 1 1 

28, Let the perimeter of a right angled triangle r= /), and its 
ai'ca r:. a ; to find the base and pcrpendi^uLir. 

Ans. 2 ip a I iCfl*), 

Ip 4p ^ 

29* If the perimeter of a rectangle - p, and iii^diagonal 
z: d ; what are the sides ? ^ 

Afis. \p ± — />'). 


30. If S and s denote the segments of the base made by a pcr» 
peridicular let fail from the vertical angle ol a tiianglc, and r z: 
the rectangle under the two sides containing tliat angle ; what is 
the perpendicular ? 




31. If the three perpendiculars let fall from the angh s of a 
plane triangle upon the opposite >idcs, arc dcniited by^^t, 
and c ; what are the sides ? 






{al? f b\:"’ — tf*c*j* 
Ab^ffc^ 


(a*c^ f h^c'* — a b' f 
. y 4c 'a ‘/j** 

► y ] i'e" — A'c* j* 


3a2 



additionaS examples. 


4 SI 

32. If the three lines drawn from the angles of a plane tri» 
angle to bisect the opposite sides, be denoted by a, fi, and c, 
then what arc the expressions for the sides of the triangle ? 

33. To divide an angle W’hose sine and cosine are denoted by 
j and c (the radius being 1,) into two parts such, that their 
sines may have the given ratio of m to /i. 




= sine of less : and ~ ; 


(m±Zin)^) + (m =t: c;/)"} 

fine of greater. Where the sign 4- takes place when the propos- 
ed angle is acute, but — when it is obtuse. 


34. If the liypothcnuse of a right-angled triangle = h; 
what arc the oilier sides wlicn the area is the greatest possible ? 

ylns. Each side = 

\ 

35 . What arc the sides of the greatest rectangle that can be 

inscribed in a semi-circle, the radius of the circle being denoted 

by r ?* * 

Ans, ry'i, and ry'g. 


36. What is the area of that right-angled triangle whose base, 
perpendicular, and hypothenuse are denoted by a', x*', and x^', 
respectively ? 

A'lS. 1*03908, nearly. 


37 . Given the arc^f a triangle = 136, the sum of the three ■ 
sides =: 5^and the sum of tlieir squares = 1010. Required 
the sides ? , ^ 


^ Ans, 13, 30, and si. 

38. In 4 sides of a regular pentagon traced out for a foitifi- 
eaiion, stand 4 objects which are found to be at the angular 
points of a square ; now if the side of the pentagon be 1 80 fathoms, 
what is the side of that square ? * 


Ans. 190'89/aM. 



additioSal examplfs. 


4&5 


39. A lead bail d inches in diameter is to be cast into two 
other balls whose diameters are in the givxn ia;io oi m to 
Required those diameters ? 


dm 


— ■ - — and 

+ , [m^ 


dn 


40. A square pioce of ground whose side — .10 yards is to 
be surrotjnded by a ditch dug (5 leet deep, and it is necessary 
that tlie earth ihiown out should be sulTicieiU to raise the interi- 
or surface 4 feet higher than the pitsent level; iu)\v svhat 
must be the breadth of the ditch at bottom, supposing it the 
same alf round, wlten the slope on each side is 45°, and the 
inner slope continued up to tlie new made siiil.ice f 

Ans. 5'iHS fut, 

41. 7'o dcicrmitie tlic hciglit of a hill we observed tbc eleva- 

tions of an object on its summit at tlirec stations A, B, and C, 
in the same horizontal right line, and iound ibetn 10 be 2’ 48'x» 
3“ 39''4. 4° 47'. respectively ; the distance from A to B was 

900 yatds, and that Iroin B to C "50 yards. Hence l?Ic height 
is required ? 

A'lS- 1 7 1 yards, nearly. 

43. Three detachments of foot having orders to occupy a 
certain post, begin their inarch from three towns, A, B, and C, 
at 6 o'clock in the morning ; the detachment from A march 
4 miles per hour, that from B marcl| 3 miles per hotir, ami 
the other from C march 2 miles per Iwr, and they all arrive 
at the place of destination exactly at the same time, which 
was between 10 wd II o’clock ; now the distance frem A (o 
B was 15 miles, from B to C 8 mile*, and from A to C 20 miles, 
^eocethe distances from the post to the three townsare required ? 

An$, 17*6358 m\les from A. 

13*2643 from B. 

* 8*8429 ^ from C» 
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43. In tlie coiD.^c of a suivey, at a station on the top of a hill, 

wc took the depressions of three objects, A, B, and C, which 
were r.early on the same Iiorjzontal h vel, and found them to be 
4' "*J. 7" l.j'j, respectively; now the distance from 

A Ikj was 4 miles, truin B to C 3* miles, and from C to A 
3 links. Hence the perpendicular height of the hill is required? 

329 J/nrds, nearly. 

44. Iftl)caxcs of an ellipse be 6ii and SO ; are the 
leiv^ths of two conjuirate diameters, the longest of which makes 
an angle of with the transverse axis? 

jIus. 01*20 and 76'-59 nearly. 

4.*i. Let flic axes of an ellipse be Oo and 100 inches ; to find 
the radius of a circle described to touch the curve when its centre 
is in the transverse axis at the distance of 10 inches from that 
of the ellipse. 

j4ns, 27’49545 &c, inches. 

40. Let VO be the axis of any conic 
section VRP, F the focus, and FR, OP, tw'o 
uidiiKitcs at right angles to VO ; then 

F l> = vr 4- Required 

the investigation ? « 

47. If the axes of an ellipse be 80 and 80 yards ; what arc 
the areas of the two segments into which it is divided by a line 
drawn parallel to the conjugate axis at the distance of 10 yards 
from the centre ? 

Ans, 1891-27 and 2478*65 yarrfs, nearly; 

48. If the base of a triangle be given, and also the sum of 
the squares of the other two sides ; what is the locus of the 
T. rtex of the triangle ? 

f 

• A»s. The arc of a circle. 
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49* In a triangle, if the base, and the difference of the other 
two sides, are given ; what is the hens ot the vertex ? 

An hyperbola. 

50. Let the base, and the difference of the two angles at tlic 
base of a triangle, be given ; required the lucus of the vertical 
angle in that case ? 

Ans. An hyperbola; 

51. Suppose a person, the height of whose eye is 5 feet G 
inches, while standing on a level floor, holds a 9 /A. iron shot 
in his hand so, (hat its centre is 15 inches from lliceyc, and 1 
feet 9 inches from the Hour, now how much (»f tlie flooi’s sui- 
tace is hid by the sliot irorn the eye; ilie shoiVs diameter being 
4 inches 

Afts. 8'3()344 Jeet square. 

32. A heavy body was observed to descend freely from rest, 
by its own gravity, from the top of a lowei to the bottom in 4j 
seconds of time; required the lov\er*s height i^ 

Afis. 72 J / 4 foct. 

53. From wliat lu ight must a heavy body dcsi end by its own 
weight to acquire a velocity of 1000 Icet per second, suj>|)obing 
die air to be wiihoul resistance ^ 

'AfiS. 155 14. /eel!. 

54. Suppose a heavy bedy to fall from ilie height of a mile 
above the car I h’s surlace, with what \cIocty would it strike ihr 
ground, and what would be the lime of descent ‘ 

Ans\ Velocity n bbl'bj'cet per •^/tfjnd. 

Time ~ lb* 12 .vn . nea:!). 

55. If a heavy body descend \ of the wiiole disUhce fallen in 
the last second of tune; at what height. did it commence 
motion i 

t ' 


4 77’(i A neailv 
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56. If a ball with a velocity of 1000 feet per second, enters 
a block of wood to the depth of 10 inches, what will be the ve- 
locity of the ball when the penetration is 16 inches, supposing 
the resistance of the wood to be uniform ? 

j4ns. 1565 feet per second. 

57* A quiescent body C is struck at the same instant of limc 
by two otlier bodies yl and B with forces that would separately 
carry it forward in the directions AC and BC at the rate ol 15 
and 10 feet per second, respectively; required the velocity and 
direction of C after the impact, if the directions of A and B 
form an angle at C of 70® ? 

Ans, \'clociiy 20*7 feet per second. 

Direction 57® vitli that oi yl, or4 ii' j8'* uith the direction of 7/. 

58. Let the directions of A and />*, and the iorce of A con- 
tinue as before, and suppose after the impact that C moves with 
a velocity of 30 feet per second ; required its direction, and the 
velocity which B would communicate alone ? 

Ans, Direction 28° l'-} with that of B, or 41*^ 58^1 with A. 
Velocic)! which B would produce alone := 21'36iect 
per second. 

39 . If the velocities communicated to Chy A and £ when 
acting separately, and together, arc respectively as 5, 4, and 3 ; 
what is the angle formed by the two directions in which A and 
J3 move when they act together ? 

Ans. 143° 7^1. 

N.B. In this and the two preceding examples, the bodies are sup» 
p6scd to be globular, and the points of impact in the hoes joining 
the centies. 

60. Suppose the weight C, art. 380, corol. 8, to be 60 /fr. what 
are the tensions of the cords AB, GB, and BC, or the forces with 
which they are stretched ? 

Jl/is, 48, 36 and 60fis, 
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61. Let a ring of metal weighing sib. slide freely on a suing 
5 feet long whose ends arc fastened to two tacks 3 feet asundoi u\ 
a line making an angle with the horizon of 45^'; to find t!)cstrc>r; 
or force on each tack when the ring rests in eqiiilibrio ? 

jins. 4*415/6. on each tack. 

62. Suppose the ends of a thread 10 feet long bo fastened lo 
two tacka in the same horizontal lino, at the distance of 6 feet ; 
where must two weights, the one 3, and the other 5 ounces, be 
fixed to the thread, so as to hang at rest in ilic* same horizontal 
line at the distance of three feet from the level of the tackS / 

Ans. At '3*1479, and 3-395 feet from the ends of the thread. 

63. Suppose a 12 /i, shot moviug with a velocity of 1000 feet 
per second, to meet another of 9/6. whose motion in an oppo- 
site direction is af the rale of 1200 feet per second ; what is the 
velocity after congress, if the balls arc iion>clastic ? 

^ Jtns. 57 '1 fvel per second. 

64. With what velocity must a dlh. shot meet another of 
24/6. that is moving at the rate of 400 feet per second, so a, 
just to stop it ; the balls being non-clastic, and the stroke in the 
direction of the centres ? 

Ans. 1 600 feei per second. 

65. A body at rest, but not fixed, when struck by a musket 
bullet weighing 1 ounce, moved with a vcloci'y of 6 lect per 
second; now if the body weighed lolb, what was the velocity 
of the bullet ? 

Ans. 966 /cc« per second, if the bullet and body were non-el-stic. 

66. With what velocity will a 32 pounder recoil when dit- 
charged horizonully, if tlie gun and carriage together are 0’3 
hundred weight, and the initial velocity of the ball = MQOject 

per second of time ? ^ 

Ans. 71 inches per second, nearly. 

3 R 
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67. Required the ratio of the masse* of two elastic balls 
and B, so that A striking B at rest shall lose ^ of its velocity ? 

jins. As 7 to 1 . 

08. Suppose two cannon shot', one 18 the other \2lb. 
when moving in the same plane, to strike one anotlier in an 
angle of 80* with the lespeclive velocities of 600 and 1000 fee* 
per second ; required the velociiies and directions after the im- 
pact, if the balls are non.elastic ? 

,/ins. Velocity of the greater shot 615 feet per second, 
of the less 766. 

Change in the direction of the greater shot 35® 12'J, 
in the less 43^ 50^. 

N J. The tangent to the two balls at the point of impart is supposed 
to bisect the given angle 30°. 

OQ. If a cannon ball be discharged from the top of a tower 
80 feet high, with an initial velocity of 1500 feet per second, at 
what distance from the tower will it sti ike the ground, theeleva- 
Mon of the piece above the horiaontal line being 20 5 , and the 
air supposed to |c without resistance ?. 

Ans. 45335 feet. 

70. Required the elevation of a mortar to hit an object djstant 
7333 feet on a plane depressed 1 1* ; the greatest horizontal range 
being 8190 feet? 

Ans. 63=>«3'J, or 15° 36'i. 

71 . If the Iiorizorital range of a shell be 2000 feet when pro. 
jeeted at an elevation of 30*} what is the time of flight, and the 
greatest height to which the shell ascends ? 

Ans. Height = 289 /ee«. Time = 8|bcc. 

78. If the impetus be 4000 feet( what must be the elevation 
of a mortar to hit an object whosd dUtance on the horizontal 
plane is 5600 feet, and Ueigln above that plane 812 feet ? 

Ans. 
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73. A &Iie]| being thrown from a mortar at an elevation of 
30“^, the report of its (all on the horizontal plane was heard at 
the mortar just 20 seconds after the explosion. Hence the range 
is required ? 

Ms. 6033 

74. The random of a piece on the plane of the horizon with 
a given charge of powder at an elevation" ol 30' being 1500 
yards; to find :he elevation when planted at 44 yards above the 
level of the horizon^ so that the ball may fall at^ the greatest dis* 
lance poasibie ? 

Ms. 4i^ 17'{. 

75. A shell discharged at an elevation of 45" struck an objea 
455 yards above the horizon ; required the distance of the object 
lirom the mortar, the horizontal range of the shell being 2000 
yards. 

Ms. 700, or 1300 yards. 

76. A tower built on level ground is 65 feet high, now at 
what distance must 1 stand with a musket to hit an object on the 
top with the greatest force, the musket being imld 5 feet above 
the ground ? 

Ans. At 60 feet from the tower, 

■s 

77. In what time would a heavy body descending freely on a 
plane inclined to the horizon in an angle ol llO* acquire a velo* 
city of 100 feet per aecond ? 

jins. 4837 seconds. 

78. A bo4y deacending freely by its own weight on an inclin- 
ed plane whose length is 484 »eet, descends 123 fee in tne last 
second of time; required the plane’s inclination lo he 'lonzon? 

jins. 33 59'h 

79. A cylinder was reserved to roll down a plane 400 feet 
long in 16 seconds f time; require«l the plane’s iiiclmaiion to 
the ho r i wPt the cylinder having descended by its own ivity i 

• Jins, b” S'i. 


3R2 
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80. If one end of a beam 20 feet long be 6 feet higher than 
the other end, what force acting in direction of the beam would 
keep a weight of one ton laid upon it from sliding down, suppos- 
ing the friction between tlie weight and beam is equal to half 
the necessary force ? 

Ans. A force equal to 3 hundredweight. 

SI. If a man can draw a weight of 84 lb, up the side of a 
perpendicular wall 10 feet high, what weight will he be able to 
raise along a plank 20 feet long laid aslope from the top of the 
wall, the resistance from friction on the plank being equal to -y ol 
the weight so raised ? 

82. Two planes HV and OV whose lengths arc 5 and 3 feet, 
respectively, meet at V above the horixoiiial line HO, and two 
weights A and B connected by a siring passing over a pulley at 
V, aic in cquillbrio on the planes ; now the picssurc of A upon 
the plane HV is double that of B against OV. Hence the 
height of V above the horizon HO is required? 

ftet. 

83. Suppose two weights, one of 6, the other of ^2. pounds, to 
be suspended upon a pin by means of a string, to determine how 
far the greater will descend, and the other ascend in 1 second of 
time, neglecting the friction on the pin ? 

Ans. 

84. If a pendulum vibrating in an arc of 24^ be 40 inches long, 
what is its velocity at tl^c lowest point, supposing a body de- 
scends 16 yV feet in the first second of time ? 

Ans. 25*97 inches per second. 

65. If the distance from the point of suspension to the centre 
of oscillation of a pendulum be 3 inches, how many vibrations 
will It perform in a minute, in the latitude of London ? 

Ans. 217 nearly. 



ADDITIONAL £XA>fPLES. 


493 


S6. What must be the Icjigth of a pendulum to vibrate only 
40 times in a minute? 

Jns. 88 g inches. 

87. If a slender uniform rod 4 feet in length, be suspended at 
one end, and made to vibrate in small arcs, how many timci 
will it oscillate in a minute ? 

Jns. 66*38 nearly, 

88, What weight can a man raise with a handspike or iron 
crow 8 feet long, if the fulcrum or prop is 5 inches from one 
end, and he presses^with a force equal to l30/i. at the other? 

• Ans. 2730 lb. 

80. If one arm of a siccl-yard is 3 inches, what must be the 
lengil) of the other that a coiinterpotso of lO/A. may be sufficient 
to weigh a liundicd weight, supposing the weight of the instru« 
mem itself is not c'uisukicd in the account ? 

Ans. 33*6 incka, 

90. 'I'he cylinder or axle over a common draw-well is 3 inches 
in diameter, the rope i| of an inch in diameter, and the handle 
describes a circle 30 inches in diameter ; now what weight can a 
man draw up who aef with a force equal to 40 lb. ? 

Ans. 320 lb. 

91. Which is drawn with the least force on a tough uneven 
road, a carriage having wheels of 3 iert in rliamcter, ot one with 
wheels that are 5 feet in diameter f 

Ans. The advantage in favour of the greater wheels is as 6 to 1. 

92. If the screw of a press be iiirued with a lever 7 feet long, 
and the threads of the screw arc 1 inch-sundcr; what is the 
force of the press when the power at the end of the lever is =; 
100/6. iupposingthe ^crew to act without friction ? 

Ans. 52779/6. 
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93* A man with a combination of pullies raises a heavy body 
1 1 inches at every pull which draws the rope 36 inches ; now 
what is the weight of the body if he pulls with a force equal 
to 60 lb. 

' Ans. IQ90 lb, 

94. A barrel of gunpowder weighed SI lb. in one scale, but 
when put into the oppositp scale, it was fountf to weigh only 
78 lb. I2l oz. Hence the true weight is required ? 

A>is. 79 lb. 14 oz. 

93. Thrte inches from one end of a cylindrical pole is hung a 
weight of 30 the pole is 8^et long, and weighs 10 lb. now 
how far from that end must I place the pole on my shoulder to 
carry the weight with the most ease i* 

Ann. 14| inches. 

96. What mtist be the length of a cylinder, the diameter of 

whose base is a j ard, so that it may just stand by its own weight 
on sloping ground which rises 1 yard in 10 ? * 

Ans. yards. 

97. To find the centre of gravity of a quadrangular board of 
uniform thickness, two adjacent 'sides being 17 inches each, the 
other two 14 inches each, and the shortest diagonal = 16 inches ? 

Ans. 13*8297 inches from the sharpest corner. 

96* A beam of timber' 20 feet long is to be supported in an 
horizontal position by two props; the ends of the beam are 
■ squares whose sides are 2, and 3 feet, respectively ; now if one 
prop stands 4 feel/rom the greatest end, at what distance from the 
less end must the other be to bear an equal weight ? 

Ans. ^eet. 

99> To determine the weight of a tapering bean of timber 
30 feet long, we found that it rested in an horizontal position on 
a prop or fulcrum 16 feet from the less end, but when the mi dd lf 
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of the beam was brought over the prop, it required the weight of 
a man, which was 900 lb. at the lets end to keep it in equilibrio. 
Hence the weight is required ? 

Ans. 3000 lb, 

100. The weight of a ladder 90 feet long is 70 lb. and its cen- 
tre of gravity 11 feet from the less end ; now what weight will a 
man sustain in raising this ladder when he pushes directly against 
it at the distance of 7 feet from the greater end, and his hands are 
5 feet above the ground? 

Ans. 63 lb. nearly. 

101. If the quantity of matter in the moon, be to that of the 
earth, as 1 to 39, and the distance of their centres 940000 miles; 
where is their common centre of gravity ? 

Ans. 6000 miles from the earth’s centre. 


102. Supposing the data as in the last question, to find the 
distance from th? moon in tlie line joining the centres, where a 
body would be equally attracted by the earth and moon ; the 
force of attraction in bodies being directly as the quantities ol 
matter, and inversely as the squares of the distances from the 


centres. 


Ans. 


240000 
1 + ^/39 


= 331261 miles, nearly. 


103. If two fires, one giving 4 times the heat of the other, are 
6 yards asunder ; where must I stand directly between them to 
be heated on both sides alike; the heat being inveisely as the 
square of the distance ? 

Ans. 2 yards from the less fire, or 4 from Ihcgtcatcr. 


104. To what height above the earth’s surlacc should a body 

be carried to lose to of f 

mite, anJ tlic W ot emvity inverKly M tli. .qMi. ol the 

iiMMefromiueeWK* sul 
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105. How far beneath the surface should the body be to lose 
xV of its weight, the force of gnvity, in that case, being directly 
as the distance 'from the centre ? 

^ns, 397 Jnilcs. 

i 

lOff. If a line = I, be drawn from a point P to the centre of 
a circle whose diameter 1 :: d, and they revolve together about the 
point P, the circle, moving perpendicular to its plane, will gene- 
rate a ring (like the ring of an anchof) ; required its solid content ? 

jins. Let c rr 3*1416, then -J/c’d’ = the content. 

107 . Suppose the point P to be at the circumference of the 
circle, or let the circle revolve about a tangent to its circumfer- 
ence as a fixed axis, then what is the content of the generated 
solid ? 

jins. 

108. Let a semicircle revolve about the tangent parallel to its 
diameter ; required the content of the solid in that case ? 

jins. (/* (I c* — i^c). 

109 . If a spar of wood 3 inches broad, and I an inch thick, 
will bear 50^6. with its broadest side horizontal ; what would it 
support when that side is vertical ? 

Ans. 300 lb. 

1 10. A spar of oak when resting on its ends in an horizontal 
position will bear 300 lb. at a certain point ; now what wciglit 
will it support (at the same point) when it is inclined to the 
horizon in an angle of 60'^ ? 

Ans. 400 Ib. 

111 . Let a = the magnitude of a mass or ingredient, and A 

= its weight. 

b = the magnitude of another ingredient, B = its 
weight. ^ 

m = the magnitude of any mixture or mass of both, 
and M .= its weight : 
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Then 


Mha — B/«a AA;m M/n/ 
A6 - 


win 


be the respect l\c 


ntagnitudes of the ingredients in the cumpound. il.e 

investigation ? 


112. If w rr the cubic feet in a mass of mci.il \\h >s(' ''pri if'e 
gravity or the number ol ounces in a cubic foot — ;/f, ihx ‘Spe- 
cific gravity of wood ~ //, atul the sj>ecifie giavity ol w.iler ic ; 

then -- ^ rr the cubic feetol wood that will j:ui lloat the 

n' — a ’ 

metal. , For example, 17f)*lS7 cubic feet of deal will llo.it a i.isi- 

iron cannon of hundred weight, in fresh water. Ucipiiied 

the invcstigntioii ? 


113, IIow'iTiany empty 54 gallon casks (beer mea.suK 1 uh' ii 
immersed in sea water, wouhl Ihint a luass t.Htnou wnohoig IS 
hundred weight, .supposing the casks arc w.r .i -tij^l.t, iiMue of 
oak, and the weight of each ... H)i(> ? 

Ans,3*l\^ or 3 fifty-four .►illon cask.-;, and anotlut that 
holds about 1 1 gallons. 


114. It 4/6. of fine silver, C//i. of copper, and ()/'. of tin, aic 
melted together, what is the specific gravity of t!ic comp* siiloii 


115. If the weight of a shell 1£:| iriciics in cLt:!nef^i , be ips//;. 
what is its thickness ? 


2*01 /W/rv. 


llG. If a sphere of wood 9 inches in diameter •.-nts by its 
own gravity, 6 inches in fresh water; what is iss wcigju, and 
specific gravity ? 

Ans, Weight Io/6. 3*G 

Specific gia\ iiy 711. 


117. To what depth would a globe of elm, who*»c diameter if 
10 inches, sink by its cavn weight in fresh water ^ 

An$, 3*07O7 inches. 


3 s 
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1 1 Suppose the outward dimensions of a pontoon arc 
Lc;ur,h at lap 2(>^ Breadtli - c; } 

at bettom — ‘23^ ’ Depth = 

wcif’Iit will sink it. 2 feet in fresh water ? 

OlCo/A. including *tlie weight of the pontoon. 

11 9 . If a cube of wood floating in sea water be j wet, and 
it sinks of an inch deeper in fresh water; what is its mag- 
nitude, ajid specific gravity ? 

uijis. Side of the cube r: 13’j inches. 

Specific gravity 77'^’!. 

120. It lias been found by experiment that the mean specific 
gravity of human bodies when alive, is about S 9 I (that cd fresh 
water being 1000); lienee it is lequired tc determine how many 
pounds oi coik would be sufficient to float a person weighing 
I 8 O/ 6 . with only of his body in water ? 

Ars. oil). 

121. Suppose a spherical balloon 27 feet in diameter can just 
raise 600 Ih. including the balloon and its apparatus ; -now it 
that weight (O'OO/A.) be of the same specific gravity as water, 
and the specific gravity of common air zi 1 ; it is lequiied to 
deicrmirie the specific gravity of the inclosed }fas or inllammablc 
air ? 

ylns. iVoV nearly, or about 4l times lighter than common air. 

122. If the diameter of a cyliiidiical vessel be 20 inches ; re- 
quired its depth, that when filled with a fluid, the pressure on 
the bottom and sides may be equal to each other ? 

A ns. 10 ifuhes. 

123. In what time would a ditch whose breadth at top ~ 15 
feet, at bottom 8 feet, depth z: 6 feet, and length z: 100 yards, 
be filled with water through a rectangplar opening 1 foot deep, 
aLid 2 feet wide* cut in the bank of a river; the top of ihe cut or 
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opening being c'li a level wiili the m.iI.jlc ol the water in liie 
ii \ cr I 

^7"v.. I i Jb .N<( . 

12 J. I o find tlic* wIidIc (t>\reof w .iter in(*vini; wiili .i \ih>c iiy 
ii: |(,„ot a fo(>t j)er .se<ojK|ul time, anaiiiM a j » t n.i:;iilai llvun!- 
gate standing jicrpeiuliLuIar to the horizon, whose hieadih ■. 1 
and dcptli (i feet ? 

Ans, l:riO() ; 

12o« Suppose a musket harn 1 \ of-m Iru h m ihi' h.uv- lo i on- 
tairi water, and let the water be lorted <lown h\ ineaiis t;f .\ spoue.e 
at the end ot the lamiod with a presMirc now ( iie;dcn mij 

tlic resistaiKc ol the air) wiili wh.a M‘1 o<:iv will the u'.u«'i issue 
thiough the touch-hole, il the spuin', r I* .ni Ughf, ami i he \ do* 
city of i.ssuing w’a’er ccpuil to that iucjuiiel hy th<‘ luc desniitof 
a heavy body through the whale distance iioni llie sinlace lo the 
aperture. 

^7/*s. I J't 1 1 pel .second. 

12G. If an empty common glass bottle be corked and sunk in 
the sea (iO fathoms deep; with what foiec is thecoik pressed hy 
the water it the xnoiuli ot the buttle be ^ of an inch iiidiamelei f 

1C7. A glass cylindrical vessel who c d* jith : :! leet, was 

sunk in the ocean with the open end downwards till the water 
ro.so 21 indies within the vessel; hence the depth tt.' whif h it 
w^as sunk is required, supposing the prcssine of the atiiio' plieie 
to be i on a square inch r" 

Ans, 3^' I (it 

12S. II a man can push with a force :.ir will 

he be able to introducea sponge into a piece < 1 onhi-aice whrj c 
length is 7 feet, anJcaIibic4 inLhe.s, when the haro.netei suuids 
at 30 inches; the vent or kjucIi-IioIc being stopped, a.jd the 
sponge without windage f 

29] inches, nearly. 
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120. If a divintr hell in the form of a cone, having the i»iicr- 
nal diameter of its ha^e fi feet, and perpendicular height - 
12 feet, be siinh iji tlie sea to the deptli of 13 fathoms; to what 
height w'ill the watei rise in the inside, and how much is the in- 
closed air condensed; the pressur^,of the atmosphere being 
on a square inch. 

Ans. 4 feet, ascent of the wafer. 

Density of the internal air, to that at the earth’s 
surface as 3 f to 1. 

130. According to Humboldt, the bfeight of fhe mountain 
Chimborazo one of"-ihe Cordilleras in South America, i$ 19^00 
Preneb or 20889 English fet^ ; ^ow how much rarer is the air 
at the top of the mountain than at tlie bottom, supposing the 
height of the barometer at the latter situation to be 30 inches, 
and the specific gravities of air and quicksilver, l-y and 13600, 
respectively ? 

Nearly 2|y limes rarer. 

131. To what height would the balloon in Examp. 121 
’ascend, if (he attached weight and balloon together (exclusive 
of the inclosed gas) were only -50075. supposing the barometer 
stood at 30 inches, and the specific gravity of mercury 13600 ? 

Ans. feet. 

132. If a conical frustum, the diameter of whose base is 2 
feet, and height feet, move in a fluid in the direction of its 

. axis with the least end foremost, to find the diameter of that end 
when the resistance is the least possible ? 

Atis. S inches. 


THE END. 


W. Glendinalng, Prii^ter, 25, HattoD-garden, Lond^ 










